oooooon

gd o

20250 80 270

ggooobobobobooobobobooooooboobboooooobbooooobbbboooobbobo
gooboobobobooooooooooboobobobooobooobooboobobobobobobobooo
goooooobooboooboobooobobooboobboobuoobbooboobbooboboobo
gooboboboboooooooboboboboooooog

ggoobobobbooobobobobooooobbbooooobobbooooobbbooooobobobo
ggoobooobooboobbooboon

() 0000000000 0ODO0000ODO0O00D0ODOUOODODOODOD

(i) 000000000000 DO0OOO0OOOO

(i) 00000000 D0OO0OO0ODO0OO0OLO0ODO0OOOODOOOODODOOOOODOODOO
(iv) D0DO00O0OD0O0O00OOOD0OO0OO0O0O0DOO0O0O0ODDOOOODOOOOD

(v)y 0DOODODOOOODO0ODOOO0OO0OO0O0ODOOOO0OOODOOOOODOO

00oO0ooooOo (), (ivy00DOD0O0O0O0O0DO0O0DO0OO0O0OD (B), () D00D0D0D0O0O00DO0O0O0OO0OO
0000000000000 D* 00000000000000000000000D00000*00000
ggboboooboobbooboobobooboobooobooboooboobbobo

gon

(1] 00000000000 D0O0O0OO (1966, ¥1900/274pp)0 000000000 DODOOOODOOOO
obooooooooooOoocoOooboocOooOoboOoobOOoOooOooOooooOooOoOoOOoOoOooOboOooDn
2] 0000000000000 (1974, ¥3400/339pp) 0 0000000000 O0OOOODOOOODOO
goboooooooboooooood

(3] 00000000000 mMmOOOO (1980, ¥4500/460pp) 0 000000000 OOOOOOODOOO
goboooooooooood

4 DODOD0OO0DDOD-000MO0ODO0O (1988, ¥2700/150pp)000000000O0O0OOOOOOO
gobooooooooooboboooobooooooooooooooboooobooboOoooDo

*1 0000000000000 0 http://sss.sci.ibaraki.ac.jp/teaching/linear/1a2003.pdf

*20000000000000000000000000000000000000000000000000000000000
gooooooooooooboooobooooooooboooooooboooOooobobooobboooboooDbOoboboooDDobDO
goooooooooooooooobooooooobooooooboboooOoboobobooooOoboobobooooboooooDboboo
ooooooooooo



6] D0 0D0ODO0DU0DUODO0OODOUODMODODn (1994, ¥1500/128pp) 0 000000000 DOO

gooooooboooo

6] 00000000000 OO0OOO (2007, ¥2800/278pp) 0 000000000 DOOOOOOOO
goboooooooooboooboooobooooooooobooooDooo
(7 0000000000000 00000 (2015, ¥3300/408pp)0 000000000 DOOODOOO
goooooo
8] 00D0DO0O0D0DO0O000D0U0OODOODO0DO0mMOOOO0OO2019, ¥2600/248pp 000000 DOOO
obooooboooooooocoooobcOoOooboOoOoOoOoOOoOoOoOoOOoObOOobOOoOoOoDOOOOooon
gooooobooooboooooooboooboooobooooboooobooDbboOobboOobooboooobooDon
gobooocoooogno
0d
1 ooooDo 3
2 ooooooooo 6
3 ooooooo 12
4 ooooooooon 19
5 oooooo 21
6 ooooocooo 23
7 ooooooo 29
8 oooooo 36
9 ooooocooo 38
10 oooooooood 43
11 ooooocoooood 50
12 ooooo 57
13 oooo 65
14 ooooogo 71
15 ooooooooon 80
16 ooopoooooog 82



A ooooo 86

B ooooo 87
C oooood 88
D oooood 89
E ooooocoooood 90
F ooooogo 92
G oooDooooooo 93
H ooooogo 95
I ooooooooooooboooo 97
oooo

