ooooon

gobooboboobd

gooo

20180 110 70

gd

1 oooooo
2 oooood
3 oooood
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5 oooood
6 oooood
7 ooooog
8 ooooog

OO0 A ~-asymptotics
[OOoO0]
goboobbooboobbooboon
O0o0oo0o0oomooooo
00o0000o0ooooooomooooo
goboobboboboobboooooboooooboa

1 0DDOOoOoog

Isaac Newton (1642-1727)
Gottfried Leibnitz (1646-1716)
Jakob Bernoulli (1654-1705)
Johann Bernoulli (1667-1748)
Leonhard Euler (1707-1783)
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Joseph-Louis Lagrange (1736-1813)

Carl Friedrich Gauss (1777-1855)

Bernhard Bolzano (1781-1848)

Augustin Louis Cauchy (1789-1857)

Karl Weierstrass (1815-1897)

Bernhard Riemann (1826-1866)

Richard Dedekind (1831-1916)

Georg Cantor (1845-1918)

goobodobobooboobooobooboooboobbooboobbooboobbooboon
gooobobobobooooooooooboboboboboooboobooooboboboboboboooo
gogboobooobooboboobooboobbooboobbooboobobooboobbooboboobo
gbobobobooooooobooDo

oooooobmoboboobooboooobobobobobobDoobobobobobOoboooDbo
gooooobooboooboobooobooboobbooboob bbb booboobo
goooboobobobooooooooooobobobobooboboooobooboboboboboboooo
gooooooboobooooboobooobobooboobboobuoobbooboobbooboobo
gobobobobooooooboboboboboooooobobobobobooo

0000000000000 0D0000 Newton, LeibnitzD O OOOOOOOOO0OO Bernoulli 000
Fuler 0000000000000 0D0OO000O0O0O0O0O0O0OO0ODOOO00OO0O0O0O0O0O0O0O0O

obobooooooooboooboobobobooboooboobogoooboobobobobboboooooobooDbo
gogooboobooobbooobbuooobbbooobbbooobbobooobbboobDbLboOOoO

0 Cantor(1872), Dedekind(1872))

goboobbooboobobooobooboooboobbobobooboooboobobooboon
gooboboboooooooooboobgoboboboooooooooboboboboboboboooon
goobobobobooooooooobooboboboooboboobooboDobDoboboboboboooo
gooooobooboooboobooobooboobDbooboobbooboobbooboobo
goobooboboboooooon

goboobobgooboobooobooboooboon

gboboooooooogooboboboboooobobooooboboboboboooooboooboDbo
goooooo

0000 VvV, 3000000000000000000000000O

2 OJOOoon
00000000 ACROOODOOD a0 ACOOOUOUOOUOOOupper boundDOOOOOO
A C (—00,q]
00000000000 @moooooooooddlower bounddOOOOOO
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00000000000 D00D00DO0O0D0OU0OD ADOD (bounded) DOOOODOOOODOODOOD
00A0D00D00O00OD00DO0O0O0OO0ODOOooOooo

0 2.1. 000000 NOOOOODOOOOODOOOOODO0000 Z000O0O0000000000
000 [e,b) 0000000

00000 f: X—>ROODOO {f(zx) eRyz e X} 00000000000 0OODOOOODOODO fO
gopboooboooobbooooooo

IM > 0,Vz € X,|f(x)| <M
googo
01. 0000000000000 0b00ooDbooooooDbooooo

0000000 (continuity) 000000000 O0DO0ODO0OO0ODOOODOODOODOODOOOOODOOO
gobooobooooboooboooo

0oo00oDoDOo0ooO0oOooObo0o0oDoooO I, =lapby],n>1000000 |,/]O0 000000
0oo000ooooooooooooof{c=n,I, 00000

¢ =lima, =limb,
n n

0000
J

00 2.2 (Bolzano, 1817). 00000 0O0O0O0O0OD ADDOODOODDOODOOODOOOOOOODOOOOOD
00o00oooo0DAO0OO00OOOOOOOOOOOOOOO

Proof. ADODO ¢, 000 ADODOOOOD b 00000000000 ¢;=(a1+b)/2000000
[c1,b)] 00000 ADDODOOOOOOOOOO0OO0OOOOOOOO000 a; 0000 by=b, 0000
00000 [¢,])0 ADDDODDOODDOOO0O000 0 ADODDOOOODOOay =a1,bo=c¢ 0000
00000000000000A000000000 {ap}n>1 0 ADDDDOOOO0O0O000 {by}n>1 O
00000000000000000000 by —an| < |bpot —an—1|/2000000000 I, = [an, by)
0000000000000000000000 ¢O

c=lima, =limb,
n n

gobooooooooood

O00Oc¢0 ADOUOOOUDOODOOOOee ADOOUDOS, 0 ADODODDOOOOOOUOOe<b, 00
00 n000000000D0O0O00DDOO0DO0OO0 e<cODOOOO

O00Oc¢D AOOOOOOOODOOOOOOOUOODADDOO VOOOOODOOOOG, <bO0O0O0O N
00000000000 oO000DOO0000e<bhOODODOOOO U

00000000B. Bolzano OO0 OOOO0O0OO0O0OO0OOO0O0O0DDOOOOOOODOOODOOOOOO
goboooooooooooooo

