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Introduction

Consider a spectral decomposition U(t) = [p e""E(dr) of a one-parameter unitary group U(t) on a
Hilbert space 3, where E(-) is a projection-valued measure on R. In quantum mechanics, the dynamical
behavior of a physical system is described by the associated automorphic action of R on the algebra £(H)
of bounded linear operators. The related transition probabilities are associated to (£|U(t)TU(t)*n) =
(U@)*€|TU(t)*n) (&,m € H, T € L(H)), which takes the form

( /R e T E(dr)¢|T /R e E(dr)n)

in terms of the spectral measure. At first glance, it seems quite natural to rewrite this to the product

measure form like
T (B(dr)E|TE(dr)n),
/]M (dr)E[TEdr )

which means that we expect a complex-valued measure (E(dr)&|TE(dr')n) to be well-defined on R?.
This expectation is reasonably generalized to the following question: Let T" € L(H) and £(-),n(-) be
H-valued measures on a o-algebra B in a set S. It is immediate to check that the map Bx B 5 Ax B —
(£(A)|Tn(B)) is extended to a finitely additive function p on the Boolean algebra B ® B generated by
B x B. Is it then possible to extend p to a complex measure on the o-algebra generated by B x B? When
T is a finite rank operator, p certainly admits such an extension as a linear combination of product
measures and with a litte more effort we can show that the question is answered yes for a trace class
operator. The general answer, however, turns out to be negative: A bounded linear operator T has the
measure extension property if and only if 7" is in the Hilbert-Schmidt class ([Swartz1976, Theorem 8]* ).

Our main purpose here is to collect relevant results together and combine them to give a self-contained

proof of it.

Notation: For a Banach space V, its unit ball is denoted by Vi and its dual space by V*. Given a set T,

¢°(T) denotes the Banach space of bounded complex-valued functions on T" with the sup-norm, which is

* We would like to point out, however, that the proof there is based on a theorem in another paper, which seems
difficult to be identified.



the dual Banach space of £}(T") of summable functions. We then have a canonical isometric embedding
V' — £2°(Vy*) for a Banach space V as a restriction of the canonical pairing V x V* — C: For v € V,
v € £>°(V}*) is defined by v(v*) = (v,v*) (v* € V}¥).

More generally, if T C V;* satisfies ||v|| = sup{|{v,v*)|;v* € T}, then the restriction map £*°(V;*) —
>°(T) is isometric on V = {T;v € V} and we get an embedding V — £°°(T).

The semi-variation of a finitely additive measure ¢ is denoted by |¢|, while ||¢]| is set aside to designate

the total semi-variation of ¢.

1 Vector Valued Measures

We shall mainly deal with Banach spaces as vector spaces and nominate [Diestel-Uhl] as a basic
reference. See also [Ricker, Chap.1] for a friendly survey on the subject.

In a (Hausdorff) topological vector space V, a family of vectors {v;};cs is said to be summable if we
can find a vector v € V fulfilling the following condition: Given any neighbourhood N of v, we can find
a finite subset F' C I so that EjeFuF’ v; € N for any finite subset F' C I\ F. The vector v is unique if
it exists and denoted as v =, ; v;.

When V is a Fréchet space, the condition is equivalent to the following: Given any neighborhood N
of 0, we can find a finite subset F of I so that } .. v; € N for any finite subset F" C I\ F'.

When I is countable, any counting labeling {i,,;n > 1} gives

n
v = lim E Vi, -
n—oo
k=1

Conversely, in a Banach space V, if any counting labeling satisfies the above convergence relation, then

{vi} is summable and v = ), _; v;. In fact, if not,

Je>0,VF € [,3F' €I\ F,

> o>

JEF!

and we can find a partition | | F, of I by finite subsets satisfying || >_,c . vjll > €. Let {ix} be a counting

labeling adapted to the increasing sequence Fy C Fy U Fy C ---. Then {v;, }x>1 cannot be a Cauchy
sequence by looking at k = |Fi|+ -+ |Fy| (n=1,2,---).

When V is finite-dimensional with || - || any compatible norm, the summability of {v; };cs is equivalent
to > ,cr llvill < oo, the so-called absolute convergence. In fact, for a basis {v},--- v}, the summability

implies absolute convergence of >, vi(v;) for 1 < j < n, which is equivalent to Z?Zl Dier vj ()] <

oo. Note that > 7_, [vi(v)| (v € V) defines a norm on V.

Example 1.1. Let {d,,},>1 be an ONB in a separable Hilbert space H. Then, for & € H, {(6,]£)dn }n>1
is summable and § = 3 -,(6,|€)dn, whereas its absolute convergence is equivalent to the stronger

condition »_, -, [(6,(£)| < oco.

Let V be a Banach space and B be a Boolean algebra in a set S. A V-valued semi-measure is an

o0
additive map ¢ : B — V. We say that ¢ is countably additive if A = |_| A, is a countable partition

n=1



in B, then ¢(A4) = Z ¢(Ay). By the correspondance between By, = | ,,,, An = A\ (U;<,, < 4n) and
n>1
A,, = B,\Bp+1, countable additivity is equivalent to the condition: If B,, | 0 in B, then lim, o ¢(B,) =

0.
A semi-measure ¢ : B — V is called a measure if B is a g-algebra and ¢ is countably additive.
Clearly countable additivity implies lim,, o, ¢(A,) = 0. We say that a semi-measure ¢ is squeezing’
if lim,, o0 ||@(Ay)|| = 0 for any disjoint sequence {4, },>1 in B (U, A, € B being not assumed). Remark
that a squeezing semi-measure ¢ is continuous, i.e., 4,, | @ in B implies lim,, $(A,) =0, and, if B is a o-
algebra, a continuous semi-measure is squeezing. This squeezing property together with finite additivity

of ¢ in turn assures the summability of {¢(A4,)}. In fact, non-summability

de > 0,VN,dn > m > N,

> o) =
k=m

allows us to find a subsequence 1 = I3 < Iy < --- satisfying || Zl,-<k<lj+1 #(Ag)|| > € and we get a
non-squeezing series Z;’il ¢(Bj), where B; = Uj,<k<i,,, Ar gives a disjoint sequence in B. Notice that

#(Bj) = le§k<lj+1 ¢(Ay) by finite additivity of ¢.

J+1

Example 1.2. Let B be the power set of N. Then an additive map ¢ : B — V gives rise to a sequence
{v, = ¢({n})} and the squeezing property of ¢ implies the Cauchy condition that, given e > 0, there
exists an N > 1 satisfying || >, pv;l| < € for any finite subset F' of {N + 1, N +2,---}. Conversely
given a sequence {v,} satisfying the Cauchy condition, {v, }neca is summable for any subset A C N and
a countably additive map ¢ : B — V is defined by
B(A) = vn.
neA

Example 1.3. Let B be the Boolean algebra generated by finite subsets of N: A € B if and only if
either A or N\ A is finite. A semi-measure ¢ : B — Z is then defined by

A if |A| < oo,
o) = ¢ A=
—|IN'\ A] otherwise.