0 0 0 *3(natural number)0 0 0 (real number)d 0 0 0 (complex number) 00000000000
N=1{0,1,2,---}, R, C

0000000000000000000000000000000000000000000000000
00000 *(scalar) 0000000000

1 0D0OOoOoo

000000000000000000000O%— Arthur Cayley
00000000000000000 (matrix*®) 000000000000000O0O0O0O000000
gobooooooooooooobooooboooobo0ooboooooboooooboooooDOoDOooDboboOooon
00000000D000000000000000000*00000000
gbooobooooboooobooboobooboobOooboooboboobOoOoboobOoOoboOobOoooboo
goboooboooobooooooocoooOooOoobooobooooooooooOooOoOooOOoOooDboOooon
goboobobooooooooobob0 oooboooooooOoobboooboooobooOoboOoooDo

s +biy+cz=dy
a2x + by + coz = ds
azx + b3y + c3z = d3

* 00000000000000000000000000000000000000000

* 0000000000000 D000000000D000000000000

* 0000000000000 00000000000D000000000D00000000Eisenstein 00000000000
000000 1844 000000000000 0O0000O Grassmann O Die Ausdehnunglehre 000000000000

*6 g0o0o0o0ooO0oO0DoOoO0o000000000ooooooooooooooO0o0OmaytricsDO00O0O0O0OODOOODOOOO

* 00000000000000000000000000000 equation 00000000000 DOOO0OO0OO0OOMIOOOOO
goboooooooooogooooooboooooooooooooboooDbDo0oDboooooooboooDOooD



ooboooboooooood

ap b c ay by ¢ dy
as bg C2 ooo a9 b2 C2 d2
az bz c3 az bz c3 ds

jo00odoooodoooooooooood0dae,b,e 00000000 dODODODOOOOOOO
ggo
a1 b1 C1 dl
ag bQ C2 dg
as b3 C3 dg
gooooddddoooooooooooooobbbobobbobobobboododdoooooogo
goboobooboobobooobooboobobooboobboobUoobbooDboobouobobooo
T Yy z
ap b
an b2 Co
as b3 C3
goooooboobboooboobboobobooboobDboobuoobbooboobbuooboobo
goobooboobobooboobbooobooboobobooboobDbOooboobDbooboooo
gooddddooooooooooooboooboobooo
ay b1 C1
az by c
as b2 C3
gobobooboobobooboobboobdoobbooobuoobooooboon
pgoddooooooobobobobbobbtbdoooubbobobbobbbbddoooLD DL b
goooooboobboobooboobobooboobDboobuoob bbb booboobo
gooobooboobobooboobboobobooboobobooboobDbOooboobDbooboooo
goobddddooooooooooobobbobobobobboboooogad
gooooboboooobobbboooooobobboooooobDb bbb nboobo
000000000000000*00000 row O column O00OO*0
dy
row = (a b c), column = | ds
ds
goooooboobboooboobboobobooboobDboobuoobbooboobbuooboobo
(a,b,c) 00000000 DODOOOUOOUOOLOOLDOOOODOODODOOOOOOLDODOODOODOOOOD
DDDDDDDDI:IDDDDDDDDDDDDDDDDDDDDDDDD(component)l][ll]l]l]l][ll]l]
0000000000000000*'0000000000000000000000000000000
000000000000000000 (row vector) 00000 (column vector) 000000000

*¥0000000000000000000000000000000000000000000000000000000000
000oo0ooo0o0o00oO0o0oo0o0oO00oO00bO00D0O000O0000000O000O000000

* 000 row 000000000000 000000OOcolumn (00)00000000000

*1000Do0000000000000000000000000000000000



oboooooooooooooboooboobooOoboOobOoOoboOobOOoOOO0obOOoOoOOobOOoOoboOoooboo
goboooooooooooooboooobooooboooobooooooOooooDOooooDOboOooDboboooon
gobooooboooobooooOooOoocOoOoOOo0o0obOOo0oOobOoOoOooboOoOoOoOoOOoOoOOOoOoOoDbboOoOon
goboooooboooooboooobooooooooooa

gbooobooboooodoboooodoboobooboooooooooooooooobooooooooog
00000000000000000O0O0O*000000000000000000000000000
goboooooooooooooboooooboo0ooboooooOooooooooDOoooDOoDOooDbboOooon
goboooobooooooOoooobooOoobooOooooooa