0 23. 00000000000000000000000O0O0O0O0O0O0O0OOOO



02 00b00oooooOoocoooooobooboooon

0000000000 ADDOOOODODOOODDO ADOO (supremum) 00000supADODOOO
0000000o00oooon0 ADOO0O0OO0OsuwpA=+co 00000000000
0000000000000 0 ADDDOOODODOOODODOOOO0 (infimum) 0000000 infAO0O

0 O (superior, inferior, inferno, infinite)
0o 2.4.
(i) oo A={1/nm;n=1,2,...} 00000
supA =1, inf A =0.
(i) 000 A= (a,b),a<b, 00000
sup A = b, inf A = a.
0 3. 00 {cos(r/n);n=3,4,5,...} 00000000000

0 4. 000 ¢000000sup®, inf 000000000000 O0OO0OD0O0OO0OA Cc BOOOOO
supA <supBUOinfA>infBOOOOOOO

000 {an}n>1 00000, =inf{ak;k > n}, ¢, =sup{ax;k>n} 0000000 {b,} 000000
00000 {¢) 000000000000MOD {6} 000000000 {a,} 0000 (liminf)00 D0
{c,} 00000 {a,} 0000 (limsup) 000000000

lim inf a,,, lim sup a,,
n—r00 n—o0

0oooooooos, <, 00000000 OOOOOOO

liminf a, <limsupa,
n—oo n—o0

00000000o
0 25. 00 {(-1)*+1/n},>. 0000000000000000

05.00 000 {a,} 0000 (accumulation point) 0000 O00OVe >0, {n€N;la, —a| <e} 00
goobobobooooooboobobobobooooooboobobobobbooboog

00 2.6. 000 {an}n,>1 000000000

(i) {an}n>1 0000D00OD
(ii) limsupa, = liminfa, 0000
n— o0 n—00

(i) lm |am —a,|=00000

m,n— oo

Proof. (iii) = (ii): b, = inf{ag; k > n}, ¢, =sup{ar;k >n} 00000by, ey 0000 {an,ant1,---}
ogoooooooooad

0 <cy —by <sup{lam —anl;m,n >N} -0 as N — oo.



(i) = (i): D0O0D000limb, =lim,¢, 000000
{anaanJrl) .. } C [bn;cn]

0oo0oooooOooboooooDoO {e,}0D0000DODOODDOOOODOOO
(i) = (iii): limpa, =a 00000

lam — an| < |am —a| + |an, —al = 0 as m,n — oco.
O

00000 (i) 0000000000000 000 (Cauchy sequence) 00000000000 0OO0O
0000000000000 00DO0O00DO0000DO000oo0o0o0n0 AL Cauchy 0OOO

00 2.7 (Bolzano). 000000 {ay},>1 0000000000DDDODO0OODOOODOOO
Proof. 00000000000 O0OOCauchy 00000000 OODOOOD0OOOUOOODOOOOOODOO O

028 00000000DODDOOOODOODODODODODOOOOY{n},>» 00000O00ODODOODOD

OO0 1. Bernard Bolzano (1781-1848) 0 00D O0D0O0O0OO0DOOO0DOO0OOOOODOOODOODOOOOOOOD
001817 0000000000000 000DO000O00000O0O00O0000DOO00O0000O0O00O00000
gooooooodooo

Augustin-Louis Cauchy (1789-1857) 000000000 D0OOO0ODOODOOOODOLOODODOODODDODODOOOO
0000000000000 oD00000000000(182) 0000000000000 0000000O0O0O0O0OO
000183300000 BolzanoODOODOOOOO0OODOODODO Bolzano OOODDOOODO

0e6. 000

273'3'4’4°4°5°5' 5’5"
0000000000000 0O0OOoOooOooO
0000000000 e(0<a<1)00000¢0000000000000D0000O0

000000000000 QUUOooOO000oo0oU0ooo0U0ooOoOoUooOOoOoUooOoUOUooo
00000o0o0o0o0o0o0oooooo0 RoooOOoOo ROOOOOOODOO

{an}n21 ~ {bn}n21 <= lim (an — bn) =0

n—oo

goooooooooooooooooo
0<VeeQ,IN >1,Yn> N, |a, —b,| <e€

gobocoooooodoobooooooobooobooboooboooboooOo0oooOo0ooooobooboboooooon
gobooooboooooooooobooooobooooboooooooobooooooOooooOoDoOoOooboboOooon
gobodooboooobooooooooooboooobooooooooooooooooooooobooOoon
gooo

07 0000000000000O0OO0O0O0OOO0O0OOOO0O



3 Dooogoo

000000000000000000A,4, 60 Y, 00000

000 [0, 0000000000 f(z) 0000000000000000 A={a=20<21<---<
, =b} 0000000 |A]l =max{z; —2;_1;1<j<n}0000000 €= {h<j<, 0000000
00000000

S(A ) =) f(&)(x; —wj),

1

J
|Al-0000000000000000000O0DO £0000D000D0ODO0O0OO SAY)O0DDODOOOOo
gogbobooboobobuoobboooba
b
/f(x)dx
a