Example 1.4. Let (S, B, 1) be a probability space. Then B > A — 14 € LP(S, u) defines a measure for

1 < p < o and a semi-measure for p = cc.

Let T : V — W be a bounded linear operator between Banach spaces. Given a semi-measure
(resp. measure) ¢ : B — V, the composite map T¢ : B — W is a semi-measure (resp. measure).
As a special case of this, we have a semi-measure (resp. measure) ¢:B— £ (V") as a composition of
¢ with the canonical embedding V' — £°°(V}*).

Definition 1.5. Given a semi-measure A : B — C, the variation of A is a function |A| : B — [0, 0]
defined by

|A|(A) = sup{z IA(A4;)];{A;} is a finite partition of A in B}.
j=1

T A common terminology for this is strong additivity, which is, however, about summability rather than additivity.



The value |A|(S) is called the total variation of A and denoted by ||A||. A semi-measure ¢ is said to be

of bounded variation when ||A|| < .
The following are standard facts on complex (semi-)measures.
Proposition 1.6.
(i) The variation |A| of a complex semi-measure A is additive and satisfies the inequality
sup{|A\(4); A C B,A € B} < |M(B) <msup{|\(A)|;AC B,Ae B} for BeB.

(ii) The variation of a complex measure A is countably additive and satisfies
[A|(A) = sup{z |A(A4;)];{A4;} is a countable partition of A in B}.

(iii) Any complex measure defined on a o-algebra B has a finite total variation and the vector space

LY(B) of all complex measures on B is a Banach space with the norm of total variation.

Lemma 1.7 (Half Average Inequality). For each positive d € N, there exists Cq > 0 (Cy =1, Cy = 1/,
C3 = 1/4 and so on) with the following property: Given a finite family {v; € R} of euclidean vectors,
we can find a finite subset J C {1,--- ,n} so that Z?Zl il < 13255051/ Ca.

Proof. We may suppose that v; # 0. For a unit vector e, set (v;,e)+ = (v;,e) V 0, which is a continuous

function of e. In view of the inequality
n
IIEED SROP R S eh
(’U]‘,e)>0 (’Ujve)>0 Jj=1

let ep be a unit vector which maximizes the function 37, (vj,e) of e and set J = {j; (v, e9) > 0}. Then
|3 e vl = 200 1 (vj,0)+ > D0 (vj, €) for any e and have

‘ZUJ’ > Z/ (vj,e) de = C’dz |v;]  with / (v, €e)4 de = Cy|v] for any v.
JjeJ j=1 le|=1
O
Definition 1.8. Let ¢ be a V-valued semi-measure on a Boolean algebra B with V' a Banach space.

The semi-variation (variation)? of ¢ is a function |¢| : B — [0,00] (||¢]| : B — [0, c]) defined by
[¢1(A) = sup{|(v™, 9)|(A); [ < 1,0" € V7,
lloll(A) = bup{z lo(A)]; {A,} is a finite partition of A with A; € B}.
Here (v*, ¢) denotes a complex semi-measure v*(¢(A)) (A € B).

A semi-measure is said to be bounded (resp. strongly bounded) if |¢| (resp. ||¢||) is bounded. We say
that |¢| is squeezing if lim,, o |¢|(Ay) = 0 for any disjoint sequence {A, },>1 in B.

¥ Warning: In literatures, semi-variation is denoted by || ||, whereas | | is used to indicate variation.



Proposition 1.9.

(i) The variation of a V-valued measure is a positive measure.
(ii) A V-valued strongly bounded semi-measure ¢ defined on a o-algebra is countably additive if ||¢||
is countably additive.
(iii) The semi-variation of a V-valued semi-measure is monotone, subadditive; |¢[(A) < [¢|(AU B) <
|p|(A) + |¢|(B) for A, B € B, and satisfies the inequality

sup{[lo(A)[; A C B, A € B} < |¢|(B) < wsup{[|¢(A)|; AC B,Ae B}, BeB.

Consequently the range of a semi-measure ¢ is a bounded subset of V' if and only if ¢ is bounded,
ie., |¢](S) < co.
(iv) A semi-measure is bounded if it is squeezing. In particular, measures are bounded.

(v) A semi-measure ¢ is squeezing if and only if so is |¢|.

Proof. (i) ~ (iil) are consequences of definitions by standard arguments.

(iv): Assume that |¢|(B) = oo for some B € B. Then, given any r > 0, we can find A C B in B
such that [|¢(A)|| > r and ||¢(B\ A)|| > r. In fact, if we choose A so that ||¢p(A)]] > r + ||o(B)|,
lo(A)]| = ||¢(B) — p(B\ A)|| < ||¢(B)]| + [|¢(B\ A)||. By a squeezing argument, we obtain a decreasing
sequence {Ay},>1 in B satisfying |¢|(A,) = oo and ||¢(An+1)]] > 1+ ||¢(An)]| for n > 1. Thus, the
squeezing property is violated for the disjoint sequence {4, \ Ant1}n>1-

(v): This is a consequence of (iii). The if part is trivial, whereas the only if part is checked as follows:
If |¢| is not squeezing, there exist a disjoint sequence {B,} and 6 > 0 such that |¢|(B,) > d for n > 1.
Then, thanks to the m-inequality, we can find A,, C By, in B so that |¢|(B,,) < 7||¢(A4,)| + 1/n, which
denies lim,,_, [|¢(4,)]] = 0. O

Lemma 1.10.
|o|(A) = sup{HZajqb(Aj)H; {A;} is a finite partition of A with A; € B and |e;| <1 with a; € C}.

Proof.

o (D ass(d))] < 3l (64 = 0 e (6(4)) = | (3 e o(4,))]
From the first inequality, [v*(}° a;0(4;))] < [v*¢|(A) and then || Y o;d(A,)]| |¢|(A). From the

<
equalities, 37 [v*(¢(4;))] < | e d(A)|l < sup || 3 a;6(A;)| and then |¢[(A) < sup|| 35 a;p(4;)]l-
O

Corollary 1.11. Semi-variation remains invariant under taking composition with an isometric embed-
ding. In particular, |qA5\ = |¢|. Here ¢ denotes the composition of ¢ with the canonical embedding
V — £2(V).