0000D000000000000000000000*2000000000000000000000
gobbodooobooooboooooooOoooOoo0ooboooobooooooooooOOoobOOOoOoOoboOooon
goocooooobooobooobooboooooooboooooooooooobooobooobboobOoobooOoon
gobooooo

Tr =18+ ast
y = P15+ Bat
z = 718+’YQLL

ggpobog s,tgobogoogog

(1o +b1B1 + c171)s + (a1 + b1 B2 + c172)t
(agay +b2f1 + c271)s + (agag + b fa + cay2)t
(azaq + b3f1 + c371)s + (azaz + bzfa + c372)t

ooboooboooooooooboboOoOoobocOooooOoOoOoOOoOoOoOOoOooDn

arar b1/ Fayi aran + b1 S + c1y2 ap by ¢ a0
agay + b Fcoy1 asan +bofo+cova | = (a2 b2 e B1 P
agoq + 0381 +c3y1 azoe + b3fa 4 caye as by c3 M2

ggboobooboobooboobobobobooobboobooboobooboobooboobo
0000000000000 0000000000000000000Oaz+by+cz0 xz=at,y=pPt,z=~t
0000000000000 00(ax+b8+cy)t0DOODOO
«

aa—i—bﬁ—&—cv:(a b c) B
v

gobooooboooooooooobooOoooOOoOoOobOOoOoOobOOoOoOoboOoOooOoOOoOobOOOoOoOoDbboOoOon
goboooooboooooooobboooooooooDooo

al b1 C1 X d1
az by c2 yl|=1d
as bg C3 z d3

00 Arthur Cayley 0000 0000000000000 OO0O0O0OOO0OOOOOOOOOOOOOOO
gobooooboooobooooooOooOooOOoOoOobOOo0oOobOOoOoOoboOoOooOoOOoOoOoOOoOoOoDbboOonon
oo

*110000000000000000 (Hadamard product) 000000000000
*12 0pgpooDO00000000000000O00n



2 ODOoOoooooon

0000000000000 000o0o0oUgU— Hermann Weyl

gdoo0ooOoU0OooO0O0ooU0OoOoO00DOO00DOO0 UOboooOoOoOooOdOooOoOoooUooogooag
gopbooooooooooooobooOoooOoOoOoDbOoO0oboOoooboOoOooooOoooDOoOooDboboOooon
gopboooooOoOobooooOoooOo0ooOoO0U0obDOo00bODOooUbOOooOUOoDOoOOo0oDODOooDLoOOoo
00000 POO0 QUOOOODODODOOOOOO POOO QODOOOOODDOOOO*3(0OOOOO,
displacement vector 000 )v» 00 0000000000000 0OOOODOODO v:]@DDDDDDDD
gopooogoo

000 POUUUD »00000POUUOD »00000000O0DO0OODODO QUOOOOOOO
Q=P+0v000000000000000D0O0*00000000000000O0O0O00000O0OO0
00oooooooooo(P+v)+w=P+(v+w) 000000000000 DDO0O0ODOOODOOOODO
000000000000 tdv=Q—-PO0O0O0O }@:Q—PDDDDDDDDDDDDDDD

P+v+w

v+w w

P P+

0000000000000000000000004HP, ++--+t,P, (t1,---,t, 000) 000000
0000000004 +4---+¢,=1000000*¥0¢4---+¢,=00000000000000000
00000000000000000000000000000000000000000 10000000
000000000000 0000000000000000000000000