0000000 f000 [e,b) 0000000 (definite integral) 00 0O

OO0 fO00D0000000Cauchy 0000000000000 0OO0O0OO0OOOOOOOODOODOOOO
00 {Ap}es1 000 A O Ay 00000000 |Axl >0 (k= 00) 000000000000
{Sr=5(A, ¢} 0000000000000 00000000 S, 000000000 A (k<l)ODO
gooogo

n

FOW=-2), D FE);—z1)
j
0ooooOoooooo
00000000006>000000
M(6) = sup{|f(s) — f(O):|s —t| < 6}

gobooooboobooooboo

FEOW =)= F(E) s — )| = | D (&) = F(€)) (w5 — xj-1)

J

< Z |£(§) — FE)I(zj — wj—1)
< M) (w; —zm1)

J
= M(8)(y — ),
ooo 6:|Ak|,DDDDDDDDDDDDDDD
S(Ak, €M) = S(ALED)| < M(|A)(b—a), k<1
oooa
08 00000 ALA"0DDDDO ¢, ¢"000006=max(|A'[,|]A”)DD00O00
S(A, ) — S(A”,€")] < 2M(8) (b — a)

gobooooood



00 3.1. 00 fO0O0M(U)—0(f—0)000000000000000

lim sup{| (@) = £(y)]i & — ] < 6} =0

/ab F(t) dt

goboooooon

gooogo
goo0o0oO0oooooo fooooo

y—x = fly) = f(x)

gogboobooobooboobbooboobboon
goboobooobobooboobbooobdg

¢0yD000D000f(z)D0 f(y)DOO

goboooobooboboobooboobobooboobbooboobbooboobbooboboobo
gooobobobooooooooogoobgoboboboooooboooboboboboboboboooo
gooo
gobodoboboobuoobobooobooboooboobbooboobbooboobbooboOoo
gooboobobobooooooooooboobobobooobobooboobDobobobobobobobooo
0000000000000 00D000000D00 Bolzano-Weierstrass 000 0000000000000

4 000000

coooooobobocoobooooOoOoOoOoOoObocOoOobOOo0OOoOOOOoOObCOb0ObOOOObOOOOODnn
ooboooo
coooocoooood

~
O0o0ooooooooooooooooa
Ve > 0,IN € N,Vn > N, |a, —a| < e.
00000000 e00000O0O0O0O0DOO0O0OODODOOO NOOOOODOOONODOOOOOOOoOdg
ndoooood |an—a|§e|:|[||]l:||]|:|
)

00 2. 000000000000 0O0OOOOO

Ve > 0,3N € NVm,n > N,|am — an| < e

0O 4.1. 00000 A0DOOOO
Ve>0,3a € A,]a] <e¢

0000000000 ed00U0OD0 |a|<elD0O0O0eeAD0DODOOUOOODOOOOOOD
goooooboobbooobooboobobooboobDbooboobbooboobbooboobo

goobooboboboo
P(e) =03a€ A, la| <eO



O000000e<€ 000000
P(e) = P(¢)

gopoogo
000000Ve>0,P(e) 0000000e>000000000000000000000D0O0O0O0OODO
000000oooooddd exo0O0O000000O0O0O0OO0OOOCOOOCOOOOODODOO

00 3. 000000e00000D0O0D0OOODOODOO
VM >0,3a € A, la| <M

gooobooooooOoOooobDom@oOoboOooboooooooooDm™

09. 00000 A00OOOOO
VM >0,3a€ A,a> M

gogboboooboobooooboon

0 10. 0000000O0D00OO0OVe>00000mMOOOOO0OOD e>x000000000000DOOO
ooboooooogo

0 11. 00 {e,} 0 « OODO0ODOOODOOOOO
Ve > 0,IN € N,Vn > N,|a, — a|] < 2e.

00000000000000D0 20 20000 (000D e00D00O0O0O0OD0OOODOOOODOOOOD
goboooboooooooooboooooooo

0 4.2 (Cesaro mean).
. a1+ az+-tay .
lim = lim a,.
n—oo n n—oo

Proof. O0OOOOOD e>0 000000000000 NOODOODODOOO
Yn > N, |a, —a| <€

oooooooodn>NOOOO

+

a1+ +ap la; + - +ay — Na| 1
—  —a S —
n n n

(lan1 —a| +--- + |an —al)

_N
S|a1+ +an a|_~_6
n

00000000000 N>NOOOOOoooooo

a1 +---+an — Na| <.
N’ -

00000000000 0OrR>N 0OOODO

a1+...+an
n

—al < 2¢

gooo O



0 12. 00 {a,>0}0 ¢a>000000000

lim aias...a, =a

n—oo

gooo
0 13 (Cauchy). 0000 {ap+1 —a,} 0000000
Hm 2
A = (o an)

0ooooooooooDlog(n+1) —logn=1log(l+1/n) - 0000

logn

lim =0
n—oo N
ogood
0 14. lim, s a, = a, lim, . b, =b 00000
lim (an, +by) =a+0, lim a,b, = ab.
n— oo n—00

0 15. lim, 00 an = a, lim,, ,oo b, =b0000

. albn+a2bn_1+--~+anb1
lim =ab

n— oo n

gooo
00 4.3. 00 f(») DODODOODODO

(i) lim a, =000 ILm flan) = f(a).

n—0o0

(if) Ve > 0,3 > 0,Vz, |z —a] <0 = |f(z) — f(a)| < e
Proof. (i) = (ii): (i) 00DOO0DOO
de >0,V > 0,3z, |z —a| <6, |f(z) — fla)] > e