Let ¢ : B — V be a semi-measure. For a simple function f : S — C, i.e., a function with f(5) a finite
set, we note that f = 3" g 1(y=-] and set ¢(f) = > . c s @([f = 2]). Here [f = 2] ={s € S; f(s) =
z}. By subpartitioning and regrouping, the correspondence f +— ¢(f) is linear and the above lemma

means ||¢|| = |¢|(S). Therefore, if |$|(S) < 0o, ¢ is continuously extended to the uniform closure C(B)



of the set of simple functions. Note that C(B) is a commutative C*-algebra. When B is a o-algebra,
C(B) is the set of bounded measurable functions and the obvious pairing C(B) x L(B) — C gives rise
to inclusions C(B) C L*(B)*, L'(B) C C(B)*.

Conversely, any bounded linear map ¢ : C(B) — V arises in this way. Thus bounded semi-measures
form a Banach space with respect to the norm ||¢|| = |¢|(.9).

A sequence {f,}n>1 of complex-valued functions on S is said to o-converge to a function f on S if
{fn} is uniformly bounded and lim, . f(s) = f(s) for every s € S. Let B? be the o-algebra generated
by B. Then C(B?) is minimal among sets which contain C(B) and have the property of being closed
under o-convergence. A V-valued measure ¢ on a c-algebra B is o-continuous in the sense that, if
fn € C(B) o-converges to f € C(B), then ¢(f,) — ¢(f) in the weak topology.

Consider a set A of complex semi-measures on a Boolean algebra B and assume that it is bounded in
the sense that sup{|A|(S); A € A} < co. We introduce then a bounded linear map ¢, : C(B) — £>°(A)
by ¢a(f) : A= A(f) € C. From mutual estimates

1D ajoalA5)ll = sup | Y a;A(A;)] < sup |AI(A) = sup |(dx, ¢a)|(A) < |oal(A),
XA AEA AEA
we see that [¢a]|(A4) = sup{|A|(A); A € A} for A € B. In particular,

[@all = sup{[A(); A € A, f € C(B)1} = sup{[[All; A € A} < o0

and [pa| = |p|a||.- Here we set [A| = {|A; A € A}, which is again a bounded set of semi-measures in view

of the m-inequality.

Proposition 1.12. Consider the following conditions on a bounded set A of complex semi-measures on

a Boolean algebra B.

(i) ¢a is squeezing.

)

(ii) ¢a is a measure.

(iii) @ja| is squeezing.
)

(iv) ¢ja| is a measure.

(i) and (iii) are equivalent. If B is a o-algebra and A consists of complex measures, all the conditions (i)

~ (iv) are equivalent.

Proof. (ii) = (i) and (iv) = (iii) are trivial, whereas (i) follows from (iii) in view of |A(A4)] < |A|(A)
and (ili) = (iv) is a special case of (i) = (ii).

(i) = (ii): If ¢ is not countably additive, we have a disjoint sequence {A,} in B and ¢ > 0 such that
|¢a(Un>mAn)|| > 6 for all m > 1. Then we can inductively find a sequence \,,, € A and a subsequence
n1 < ng < --- so that [Ay, (Un,,<n<nn,.An)| = 6/2. Now the disjoint sequence By, = Uy, <n<nnii An
satisfies ||oa (Bm)|| = |Am(Bm)

(i) = (iii): If ¢|4| is not squeezing, we have a disjoint sequence {B,} in B and § > 0 such that
lp|a)(Bn)|| > 6. We can therefore find a sequence A, € A so that |A,[(B,) > /2 and then, by the
m-inequality, a sequence A,, C B, in B fulfilling |A,|(B) < m|An(4,)| + 6/3. Now the disjoint sequence
{A,,} satisfies ||¢a(An)|| > [M(Arn)| > 6/6 and denies the squeezing property of ¢x. O

> §/2 and violates the squeezing property of ¢, .



Definition 1.13. Let p be a finite positive semi-measure on a Boolean-algebra B. A vector semi-measure
¢ on B is said to be p-continuous if Ve > 0,35 > 0,VA € B, u(4) < § = ||¢(4)|| <e.

Theorem 1.14 (Pettis1938). Suppose that both of ¢ and p are measures (B being a o-algebra neces-
sarily). Then ¢ is p-continuous if and only if u(A4) =0 (A € B) implies ¢(A4) = 0.

Proof. We follow [DU] §1.2. By taking the composition with the canonical embedding V' — £°°(V}*), we
may suppose that ¢ = ¢, where A = {v*¢;v* € V;*} is a bounded subset of L(B).

If ¢ is not u-continuous, there exists 6 > 0 and a sequence 4,, € B such that ||¢(A,)| > 6 forn > 1
and Y 07, u(A,) < oo. Let By, = Up>m Ay be a decreasing sequence in B. From the latter inequality,
w(Bm) 1 0, ie., p(NBy,) = 0. From the former inequality, we have

[61a1(Bon)| = sup{[v"9l(Ba)iv" € Vi) = supf{jo” 6 (4, ) v € Vi'}
> sup{[(v”, 6(An) " € Vi'} = [6(An)| > 6

Since ¢p is a measure, ¢|,| is also a measure by Proposition 1.12 and the limit m — oo is applied to get
|#1a|(NBy)|| = 0. Therefore we can find a functional v* € VJ* such that [v*¢|(NB,,) > 0/2 and then
A C NB,, in B such that 7|(v*, #(A))| > §/2. Thus ||¢(A4)| # 0, whereas p(A) < p(NB,,) = 0. O

Theorem 1.15 (Doubrovsky1947). Let A be a bounded set of complex measures on a o-algebra B. If
da : B — £>°(A) is a measure, there exists a positive measure u € L'(B) for which ¢, is p-continuous
with a reverse inequality p(A) < |pa|(A) = sup{|A|(4); X € A}.

Proof. This is [DH], Theorem 1.2.4. We first establish a kind of compactness of a bounded A: Given any
€ > 0, we can find a finite subset F' C A such that if A € B satisfies |A\|[(A) = 0 for A € F, then [A\|(4) < e
for any A € A.

If not, there exists 6 > 0 such that for any F' € A, we can find A € B satisfying |\|(A) = 0 for any
A € F but |v|(A) > § for some v € A. Then we can inductively choose a sequence \,, and A, € B so
that |A1|(4,) = -+ = |A\n|(An) = 0 and |A41](A,) > 0 for n > 1. Let B, = Up,>n A4, be a decreasing
sequence and set B, = N, Bp. Since [An|(B) < [Am|(Bm) < 32,5, [Aml(4n) = 0 for m > 1 and

limy, 00 SUPyep |A|(Bm \ Bos) = 0, we have
0= "}gnoo [Amt1|(Bm \ Bo) = "}gnoc [Amt1|(Bm),

which contradicts with |Ap41|(Bm) = |Amy1|(Am) > 0.