00000000000000000000000000000000000000000000000
00000000000000000000000000000000000000

o211 64+---4+¢t, 0000 10000000 4HLP+---+t, P, 000000000

0000 4P+ +tyPy (b1 +---+t,=1,¢t>0)00P,---,P, 0000 (convex combination)
oooad

022 0000 CO0000000PQeC =tP+(1-1)QeC (0<t<1)0000000
p,---,P, 0000000 P,---,P,0000000000000n,=2,3,4000000000000

gogoboobooboooboooboobooobooboobbobDboobooboobbobob o
000000000000 0DO000O00O0000O0O0O00O00DO0ODOO0ODOO (position vector) 00O 0O
goooooooooooooboooobooboobboobobbooboobooboobbobboOon

*130000000000000007 00+ 00000000000000000000000000000000000000
0o00oo0o0o0oo0o0oO0o0oo0o0ooo0oooo0obo0Do

400000000000 0000000000000000000000000000000000000000 Grassmann 0 0O

*15 Mobius 000000000000 0000000000000 182700000000000000



0o0odooooooooooooooUoUoUooooooD &3, k0000000000 0OOOOOOODOO
O0D0Dwv=wxi+yj+2k0000000000000D00000DOOOODOOOOODOO (z,y,2) 000
000000000000 0000DO0000000D0000D0000D00O (component) 000000
000000000000000000000000000000000 coordinates* 00000000
ooo0ooooO0oo0ooO0 oooOo0oUoo ¢, k00000000000000000O0O0O0ODOOO
goooboobobobooooooooboobobobooboboboobooboDobDobobobobobooo
0000000000 (coordinate transformation) 0 000000000000 0OO0OOOOOOOOODO
gooboboboooooooboobobobobooboobooboobOobOobo

i =ai+bj, j =cit+dj, O —O0=si+ttj

P-O=uxi+tyj, P-0 =2"i'+yj

goooooooooooa
r=ar +cy +s, y=>br +dy +t.

0000000000000 0O0 O=00000 s=t=000000000000000000000
goooooooobooooooooon

gogoobobooooooboboboboooooobbboooobobobboooooDbDb bbb oLoEnbobo
0000000000000 000O0000DO0000DO00ODO0DO0OO0OD |v|D0D00DO000ODOOOOOD
00000000000 60000 (vjw) = |v||w/cos§ 00D D0DO000000000*7 (inner product)
000000000000 (bU00O0ODO0O0D0DDO0O0O0O0OO00ODO0OOLD0ODO0OODODOUOOD)OOOOD
000000oooooooooon e 7, k00000000 100000000000000O0O0OO0O0O
0000000000000 00000000O00000OD 1000000000000 (unit vector) OO
000000000O000O0oO0oOoo (x,y,2) 00000000000 OOOOOOOOOOOO (x,y,2),
(',y,2) 0000000

V@' =2+ —y)? + (2 = 2)?

00000000000000000000000 (Cartesian coordinates) 10 000000000000
0000000000000 v=(a,B3,7), v =(/,8,7) 00000

(v|v') = aa’ + 68" + v+

oopbooooooooDo
goboooboodoooooooobooobobooooooboooooooooooOoboOoooOoboOoOobooOon
gobooobooooooooobooooooooono
gbooobooooooooodoooooobooodobooooobooooobooooooooobooooa
gobooooboooobooooooboooooOooOoOobOboOoO0oobooOooobooboOoooOOoOoOoOOoOoOobboOoon
goboooooooooooooboooooboooobooobooooooooooboooooDOoDOooDbboOooon
goboooooooobooooooOooOoooOOo0oOobOOoOoOobOOoOoOoboOoOooOoOOoOoOOOOoOoDbboOonon
gboboooooobooboboooooboboboboooboobooooooDoobOobOobooobobooDbOon

16 000000000000 00000000000000000000000000000000000
100000000000 0w-wO0000000000000000000000