00006=1/n(n=1,2,...) 00000 3z = ay,

oo

lim a, =a and lim f(a,) # f(a)
n— oo n—oo

00000D0O0O0Oo(G)oooooooo
(ii) = (i): lim a, =a 0000000
n—roo

Vo > 0,3IN,Vn > N, |a, —a| <§

00000000OVe>0, (1) 00000000D0O0OO0G>0000000600000ODOO0O0O0ODOOO N

000O00000vVR> N,
lan —al <6 = |f(an) = fa)| < e

00000000 lim f(a,) = f(a) 000000 O

n— oo



00 44. 00000000000DO0O0O0OO fUO 2=e¢000000 (continuous) 000D OOOODO
00000 ¢e0000OOOODOfOOODOOOOOO

00 4. 0000000000000 0ODOOOD epsilon-delta 000000000000 DO0O0OOOOODOOODO
O00OO0OOOODooOOoOOoODODODOO0O0O0OO0OWeierstrass 000000000000D0OD0OO0OOOO0O0O0O0O0OOOOO
gooooooooooooooooobooooooobooboboOooooooDo

0 4.5. 00 f(x) 0 x=c00000000000000 epsilon-delta 0000000

ORI CH P

xr—c -

000000 A0OODfOD ¢c0000OO0DOOOOODOOOO f(e)0000DDOOODOOOOODOOOO

JAER,Ve>0,30>0,0< |z — | <J =

0 16. 0000O0ODOODOOOODOODOODOODOOD

00 4.6. 00 [6,b] 0000000000 f(z)Dz=c(a<e<bd)0000000000F0 x=c0O
ooooono

Cantor 000 Cantor OO
00 [0,1]00000000000

[0.6102...]3 = 2213%
i=

000000000 {¢};51 00¢ €{0,1,2000000000010,1]000000 ([0.1]3,[0.2]3) OO
0000, 0000000000000000000000000000000000000000000

oood
([0.01]5, [0.02]3), ([0.21]3,[0.22]3)

0000000000000 00Or0O0OO0OO00O0OOO 30 2»'00000000000000000O0OO
[0.0102...]3, CjE{O,Q}

0000000 COO00000D00000 Cantor 0000000000000 002N0000O0OO
goboooboooooooooooooooooboboooon

14_3_;’_2724_...:1
3 32 3
O000OOCantor 0O0OOODOOODOOODODODOODOO
000000000000 Cantor 000D O00O0O0DODOOOOOD [0,1]000000 (Cantor functiond
00 the devil’s staircase) 000000000000 ¢=[0.cic2...]3000000000 f(e)DDODDODO

00000c¢ CO0D0O0O00OR>000¢;j#1forj<mandc,4; =10000000000

PRSI B e 1

O0000ceCOO0O0O0O0Oc¢;j#1forj>1000000

fa=o53 =25
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000D0D000000@G) fO000D0D0000000G)[0,1]\C 0000000000 (z)=00000
nfufafalufalalafs
000000000000000000000000000000000000000000000

5 DOoobod
0000000000000000000000000000000000000000000000000

0 5.1. 000 600000D000O0O0ODO M((H)DODOOO
lim M(6) =0
6—0

goobobobooooog
Je>0,V6 > 0,38 < §,|M()| > e.

00 5.2 (00000, uniform continuity). 00000 [¢,b) 000000000DOOO fO0OD0DOO
lim sup{|f(z) — f(y)|: [& —y| < 6} = 0.
—0
Proof. O00ODO0OO0OODDOOOODOOOOOO
Je>0,Y0>0,32(9),3y(9), |z —y[ < 6, [f(2) = f(y)| > e

6000 1/n00D0000000 z(8), y(d) O &n, y, D00ODOO

1
|xn_yn|§5a ‘f(xn)_f(yn)|>€a n=12...

O000OBolzanoDOOODOOO{z,} 0000 {l'nj}]ZlDDDDDDDDDDDDDDCZHHIJ-HOO:C”].D
O0000lmjye0(Tn; —Yn,) =000 limjsoyn;, =c00000000a<Lm,, <bOODOOOD c¢€ |a,b]

0oooo
€ <|f(@n;) = f(yn)l < |f(@n;) = FI+ 1 (Yn,) = F()) =0 (G = o0)

0000000000000 00D000O f(x) 0 a=cO000000OD0OODO 0

00 5.3. 000 [¢,b) 00000000O0O0O0OD fOODODOODOOOO
b
/f(:r)d:c

O 17. 0000000000000 00OOO00O00ODOO000OO0000OO

gooogo

V6>0,E|5>0,V$,Vy, ‘.’E—y| <i= |f(x)_f(y)| Se

Ve > 0,Vx,35 > 0,Vy, |z —y| <0 =|f(z) — fy)| <k,

goboobbooboobboooboobobooboobbooboobbooboobboo

00 54 (0000D0O0O). ODOO fDODOODO

(Zlfﬂﬂﬁzf@) a<w<b

gooooo
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018. 000O000OoOooooooooOoobobOboOooobooOoooooooonn

00 5. 00000000000000000000000000000000000000000f/(#) 0000000
od

b
/ £ (ydt = £(b) - f(a)

000000000000000000 f()00000000000000000000000000000
00000D00M =sup{|f'(t));a<t<b} 00000