Now we use the boundedness of A again to construct a control measure p over A. For each n > 1,
choose F,, © A so that )y [A[(A) = 0 with A € B implies [A\|(A) < 1/n for any A € A. Then the
positive measure i, = )y || satisfies p1,(A) < |F,|[¢a[(A) for A € B and, if we define

— 1
n=1

it is a positive finite measure on B with the property pu(A) < |¢pa|(A). Assume that pu(A) = 0. Then
from pn(A) = 0, |A(A) < 1/n for any A € A and any n > 1, i.e., |A|[(A) = 0. Thanks to the Pettis

theorem, this means the p-continuity of ¢p. O



Corollary 1.16 (Bartle-Dunford-Schwartz1955). For a vector measure ¢ on a o-algebra, we can find a

finite positive measure u so that ¢ is p-continuous and g is majorized by |¢|.

Proof. Apply the theorem to A = {v*¢;v* € V;*}, which is bounded by Proposition 1.9 (iv). O

Recall that countable additivity of a semi-measure p: B — [0,00) is equivalent to the condition that,
if A, | 0 in B, then pu(A4,) { 0. Let B be the o-algebra generated by B. The classical extension
theorem? says that, if a finite positive semi-measure on B is countably additive, it is uniquely extended
to a positive measure on B.

In the framework of Daniell integral (see [12] for example), this can be explained in the following
fashion: Let L be the vector lattice of real-valued simple functions on the base set S. Then a semi-
measure 4 can be interpreted as a positive linear functional L — R, which is also denoted by p. Let
fnd 0in L. Then, given € > 0, [f, > €] | 0 in B and u(fn) < || f1lloopt([fr = €]) + €u(S), together with
the continuity of p imply lim, pu(fn) < eu(S). Thus, u is continuous as a linear functional and we can

apply the whole construction of Daniell integral to get a measure extension to B7.

Lemma 1.17. Let x be a finite positive measure on B? and embed B into L(S, ). Then B is closed
in L1(S, 1) and B is dense in BY.

Proof. Since any sequential convergence in mean implies almost all convergence by passing to a subse-
quence, B (more precisely {1p; B € B?}) is closed in L!(S, 1) (pointwise convergence of {0, 1}-valued
functions produce {0, 1}-valued functions). In view of 1ynp = 1415 and the dominated convergence
theorem, on sees that the closure of B (more precisely {1p; B € sB}) in L*(S, 1) provides a o-algebra

and hence coincides with B°. O

Theorem 1.18 (Kluvanek1961). Let ¢ : B — V be a semi-measure on a Boolean algebra B. If ¢ is
p-continuous for some countably additive positive semi-measure p on B, then ¢ is uniquely extended to

a measure B — V on the g-algebra B? generated by B.

Proof. The uniqueness is as usual: Given two extensions, sets of their coincidency form a o-algebra
containing B, whence extensions coincide on the whole B°.

For the existence, first note that u is extended to a measure by the classical extension theorem,
which is again denoted by u. From the previous lemma, a complete (pseudo)metric on B is defined by
d(A,B) =||1a — 1p]||1 = p(AAB) = u(A\ B) + (B \ A) so that (B?,d) is the completion of (B,d). In

view of the inequality
[¢(A) = o(B) = [6(A\ B) = o(B\ A)|| < [[6(A\ B)|| + [|¢(B\ A),

¢ is uniformly continuous with respect to d, which admits therefore a continuous extension ¢ to (B, d).
Now ¢ is countably additive thanks to the d-continuity: finite additivity of ¢ goes over to that of ¢

and monotone convergence assures the o-additivity. O

§ This can be attributed to many researchers: Fréchet, Carathéodory, Kolmogorov, Hahn and Hopf (Vladimir I. Bo-
gachev, Measure Theory I). It seems fair to add the name of Daniell to the list because the theorem itself is just an
example of Daniell integral.



2 Cross Norms

This is a very old but still developing subject and there are lots of references to be mentioned. We
nominate, however, just [Raymond 1973] and [Diesel 1985] here to follow them.

Given Banach spaces X and Y, let B(X,Y’) be the Banach space of bounded bilinear forms on X x Y
and £(X,Y") be the Banach space of bounded linear maps of X into Y. There are natural identifications
L(X,) V") =B(X,Y) = L(Y,X"*). Recall that a (semi)norm on the algebraic tensor product X ® Y is
called a cross (semi)norm if it satisfies ||z ® y|| = [|=|| ||y]-

The obvious bilinear map X x Y — B(X* ,Y*) gives rise to a linear map X ® Y — B(X*,Y™*) by
(x @ y)(z*,y*) = z*(x)y*(y), which is injective. In fact, let z = >, 2 ® y € X ® Y and express
2= Y i<jcmi<ken k€ @ fio with {e;} € X and {fx} C Y linearly independent. The dual bases
{e;} and {f;} are continuous on finite-dimensional subspaces and can be extended to bounded linear
functionals. We then have z;x = z(ej, fi;). Thus the norm on B(X*,Y™) induces a cross norm on
X ® Y, which is denoted by || - [[3(x+y-). In the embedding X ® Y — B(X*,Y*) = L(X*,Y™),
Y@y € X ®Y is realized by the operator z* — ), x*(z;)y; and the image of X ® Y is included in
the subspace £(X*,Y) C £L(X*,Y**). Thus we have

1Y "z @ yillsxy =sup{ > a*@)ull;a* € X7} =sup{| > _a*(z)y"(w)|;2* € X7,y* € ¥}
l l l

and a similar expression holds with the role of X and Y exchanged.

There is another natural way to get a cross norm on X ® Y. Each f € B(X,Y) defines a linear
functional on X @ Y by f(z) = >1_, f(z, yi) satisfying | f(2)| < >;—; | FIllz]||v:|l, whence it induces a
linear map X ® Y — B(X,Y)* and the associated seminorm || - [|z(x,y)~ satisfies

Izllsxvys = O il 2 =D m @l
=1 =1

The inequality < is clear. To get the reverse inequality, we first notice that the right hand side defines a
seminorm ||« [linfon X @Y. Let ¢ : X®Y — C be a || - ||ing-bounded linear functional with its dual norm

denoted by ||¢||. Then the associated bilinear functional f(z,y) = ¢(z ® y) satisfies || f|| < ||¢||, whence

[[2]| = sup{le(2)[; [loll < 1} <sup{[f(2)}; f € B(X,Y), [ fI| <1} = ||zl[m(xv)--
The bilinear map ® : X* x Y* — B(X,Y) defined by
(2", y") : (z,y) = 2" (2)y"(y)

satisfies || ®(z*,y*)| < ||z*|||ly*|| and it induces a contractive map ‘® : B(X,Y)* — B(X*,Y*). Since
the composition of X @ Y — B(X,Y)* with B(X,Y)* — B(X*,Y™*) coincides with the first embedding
XY — 3(X*,Y*), we have ||Z||B(X*,Y*) < HZH'B(X,Y)*

Let X®QY (resp. X®Y) be the closure of X ® Y in B(X™*,Y™) (resp. in B(X,Y)*). Then we have a
natural contractive map XQY — XQY.