If(x) = fW)| < M|z —yl,  =xy€(ab)
Jo00d000o0o00oooo0ooooooooooooooooon
019. 0000000000 DO0DO000000000000N00N000N0N0nOon
YM' > M, |f(z) = f(y)] < M|z -y, 2,y € (a,b)
sjsisfs)ufs)sislsisfsiutals

fl@) — fy)
-y

M’ > M, 3z <y,

'>M’
00000D00D0000000 [2,y]00000000000000

0 56.,5. 0000DO0OOOOOOO
f(z) = 2*sin(1/z)

000000O00O0O0OoOf(o)=0000000000OO000O0O f(0)=0,

/ _ J2xsin(1/x) —cos(1/xz) if x #0,
f@j_{o itz =0

00000000 f(»)0 2=0000000000000000000000
0 20. 00000f(0)=000000000000

00 6. 00000O0OOD0O0OOO0UOOODD fO0D00O0O0OO0OOOOOODOOOOOOOOOOfOOOOOOOOO
0000000 000000000 (Lebesgue 0O OOO)DO

6 DUoooon
0000000 Bolzano DOOOOOOOOOOODOOOOODOO
od e6.1. 00O0O [a,b]D[IDI:IDDDDDDDDDDDDDDDDDDDDDDDDDDD
Proof. Bolzano 0O OO 0O0OO O
0 21. 00000000000000C0DO000ODOO0O0ODOO0OOOOO0OOOOOO0

goboobbooboobobooobooboooboobboboboobbooboobbooboon
gooboboboboo
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00 6.2. 00 f¢()Ot=ca<e<b)0000D0DODOULOOOLOOOO t=c0O0O0UODODOD
0o f(c) = 0.

Proof 0000000A>000000000
fleth)—f(e) <0

0O AO0000000A—-000000
+f(c) <0

gooooo 0

00 6.3 (00000). 000 [¢,b) 00000000 f0000 (6,b) 0000000000

f(b) = f(a)

=1 g

00000 e<e<bOOODOOO

Proof. 00 (a, f(a)), (b, f(b)) 00000000 f000000
f(0) — f(a)
b—a
000000000 F() 00F(e)=0=F(b)0000000000 (¢,b) 00000 ¢00000000

Oo00o0oboOO00oooooooooao

F(t) = (t—a)+ fla)— f(t), a<t<bd

ooboocooood O

0 6.4. 000 (¢,b) 0000000O0O0OD fOODOODODOOf(t)=0,a<t<bO0D0OOODfOODO
oobboooboooobooooobOoOoOoOOoOoobboOoobooOoo

00 6.5 (0000000). 00 fO [ 000000000O0O0O0O0OD ff00[b 00000000

/ f'(x)dx = f(b) - [(a).

00 6.6 (0000000 Intermediate Value Theorem). 00 00O [e,b) D0D0DOO0OO0DODOOODO fODO
00000000000 M,mQOOoooooog

{£(t);t € [a, 0]} = [m, M]
000000

Proof. 000000000000 O0O00D0000 @ b0000O000(M,m) = (f(a),f(b)) 000
(M,m) = (f(b), f(a)) 000000000000 0000000000000 f(a)=m,f(b)=MOO0O0DO
000000000 40000 0,8 000 [8,¢] 00000000 ,40000000000000
000000000 ge[mM OODO0OO0D [e,b] 0000000(a,d, [¢,b) 000000y O
(f(a), f(c)) DODO (f(c),f(b)) D00DODODDO00O0O0O0D00000D0O0000000 [sy,4]00000
000 [s1,4) 00000000000000000000 {s,}, {t.} OO

1 — 51
51 <sp < < Sy Sty ln —8p = o1

13



O000O0OwpDO f(sn),f(t,) DODODOODODOUOOOODOUOODOODOOOOODOODOODOO
Soo = lim s, too = limt,,
n n
0000000000000 p0O f(sa), ft,) OOODDDOOOODOOOO
|f(tn) — pl S |f(tn) = F(su)l S |f(tn) = f(too)| + | f(S00) — f(sn)]
00ooooooooofoooooooon
p=f(ts)
oopooooooog O

0 6.7. 00 [¢,b] 000000000000 f00f(a)f()<0000000f(z)=0000 z € (a,b)
0ooooon

0 22. 000000000 y=f(z) 00000 f(x)=000000 200000000

0 23. 00 [0,1]000000000000 fOD00<f(2)<1(0<z<1)0000000f(x)=20
00 z€l0,1]0000000O

0 24.00(0,1]000000000000 fO00f(z)>0(0<x<1)000000000000 M >0
00000 f(z)=M2z 000000

( Oopooood

000 {¢,} 000000000000 Ya, 000 (series) 0000000

n
S = lim E ak
n— oo
k=0

0000000000D00000 (convergent) 000D DOOO

o0

D>

n=0
0000oooomoddddsequence 0000000 a sequence of real numbers O O O

00 7.1.00 Ya, 0000000

lim a, =0
n— o0

gogod

072 a—-000000 0000000000000 «>000000

Cla) =3 =

ne
n>1

gooog
((a) < +0 <= a>1.
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oooo

k=1
goood
141 1
lim et +n—1
n—oo0 logn
goog
1 k1 g R k1 g 1
OS*—/ —dx:/ z de/ —dr < =
k k x k kx k kx k?
gogd

1 1
v = lim (1++~-~+—logn>
2 n

n—oo

0000000000000 00 (Euler constant) 00000

0 25.1/2<~4<10000000000000=0.55721...000000000000000000DO
goooooog

00 7.3. 00 {an}p>1 OO

lim ag, =a= lim ag,4+1
n— o0 n— oo

oooood
lim a, =a

n—oo
goog
00 7.4 (Leibnitz). 0000000 {a,} 0 a,—-000000000000000O0OOO

ay —ag+as—aqg+...

gooooo
0o 7.5.
1 1 1
l— -+ =-—~-+---=log2 (N. Mercator, 1668).
2 3 4
1 1 1
Rt Rt :% (G.W. Leibniz, 1682).

oo 7.6. 000 ) ,+,a, 00000

ianzsup{Zan;FD NDDDDDDD}

n=1 neFr

oooo
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Proof. OO0OO0DOO0OO «00DO0O0OOO ADDDDDZangaDDDAgaDDDDD

ner
0OO0Ve >0, 3N,

gooooa
N
Zanzafe
n=1

000000000 A>e—c000000e000000000O000ODOO0OOO0OOA>eO0OO0O0O0
O00O0D0D0DA=e000O O

026. 0000000e<+oco0000000O00e=+cc 0000000000 O0O0O0OODOOOO

077 . 0000000000000000O0O0000OCOOO0OOOO0O0O0ODO ¢oO0OOOO

0o oo
D g =D _ an.
n=1 n=1

DD7B.DD§:%DD
n>1

Z lan] < 400

n>1

000000000000 (absolutely convergent) 00O OO

o 7.9. () 00000 200000

1 1
e =14az-a’+ =3 +...,

2 3!
- — e 3
sinr =x B!x + ...,

L 5
cosx=1——x"+ ...

2

0ooooo
(i) 00 |z <1 000000 « 00000

1 1 1
log(1+x):x—§m2+§x3—1x +...,
-1 —1)(a—2
(1+x)“:1+ax+a(a2 )x2+a(a 3)'(& )x3+...

goobgogo

027.¢>00000(1—-t)*000000Newton J0000¢t=4+1000000000000000D0
googo

() « 0000D0000000000000<e<10000000000000
(i) 0<a<10000(1—-t)0=1—¢it—cpt?—... 00000¢>00000
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(iii)
_ . k __ . a k . ay __
kg,lck_til?lokilckt _tE{Eo (1—(1—15) - g cxt ) Stil{rlo(l_(l_t) )=1.

k=n-+1

00 7.10 (0D00000O0). D0DODODOODDOODOODOOO
D an
n

goboboooboobooobooboobobooboobo

D an| <Y lan]
n n

gooooo

Proof. 0O O
an:bn_cna anO’ CnZO, |an|:bn+cn

gogbobooobooboobboo

gobooooo

Dan=2 bu=) e
n n n
0000000000000 D000000000000000D000000Me,}0000DO00O0O0O0OO O

00 7. 000000000000000O00DO0OO0ODO0OO0DOO0DO (conditionally convergent) 000000
gooooooobo

D00000000000000 {a;}ie; 00000
Z|ai|ZSUP{Z|ai|;FD IDDDDDDD}
i€l i€F

DDDDZM<+ooDDDDDDsummableDDDDDDDD ZaieRDDDDDDD
el el

Zai < Z|ai|.

i€l i€l

00 7.11. 0000000000 {a;}ey 000000 ITOOOO I:UInDDDDD

n>1

Su-Y Y

i€l n=1 icl,

gooocoo
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0o 7.12.
[ee] (oo}
Z\an|<—|—oo, Z|b”| < +00
n=1 n=1

good
I={i=(m,n);m>1,n>1}, Ci = Ambn

000000 el <+oo0000
i€l

Soo (B ()

icl
gobooooo

Z Abn

m,n>1

gogod

O 28. Ziel|ai|<+ooDDDDDIDDDDDDD CcoO00obo0d0a=0forigCO0O00ODOOOOO
ZielaiDDDDDDDDDDDDDDDDDDD

coobOooobobooobooooOooOoOoO0OoOoboO0o0oboOo00oOooOoOoOoOooOboc00obOOoOoOoboOoOoOoOoonn
gobbooooboooooooooobooooobooOoobooobooooooooooOooooDoOoOooboboOooon
goboooboooobooooobodoboooobooooooooooooobooooonoa

0 7.13. jz|<1,|y<1000000

~ ~
Doty —ay)t =Y (o 2"y a4y
n=0 n=0
gooogno
o 1 1 1
bty o
goboocoooooooo
I-s+z-7+

oobooooooo

coboooobooboooooooooooobobooooobOobOoooooooooooo+~000 p
o0-0oob ¢gO0oobbooobboooboobobooooboobooooboboooobooooooo nOOOO
oooo

1+1+ 1 1 1 1
3 2p—1 2 4 2q
1 1 1 1
U e ()
2(n—1)p+1 2np—1 2(n—1)g+2 2ng
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oooon

1+ -+ ! 1-|- + !
3 2np — 1 2 4 2nq
gooooooogd
1+1+ + ! Lz ! L 1+1+ +1
2 2np 2 4 2np 2 2 qn
ooooooo
1 1
Yp=14—=-4:--4+——logn
2 n
gooog

1 1
kﬁﬂQPn)+-7an—*§Uog0”0-+w¢n)->§(k%(qn)+-7mﬂ

1

1 1 1
:bd%%fy%pff%q+wmf§%nfgm

O00000000n = 000000
1 1
l%@m—gbmrjf%q:bﬂ%mM)
ooooo

0 7.14.