These cross norms have the following characterization: || - [ (x,y)- is the maximal cross norm, while

|l - I8 (x+,y+) is minimal among cross norms satisfying |z* ® y*|| = ||=*|| [|y*|| for 2* € X* and y* € Y*.



Example 2.1. Let X be a Hilbert space. X ® X* — B(X*, X*) = B(X*,X) = L(X,X) is an
embedding as finite rank operators on X and X®X* corresponds to the compact operator algebra C(X),
whereas the norm of B(X, X*)* = L(X, X*)* = L(X, X)* on X ® X* is realized by the trace norm on
finite rank operators and X®Y is identified with the trace ideal €1 (X) of €(X). For z € X®@X* C €;(X),

| Z n)®0,||3(x,x+)+ = sup{l(z, @)[; ¢ € L(X), [lell <1} = sup{[(z, 9)[; ¢ € CL(X)", [lo]| <1} = [|2]]1.

In connection with tensor product measures, we introduce two more cross norms | - ||, and || - ||;

according to H. Jacobs:
n
2l = it {sup{||>" asllaillyillsloil < 1}z =" 2 @y},
i i=1

n
Izl = inf {sup{| 3 aullyslla s loi| < 132 = Y wi @i}
% i=1

It is immediate to show that these are seminorms. Clearly these are majorized by the largest cross norm

and
sup{(| 3 vl | < 1} = sup[S el () hul < 1, ") < 1)
i i
= sup{ Y _ [lzllly" (o) l; lly* ]| < 1}
i
> sup{| Zy*(yi)will; ly*ll < 13
—Sup{lzy yi)o* (za)|; =7l < 1, ly™| < 13
= Zmi & yi“B(X*XY*)-
i
shows that these majorize the lower cross norm. Consequently || - ||; and | - || are in fact cross norms.

In general, these two norms are different and their arithmetic mean gives another cross norm, which is
denoted by || - ||m

Theorem 2.2 (Kluvének1973). Let ¢ : A — V and ¢ : B — W be measures and V ®,, W be the
completion of V' ® W with respect to the cross norm || - ||,,. Then there exists a measure ¢ : A ®, B —
V @ W satistying ¢(A x B) = ¢(A) @ ¢(B) for A € A and B € B.

Proof. Recall that ¢ and ¢ are bounded (Proposition 1.9) and satisfy

IIZOW7 O < rlel (L] A0, IIZﬁg DI < rlyl( |_|B

for | |A; in A and | | B; in B with |oy| < r and |3;] < r (Lemma 1.10).

Let p and v be control measures of ¢ and v respectively (their existence guaranteed by Corollary 1.16).
Since the map A X B 5 A x B — ¢(4) ®,, ¥(B) is always uniquely extended to a semi-measure
¢: ARB — V ®,, W on the Boolean algebra A ® B generated by A x B, it suffices to show the
(1 x v)-continuity of ¢ (Theorem 1.18).
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So, given € > 0, choose ¢ > 0 such that p(A4) < é and v(B) < ¢ imply [|¢(A)|| < € and ||¢(B)]|| < € for
AcAand B e B. Let C € A® B satisfy (ux v)(C) < 62 If we write C' = | |;c; A; x B; with | ] A; and
set A = {i € I;v(B;) > 6}, then the inequalities >, cn Op(Ar) < 3 pcp w(Ar)v(Bi) < (p x v)(C) < 62
imply p(Aa) < 6 and therefore ||p(Aa)|| <€ (Ay = UjesA; for a subset J C I).

Now, in the obvious inequality

1)~ o(Ax) @ ¢(By)|l; < sup
k

S e (Bi)lle(Ar)
k

if we put B = ag||v(Bk)||, then |Bk| < e for k € A and |Bk| < ||| for k € A, which are used to get

(Ol < sup || > arll¥(Bi)lo(Ar) || +sup || Y arll(Be)o(Ar)

kel\A keA
<sup (| Y Brp(Ax)| +sup (Y Bro(Ax)
kel\A keA

< elel(Ana) + 191 el(Aa) < e(llell + l121))-
By symmetry, we have [|¢(C)||» < e([l¢]l + [[¢[]) as well and finally get [|¢(C)|m < e(llell + [lof). O

Corollary 2.3 (Duchon-Kluvének1967). Tensor product measures are defined with respect to the least

Cross norm.

To get further information on tensor product measures, we look into cross norms of P-sequences in a
Banach space X. Let £y C ¢P (1 < p < o0) be a dense subspace consisting of all finite sequences. Then
PRX contains the algebraic tensor product £y ® X as a dense subspace and, for > 0, @ z, € {H ® X,
the lower norm in £(X*,¢P) and £(¢9,X) (1/p+ 1/q = 1) is evaluated by

HZ5 ® x|l B (e, x) = sup{( le )PP €X1}—SHP{HZ/\ Tull; (An) € €1}

Here is also an intermediate cross norm defined by

1/p
1 60 @ x| = (Z ||17n||p> =sup{>_ [Anl [[znll; (An) € £5}.

We say that a sequence (z,,) € X is strongly (resp. weakly) p-summable if

1/p
Il = (Z ||xn||p> <o

(resp. (z*(xp)) € ¢P for each z* € X*). The set ¢2(X) of strongly p-summable sequences is a Banach
space and identified with the completion (denoted by #’ ®, X) of £? ® X with respect to the intermediate

cross norm || - [|,.

Example 2.4.

11



(i) For p = 1, the equality ¢}(X) = £'®X holds because || - ||; on /! ® X coincides with the maximal

cross norm. In fact, for ¢ € B(¢, X),
(> on @)l =1 @G, )l <D llel lzall = llel @)l

which shows that the maximal cross norm is majorized by the cross norm || - ||;.

(i) Let p = 2 and consider the case X = ¢?. Since the norm | - |2 on £2(X) corresponds to the
Hilbert-Schmidt norm on linear maps 2 — X*, we have £2 @3 X = Co(¢?), which is different from
PPRX = Cq(f?).

Let ¢ (X) be the vector space of weakly p-summable sequences. Note that each (z,) € €2 (X) gives
rise to a linear map X* 3 z* — (2*(z,)) € ¢P, which is bounded due to the closed graph theorem, and
any bounded linear map of X* into ¢ arises this way. Thus ¢2 (X) is identified with £(X*, ¢P) so that

PRX is a closed subspace of ¢F (X) with their norms given by the common formula
1) llp,w = sup{( le W)P)P € X7}

Moreover, the obvious inclusion ¢2(X) C (£ (X) = L£L(X*, (P) is contractive and /2(X) C PRX C 2 (X).
Note that the assignments (£(X) and 2 (X) are functorial in the category of Banach spaces: For

a ¢ : L(X,Y), the correspondence (z,) — (¢dz,) gives rise to (2(p) € L(E(X),2(Y)) and ¢2 () €

L(¢P(X),¢P (Y)) in a functorial way together with inequalities ||¢2(¢)| < ||¢|| and |2 (&)]| < ||®]|-

Definition 2.5. For each 1 < p < o0, extend a bounded linear map ¢ : V' — W between Banach
spaces to fE(¢p) : LB(V) — L2(W) by (v,) — (¢(vn)) so that ||[2(¢)] = [|¢]l. A bounded linear map
¢:V — W is said to be p-summing if ¢2(¢) splits through PQV; ¢P(¢) is expressed as a composition
of the contractive embedding (V) — P@V C (2 (V) and a bounded linear map (P(¢) : PRV — 2(W).

Proposition 2.6. The set LP(V, W) of p-summing linear maps is a Banach space with respect to the

norm |[£2()].

Proof. In fact, suppose that a sequence (¢2(¢,,)) converges to @ in L(¢PQV, ¢2(W)). Then (d,,, P (¢o) (0,
v)) = ¢q(v) is convergent in W for any v € V and any n > 1. If we set ¢(v) = lim ¢ (v), ¢ is bounded
with ||¢|| < sup{||¢||l«} finite by Banach-Steinhauss theorem. Since (d,,P(d ® v)) = ¢(v) irrelevant of
n > 1, £2(¢) = ® on a dense linear subspace £, ® V of {PQV, whence ¢ is p-summing and ¢7(¢) = ®. O

The p-summing norm |[{?(¢)|| is the infimum of p > 0 satisfying

1/p

Z||¢(vj)Hp < psup{ Z|v ORI }
j=1

for any finite sequence {v;}1<;j<n in V.

Example 2.7. When V and W are Hilbert spaces, £L2(V, W) = Co(V, W) so that ||¢?(¢)|| is equal to the
Hilbert-Schmidt norm of ¢ : V. — W.
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In fact, the condition on p takes the form
D lli)l* < p*sup{y  [(vlo) [P0 € Vi)
J

In terms of the positive operator h = 3 [v;)(v;], we can write lpv;||* = tr(¢*¢h) and > |(v]v;)|?> =
(v|hv). Thus sup{}_, |(v|v;)]?;v € Vi} = ||h|| and the ineqaulity for p becomes tr(¢*¢h) < p?||hl|. Since
any positive finite rank operator & is of the form > |v;)(v;], this is further equivalent to tr(¢*¢h) < p?
for any finite rank operator h satisfying 0 < h < 1. Then, by maximizing on h, the condition on p is
boiled down to tr(¢*¢) < p?.

Proposition 2.8. Let X, X’ Y, Y’ be Banach spaces.

(i) Let a € L(X',X) and b € L(Y,Y’). Then, for ¢ € LP(X,Y), bpa € LP(X',Y") and ||€F(bga)| <
6l {1€7 ()] llall
(ii) For 1 <p<g<oo, LP(X,Y) C LIX,Y) so that [|[£9(d)| < ||€P(¢)| for ¢ € LP(X,Y).
Proof. (i) follows from ||[¢2(a)|| < ||a|| and ||€2,(B)]] < |||
(ii) Let ¢ € LP(X,Y). Given finite sequences {z;} in X and {\;} of scalars, the Holder’s inequality
for the exponents 1/p = 1/q + 1/r is applied to obtain

IA592)lp < 1PN (A2 g0 < NP DTN 11 (25) 1 g,00-

If we choose A; so that

(g )lp)” =D INIP lloa P = llow;ll,

ie., \j = ||¢z;]|7", then we have ||(¢2;)|lq = |(Njdz;)|lp/I|(\j)], which is combined with above in-
equality to get the inequality [[(¢x;)llg < [[€7()I] [[(5)ll.w- L

Proposition 2.9. The inclusion map ¢! — ¢2 is 1-summing,.

Proof. First recall the lower Khintchine’s inequality of the following form: There exists C' > 0 such that,
for a = (ay) € 0+ C 12,

1
D laxf? < C/ > axri(t)| dt.
k O 1k
Here {ry(t)}x>1 denotes the Rademacher functions.
The Khintchine’s inequality is then applied to x1,--- , 2, € ¢! to get

dt.

Sl <0 [ 3 S aanto
i O i Ik

Since (rk(t)) belongs to the unit ball of £>° = (¢})* for 0 < ¢ < 1, the integrand is estimated as

Z Zfﬂyykﬁc(f)
k

J
and we finally obtain ||(z;)l2 < C||(z;)||l1,w, i€, [|[€1(€F C £2)|| < C. O

<sup{)_ |a*());2" € £, " floo < 1} = [[(@)]11,0
J
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Corollary 2.10. For Hilbert spaces X and Y, LP(X,Y) = £L2(X,Y) for 1 < p < 2.

Proof. We need to show that every ¢ € £2(X,Y) belongs to £}(X,Y). Since ¢ is then in the Hilbert-
Schmidt class, the spectral decomposition followed by polar decomposition of ¢ reduces the problem
to the case X = Y = (? and ¢ is a multiplication operator by a sequence (¢,) € ¢?. Then the
image of ¢ is included in ¢! so that ¢ : 2 — (! is bounded: |[(¢n&n)ll1 < [(n)ll21/(€2)]l2. Thus ¢

is realized as a bounded linear map ¢2 — ¢! followed by the inclusion map ¢! — ¢2 and we see that

@) < (et c )|l I : €2 — €1 < oo O
Given a cross norm || - || on X ® Y, consider a | - ||-bounded linear functional ¢ : X ® Y — C. Since
elementary tensors are total in X ® Y with respect to || - ||, the restriction ¢ — ¢|xxy = ©xxvy 18

injective and pxxy belongs to B(X,Y) in view of [|¢[5(x,v) < [l¢ll. Thus (X ® V)] is continuously
embedded into B(X,Y) = L(X,Y™*). We shall here give an expression of ||¢||; in terms of the associated
linear map ¢ : X — Y* defined by (¢(z),y) = ¢(z ® y).

Theorem 2.11 (Swartz1976). A linear functional ¢ on X ® Y is || - ||;-continuous if and only if the

associated operator ¢ : X — Y* is 1-summing. Moreover, we have ||¢||; = ||[¢*(¢)]|.