DDDl*%+%*i+... (0000000000 D)D0DO00ODO0DO0ODO0OO0UO0DDOODDOODOOODO
000000ooOoooD (0ooDD)o

0 29 (Challenging). 0000000 OD0OOOOODOOOOO
00000000000 AODDOOOODODDOOODOD ACDDODDOOOOODODOOODODOOODOOOO AO
gobooobooooooooobOocOoOoOobocOooboooOoOooOoOoOoooDood

0000000000000 00000 (infinite product) 0000000000000 OOOOOOOO
000000 {an}n> 0O0DO00DDOO0O0ODOOOODOOOO

lim ajas...a,
n—oo
gooooououoooodo HzozlanDDDDDDDDDDDDDDDDDDDDD
030. 000000000000lIm,ssa,=10000
00 7.15. 00000
(i) OO

i log a.,
n=1

oooooooo
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(i) 0O

cooooooo

Proof. OOO0O0OOOOOOlm,a,=10000000000000000000000000ay, =1+t,
goooooo

1
bg1+ugztn—§ﬁ+nn

ooooo lim,t, =0000000000000 nO000O0OO

1
2 ltal < [log(1 +tn)| < 2ltn]
000000000000

oo (oo}
D ltnl < 400 = ) [log(1 +t,)| < +o0

n=1 n=1

gooo 0

goboobooobobuooboobboobuoobboobooboon

lo_o[ an = exp <i log an>
n=1 n=1

gobOboooboooobooooobOoOoOoOOoOoobOboOoobooOoo

0 31. 000

0s>100000000000

0 32 (Challenging). 000000 Eulee 000000

= 1
— = H (1—p 57 s>1
n=1 n p: prime

oooo oooo

1
=1+—+
1— pfs ps p2s

pSS
good

g Ubhooono

gooboobobooboobbooobooboooboobbooboobbooboobboobooo
0000000 Welerstrass 100 0000000000000 0O0OO

00000000000000000000000 Cauchy 00000000 AbelDDOOOODOOODO
gooboobobo
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ooo {f,} OO0 fO0DD0OO0O0D (pointwise convergent) 1000000000000 0O0ODOOO0O ¢

00000
lim f(t) = f(t)

n—roo

ooo0o0D0o0oOoooooo0ooooo),, f,0000000000000000 ¢t0000000

> ()
n=1

0000000000000
F) =3 falt)

oooooooo fO0 Y, f,00000000000000
0 8.1. fo(t)=t" (te(0,1]) 00000

. 0 if0<t<l,
@”Mw:{1in_1

oooodo f,00000000D000DOO0O0O0O0O0O¢t=100000000

D000 f00000
[fII = sup{|f(t)]; € [a, b]}

gooo

0oo {f,} 000 fO0D0000
Jim || fn = fIl =0

000000f, 0 f0000000 (uniformly convergent) 00 000000000000000000
000000 |f(t)—Ff#)| <|f.—f] 0000000000000 0000D000000000000
oooooo

0 8.2. 0000000000000
0 33. 0000000000000 epsilon-delta 0000000000000 ODO
00 8.3 (Welerstrass). 0 0000000000000 0OO0ODOOOOODOOOO

Proof. OO0 fO t=c0000000000000

[f (&) = F(l < |F(#) = Fa(O + [fa(t) = fule)| + [fn(e) = f(c)]

000000OVe>0,00 nO00000O0ODO ||f,—f]|<e000O00 f,0000000006>00
Oft—¢ <6000 |fu(t)— fu(c)|<eDDDOOODOOOOO

Ve > 0,35 > 0,[t —c| < 3§ = |f(t) — f(c)] < 3e
EIDIZI[II]fDIZIDD[IDEIDD O

0 84. D00D0OO0OOO0ODOOOODOOOOODOOO
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00 8.5. 000 {f,} 0000 {M,}0000

Vn>1, Vo |fa()] <My, ) M, < +oo

goooooooog ), f,0000000

n=1

gooood
Proof. O t OO OO0

S U] <3 My < 400
n=1 n=1

0ooooooo Y°°, £.() 000000000000 f(#) 000000

dYooR®< DY IROIS D My

k=n-+1 k=n-+1 k=n-+1

F&) = frlt)
k=1

gooboobooo:ooobobooboo
n
Hf—ka
k=1

DDDDDZZO:lfnDDDDDDDDDDDDDDD

(oo}
< Z M —0 asn— o0
k=n+1

0 8.6. (i)

D0000000000000000
(if)

« ala —1) ala —1)(a —2)
(1+x) —1+am+Tx2+ﬁ 3

00000 (-1,1) 0000000000000000000MO0000 @
(iii)

cos(nx)

o] _1)»
Eg(ng

o+ ...

00000 ROODOOOODO0000000 [-m,a] 000 22/4—72/120000000000

gobooboogoood

0 34. () 00000 ROODOOOO(GH) 00000 (-1,1) 0000000000000

00 8%7. 00000 {f,}000000D fODODOODODOOOO
b

lim [ fu(t)dt = / ’ f(t)dt

n— 00 a

gooo
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Proof.

b b
/ (falt) — £(0)) di| < / Falt) = F@)dt < (b= a)|[fu — F]] 0.