Proof. We first rewrite the definition of || - ||, slightly. For 2 =} . z; ® y; € X ® Y, we have

supd||>_ a2

[l < 1} = sup{[ D s (lysly) | 32" € X Joy] < 1}

=sup{)_ 2" (ly;llz))l; =" € X7}

and hence
2]l = infsup{>_ lly;ll la* (x;)]; 2* € X7},

where the infimum is taken over possible expressions Y ;%5 ®Y; of ze X®Y.
Suppose that ||¢]|; < co. Given a finite sequence {z;}1<;<, in X and € > 0, choose y; € Y7 so that
[¢(zj)ll —e < (d(x;),y;) for 1 <j<nandset z=3 2;®y; € X®Y. Then

YNl =ne <Y (b)), 95) = @(2) < lelull=s
j=1

< lellisup{d_ le* (lysllz;) 2™ € X7} < lpllisup{)_ le* ()] 2" € X7}

Since the first and the last expressions are independent of the choice of y;, we can take the limit € — 0
to have > [[¢(z;)| < ll¢llill 22, 6; ® zjlle, which shows that ¢ is 1-summing and [[¢[[; < 142 ()])-
To get the reverse inequality, assume that ¢ is I-summing and, for z = ) z; ® y; € X ® Y, estimate

() = 1D (), ui) < D Nyl lysll =D IeClysllan)l < e @)l sup{d o (ly; ) e* € X7}

By taking infimum over possible expressions ). z; ® y; = 2, we get |p(2)] < 1€ ()| 121l2, e ol <

12 (@)]l- O
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Corollary 2.12. For Hilbert spaces V and W, the Banach space space V ®; W is topologically equal
to the Hilbert space V ® W. Consequently, the tensor product semi-measure p @9 : ARB — V QW is
lifted to a measure A ®, B -V W.

Proof. Since (V ®@;W)* is hilbertian, V ®; W itself is hilbertitan as a closed linear subspace of a hilbertian
(Ve W)**. Then V ®; W is topologically equal to (V ®; W)**, which is nothing but the ordinary Hilbert
space tensor product V' ® W as the dual of the space of Hilbert-Schmidt operators. O

Now we can state and prove a theorem of our main concern in this notes. The following is mostly
contained in Swartz1976, but not whole. Also, relevant ingredients for the proof is scattered over variours
papers by many researchers. So, we shall try here to show a minimal route for access.

A semi-measure ¢ on a Boolean algebra B with values in a Hilbert space is said to be orthogonal if
»(A) L ¢(B) whenever AN B = () in B. The semi-variation of an orthogonal semi-measure ¢ takes an
especially simple form: |¢|(A) = ||¢(A)| for A € B, which is not additive unless ¢ is supported by an
atomic set in B but always bounded with [|¢]| = ||#(S)||. As a result of boundedness, ¢ is squeezing. In

fact, if [ | A, and [|¢(A,)]| > 8 for all n > 1, then [¢(S)]| > [$(LN, A > /SN, [6(A)]? > VNG

can increase unlimitedly.

Lemma 2.13. Let H be a finite-dimensional Hilbert space and T be a positive operator on H. Then
we can find orthogonal measures &, 7 : oN _y g¢ satisfying [|£|| = 1 = |In|| and ||({|T7)|| = |1 T||2-

Here the complex semi-measure (£|T7) on oN @ oN  oNxN ¢ gpecified by (&|Tn)(A x B) =
(&(A)|Tn(B)) for A,B € 2N and IT||2 denotes the Hilbert-Schmidt norm of T'.

Proof. Since the Boolean algebra 2N ol i atomic,
T =D 1Tl & = €D, m = n({k}).
3.k
We now restrict £ and 7 to be supported by the set {1,2,...,dimH} C N and choose orthonormal bases
{e;} and {f;} in H so that &; = [|§;]le; and n; = ||n;||f; for 1 < j < dim . Then, under the condition
I€]l = |Inll = 1, orthogonal measures & and n are compactly parametrized and the problem is reduced to

showing that ||T'||2 is realized as
max{ D [1€11(es 1 TFe)l Inell: D NE N = 1= el = l|[elT Al
Jik J k

for some orthonomal bases {e;}, {fx} of H. Here ||[e|Tf]|| denotes the operator norm of the matrix

[T £1 = (I(e5[Tf)D)-

Let T = 37 <j<aimc til9;)(gj| be a spectral expression with {g;} an orthonormal basis. If we set

fi = g;, then |(e;|T fr)| = |(e;lgr)|tx and (ej|gx) can be any unitary matrix, which allows us to choose
(eslgn) = e>%/n /i and get |[[elTglll = /& + -+ 8 = [T
1 ... 1 t1 0 1
[eITg]=% Lo =% e )
1 ... 1 0 tn 1
with the norm of the last matrix equal to ||(t1, -+ ,t,)| = /13 + - + 2. O
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Remark 1. For a real Hilbert space of dim 3 = 2™, the conclusion of Lemma remains true by taking
(ejlex) to be the m-times tensor product of two-dimensional reflection (or rotation) matrix by an angle
7/4 as utilized in [Dudley-Pakulal972].

Theorem 2.14. Let T : H{ — X be a bounded linear map between Hilbert spaces. Then the following

conditions are equivalent.

(i) Given an H-valued measure £ on A and a K-valued measure 7 on B, the semi-measure (£|Tn) on
A ® B is extended to a complex measure on A ®, B.
(ii) Given a TH-valued orthogonal measure ¢ on 2N and a ker(T)+-valued orthogonal measure 7 on
ZN, the semi-measure (£|7) on 2N @ 2N is bounded.
(iii) T is in the Hilbert-Schmidt class.

Proof. (iii) == (i) has been already established (Corollary 2.12), whereas (i) = (ii) is due to Proposi-
tion 1.9 (iv).

So we focus on (ii) = (iii). For this, we first notice that, for isometries U : H — H and V : X — X',
operators T and VTU* share the validity of (ii) in common, so we may assume that H =X and T" > 0
with a dense range by polar decomposition. Let E be a projection in H. Then ETF is injective on EH
(ETE¢ = 0 implies T'/2E¢ = 0 and threfore E€ = 0) and, if T has the property (ii), so does the reduced
operator ETE on EXH.

We now assume that the positive operator T with a trivial kernel is not in the Hilbert-Schmidt class.
Then we can find a decomposition of the identity operator into a sequence of mutually orthogonal infinite-
dimensional projections {E,} so that F,,T = TE, and E,TE, is not in the Hilbert-Schmidt class. (If
o(T) is not a finite set, we can take F,, to be spectral projections of T according to a partition of o(T")
by countably many subsets. Otherwise, T has an eigenvalue ¢ > 0 of infinite multiplicity and take a
decomposition [T' = t] = > F,, with the spectral projection [T # t] added to, say, E;.)

With these preparatory discussions, we extract the essence of [Dudley-Pakulal972] as follows.
Let (en,) € £? with €, > 0 be any auxiliary sequence. Since (E,TE,)? is not in the trace class,
Zi,jeln (en,i
F, c I, so that Zi’jan(en,i|Ten,j)(en,j|Ten7i) > 1/€t. Let P, be the projection to Zian Cen ;-
Then the finite-dimensional P, < E, satisfies |P,TP,|2 > 1/¢2 and we apply Lemma 2.13 to find
measures &, 7y, : oN 5 px fulfilling ||&, ]| = [1mnll = €, and [[(&,|T10)|| = €2||PuT Pall2 > 1 for each
n > 1. Introduce orthogonal measures &,7 : oNxN _y g¢ by £(A) = >, &n(Ay) for A € oNxN iy
A, ={k € N;(k,n) € A} so that [|£]|* =", €2 < oo, and similarly for 7.