0 88. 0000000000 Y, f,(t)00000

i/abfn(t)dtz/abifn(t)dt.

0 35. 000 {fu(x)} 000000 f,(¢) 0000 () 0000000000000000 Y, fi(z)
goooooood
d ') 0
= <Z fnm) A
n=1 n=1

gooo

ooboboooooooobooooboooooooooboooooooooon

1

— 2 4 6

gopoogo

vl 1 1 1
t = — dt=x— a2+ -2 — 2T .
arctan x /0 1T x 3x -|-5£L' 796 +

0000z=10000000

Tl 11
47 375 7T

goboooboooobobooobbooooboooooboboers=10000000000000O0O0O00ODOOODO
gobodooboooobooodoobodooobooooooooooOoooOooOoboOoobOoOoobooOoOoOooooa

0 89. 00000 f, 00

4n?t if0<t<1/2n,
fn(t) =< 4n —4n?t if 1/2n <t < 1/n,
0 otherwise

goob0obOoboOoooobo oboooo

ggbobooboobboobooobbda

036 ()0000000000
(i) 000000 f,(¢) D0000000000000000000000000000000000

coobO0ooooOoco0obooobooooboooOoOooOooOo0oOoboOoobOoOoOooooag

flx) = Z apz®
k=0
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oo
n
Jim o
k=0

00000000000000000000a, -0(n—o00)0000000000000<2x<10000
0000000 ze€0,]]00000000OD0OO0LUOOODOOOOOODOOOUOOODODOODOOOD
0000000000000000000000000000000 f(»)D0ODODO0OO0D z=100000
gooboboboboooooooboboboboooobooobooon

oo
Ty = Zak, €, = max{|rg|; k > n}
k=n

oooddn—occoO0OO0Or, 0000000000 ¢ N\00000
O000aqy,=r,—rea 0000 0L <1 0000000000000ODO

n
E akxk
k=m

n

E rk(xk — xk_l) F ™ — rpz”
k=m+1
n

< Z em (2871 — 2F) 4 €™ 4 €™ = 2et™ < 26,
k=m+1

gobodd n—ocooonon

< 2

m—1
‘f(l") - Z ayt"
k=0

gobobooboooboobooobo

0810. 00 a>0000 -1<<1O000000O0O

(1+2)" = i (Z)xk’ (Z> _a(a— 1)..];:!(a—k;+1)

k=0

oooood

OO0 A ~vy-asymptotics
D0D000000000000000000000000000

1 1 Dokl ek

1
1+ =4t ——1 1) =
+o gt o —leg(n+1) ;/k —

dx

gogob yOobboobbooobooobL noobboobbobbboobbobobbboob o
gooooboDbo

k+1 7]1' k+1 1 k+1 1 k+1 1
/ x dx:cl/ —2da:—|—02/ —3dx+03/ —4d:v+---
k kx k x k X k i

/’““ 1 1 {I_aﬂrﬂ_ 1 a1 ala+1) 1 ala+1)(a+2) 1
k

r ke 2kt T3 g2 Al jats oo
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000000000 1/k00000000000000000000D0MO0ODO0D0D0DDOOOUOnOD
Ooooboooomoooooooooon

/1 ¢ dt—l bt dt—l 1 t2+t3 t4+ dt
o k(k+t) k2 Jy 1+L7 K2 ), E k2 k3

11 11+11 11

C2k2 3k3  4Ek4 5K
0000000000000000000000{¢;};5>: 00000000000

=
=2

_ilcj(kjlﬂwrl L G+DG+2) 1 (+DE+2(G+3) L >

2 kit2 3! kit+3 4! kit4
ogooo
1/2 ]. 0 0 0 0 1
_1/3 —1 1 0 O O Co
1/4 1 =3/2 1 0 0 3
1/6 1 -5/2 10/3 —5/2 1 €5
oo0000ooooooooonooo
1 1 0 1 0 1 0
cp ==, Cg=—, (3= C4=——, C5= cg=—, cr=0,...
1 27 2 6; 3 ) 4 307 5 ) 6 427 7 )
go0oooooooooooooono
0 k1
Tz —k 1 1 c3 1 cy 1
dr=ci—+—=——+=>—+ ——
kn/k e TRty e T
11 11 1 1 1 1
=+ = ——+ + -

2n ' 12n2  120n% ' 25206

goooooooboobmoobooboboboboobooooooobom
000o0ooooD {¢}000000000000000000000000000D00O0O000000
gbobooboobbooboobboooboobboon

By =1, Z(“ﬂ)Bj—O(n—LQ,s,...)

i=o N/

gboboobooboobboobooboo

0o oo m+1 + 1 oo -1 l —j+1 l 1
Yyl (M e - e ()

j=1m=1 =2 j5=1
e’} (_1)l -1 N 1
— (—=1)1 —
> Z< 0
= j_

00000000000000000
-1

e

1= cj(—l)ﬂ—l().
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co=100000000000000000
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S () =0 (=234
i=0 J
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00000 0=B3=B;=B;=... 000000 =-By,¢;=B,(j>2)000000000000
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