Tey ;)(en,j|Ten) = oo for an ONB {e, ;}icr, of E 3 and we can choose a finite subset

IETI =D 1ERmITnEn)l = D |(Emk)|Tna(0)]

k,l,m,n k,l,m,n

= > NE®)ERTEma(D))l = Y |(Ealk)| BT Eann(1))]

k,l,m,n k,ln
= > Il Tl
which diverges because of ||(€,|Tn,)|| > 1 and the property (ii) fails to be satisfied by T. O

16



AppendixA  Khintchine's Inequalities

The following is based on [6, Appendix C].
Let s, be an independent sequence of random variables with the property u(s, = +1) = 1/2 for every
n>1.

Example A.1. Let © = [[[°{£1} with the product probability measure x of equal weights. The random
variable s,, is then obtained by extracting the n-th component of w € €.

If we apply the binary expansion to the interval [0, 1], the Lebesgue measure on [0, 1] is identified with
the product measure of equal weights on []7°{0,1}, which is further identified with [[;°{£1} by the
correspondence (1,—1) <+ (0,1). The random variable s, is then identified with a measurable function
rn on [0,1]. Tts explicit form is the following: Let a periodic function 1 : R — {%1} of period 1 be
defined by r1(t) =1 (0 <t < 1/2) r1 = =1 (1/2 <t < 1) and set r,(t) = r1(2""1t). The functions 7,

are referred to as Rademacher functions.

For 1 < p < oo, consider a linear map K, : /! 3 a = (a,) — Kpa =Y, ans, € LP(Q, n). Due to the
oscillating sum effect, the obvious boundedness of this map can be improved so that it splits through
the inclusion ¢! C £2, i.e., C, = sup{||K,(a)|lp; |la]2 = 1} can be finite. Khintchine’s inequalities assert

more strongly that the closure of K,¢' in LP(Q, i) is topologically isomorphic to ¢2.
Example A.2.

(i) For the case p = 2,

a)|? = a;a Si(w)sp(w w) = anz.
| Kala)]2 $§;Jk/§2J<>k< () = 3 o

(if) For 1 < p < 2, let ¢ > 2 be defined by 1/p = 1/2 4+ 1/q. By Hoélder’s inequality, || f]l, <
Illgllfll2 = [I£ll> for f € LP(€, ) and then, by duality, || f[la < [ fll, for f € LP'(Q, ), where

p’ > 2 is the dual exponent of p. Now we observe that || K,all, < |Kzal|l2 = |jaljz for 1 <p <2

and ||a||2 = || K2all2 < || Kpall, for 2 < p < .

Theorem A.3 (Khintchine’s inequalities). For each 1 < p < oo, let C}, > 0 be the best constant of

the following inequality on a sequence (a,) € ¢! of complex numbers.

1/p
( /Q |Zansn<w>|”u<dw>> <Gy |3 fanl.
1/p
an|? <G, AnSn(W)IP p(dw )
S <C (/Q|Z (@)[P u(d >>
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(i) For 2 < p < o0,

ii) For 1 <p <2
(ii) p <2,



Then Cp < 2p/PT(p/2)Y/? for p > 2 and Cp < C4/p Yfor 1< p < 2. In particular, we have

\/ﬁg 12\/E/Q|Zan5n(w)"u,(dw)_

Proof. We first show that (ii) is a consequence of (i): Let 1 < p < 2. Then,

/Zansn p(dw)
/ Zansn |p/2|zan Sn |2 »/2 p(dw)

1/2 1/2
< (/Zansn(w”p) </|Zan5n ‘4 p) M(dw)
! 1/2
< (/Zansnwp) Cioy 2 llall3 ™",

2 2—p/2
lally? < 772/ ||Zansn||p/2

whence

ie., fall2 < C27H IS, ansallp-

Now let p > 2 and we focus on (i). For the moment, we assume a,, € R. In view of the equality

[f(w)] 00
p _ p—1 _ p—1 _ p—1
/Q F@)P () / p / 2 dt p(dw) = p /0<t<f<w)t p(dw)dt = p / P f] > 1) de

for a measurable function f on §, we try to capture how u(|)", ansn| > t) behaves as t increases. To
this end, we estimate fQ et 2n ansn(@l y(dw) in two ways: The first one is the obvious lower bound and
given by

/Qeﬂzansn(w)\ p(dw) > et2,u(| Zan5n| > 1).

The second one is about an upper bound, for which we use the inequality e” + e™* < 2¢7°/2 (compare

Taylor coefficients) to get

Y ansn (@) () — ttan 50 (@) (o) — etin e tan < 25, 0%/2 _ tP(ala)/2
= pdw) =[] = pdw) =] 5 <e =e :

and then

et|Zansn(w)\ ,u(dw) S /(6t2a,Ls,L(w) +€7t2ansn(w))‘u(dw) S 26t2(a|a)/2~
Q Q

Combinig these, we obtain the desired estimate pu(| >, ans,| > t) < 2e‘t2/2(a|a), which is used in the

t-integral expression for || K} (a)||} to have
||Kp(a)H£ < 2p/ tpfleftQ/Z(ala) dt = p2p/2(a|a)p/2r(p/2),
0

ie., |K,(a)ll, < v2pY/PT(p/2)'/7||al|s for a real (a,) € .
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A complex sequence ¢, = a, +1b,, is handled with help of Minkowski inequality and the usual estimate
lallz + [Ibll2 < V2c]l2 as

1Ky ()l < 1 (a)llp + 1K (0) I, < V201 PT(p/2) /7 (lallz + IIbll2) < 20"PT(p/2)"/7 ]2,

showing C), < 2p*/PT(p/2)'/? for p > 2. O

References

[1] J. Diestel, An introduction to the theory of absolutely p-summing operators between Banach spaces,
Proceedings of the Centre for Mathematical Analysis, v. 9(1985), 1-26.

[2] J. Diesel and J.J. Uhl, Vector Measures, AMS, 1977.

[3] R.M. Dudley and L. Pakula, A counter-example on the inner product of measures, Indiana
Univ. Math. J., 21(1972), 843-845.

Elsevier, 1973.
[12] S. Yamagami, Yet Another Lebesgue Integration, 2007.
https://www.math.nagoya-u.ac.jp/ yamagami/teaching/topics/yali.pdf

19



	Vector Valued Measures
	Cross Norms
	Khintchine's Inequalities