0 Hermann Weyl 0 00 0000000000000 000000000 VOOOOODODOOOOOO
goooobooooboboooobboooobbooobbboooobbooobLbbooobLboUOo o
00000000 (Euclidean space) 0000000000000 DOO0OO0ODOO0OOODOOOOOOOOD
00000o0oo0o0o0oOo0ooOooO0 WeylODDODODOOOOOOOOOOOOODDODODDODOODOO
goobdobobooooogoobooboboboboooooobooboboboo

goobobooooobobooooooboboboooobobobooooboDobOoboboboooo
goooooboobobooboobbooobobooboobDboobuoobboobo0obbooboobo
0 LO000O0LD LOOODOO0O0D ALOODODOOAL={p—¢pgel} 000000000
Rl={sl;scR}0000000000LOO pp000000000L0000 pOOp=po+tl (teR)
00000000 0Un pp 00000 l#400000000000000000O0OOOODOOOOOOO
0000000000000 0000000D000000000D0O00000D0O0O0O00 (the parametric
form of a line) 00O O

tm
tl m /
/1
Po

bo g

00000 HOODOOODOOOOHO HOOOOOOODOOO AH={p—¢pq€cH}OOOOD
AHOOOODOOOODOOOOO0OO0O000000000000 I, mUOOOOOAH =RI+RmOOO00*9
000000000000 AH 000 po 000000000 HOODOO0O0O0O p=po+sl+tm O00000O
0000 st00000000000000000000O00O0 (the parametric form of a plane) 0000

goooobobbooooobobbbooogoobobbooooooobO bbb boooooo
goobbboooooooooobbobboog pogoono (aj,y,z)DDDDDDDDDDDDDDDDD
odo0oooouoooooUoooooUU00oooo0U0oo0oU0U0U0DO0U0000DO0D0OU0ARF OOOO
00000 (a,8,7) 00000p, D000 (x0,90,20) 00000 (p—po) L (o, 8,7) 0000000000
00000a(z—20)+ By —y)+7(2—2)=00000000000000 (the equation*?® of a plane)
000000000000 az+By+42=600000000000000000000 (zo, Yo, 20) O O
0000a(z—20)+BHy—y)+7(z—2)=0000000000000 (z0,y0,20) 00000000
(a,ﬂ,’y)DDDDDEID*mD[ll][ll][ll][ll:l[ll][ll]DDDDDDDDDDDDDDDDDDDDDDD
goooood

*18 Raum, Zeit, Materie, Springer, 1923.

*19DDDDl,mDEIDDD sl+tm 00 (s, 000)00000000OOOOO

*20 00000 equation M OIODO0O0D000O00OO0ODOOOOOOODOOOOOOOOO

*21 normal vector 00 OO0O0D0ODDDO0O000000000OOOOOnormal 00000000 DOOODODO0OO0OO0O000000OO
000000000000 oo00o00o0o0o0oo000UOnormal 0000000000000 0O0DO0OOOOOOOOOOO
goooooooOooO0OO0OO0OO000000000O0O0O0OOOOOO0O00D0OO000000000



Do p

000000000000 LO00000000001000000 1= (a,b,¢)000p = (x0,Y0,20) € L
00000000000L00000 p(z,y,2) 00

(7,9, 2) = (20, Y0, 20) + t(a,b.c) = (wo + at,yo + +bt, zo + ct)

gobboobooboboob«ooobod

T-%o _ Y~ Y% _£F—%0
a b c
00Do00oo0o0o0ooDo000oooo0oooo00oDo0o0ooDoooo0 toooooLooooon
0000000000000 ooooooooooooooooooooDooon
gogobooobobooobbooboborobbooobooobbooobboobbuooobbooobo
0o0ooooooooooooo

d
a(xv?ﬁz) - (a'aba C)

0000000
O00AL=RI0O0000000000000000000 (o8,7), («,8,7)00000000000
L 00000 p(z,y,2) 0000000000

a(z —x0) + By —yo) +7(2 — 20) =0, '(x— o) + ' (y —y0) +7'(2 = 20) =0
goooobooooboooooboobobooon
ax+py+yz=6 dr+By+yz=4¢

goboooobooooooOooooboOooobooOooooOooOooono

000000 (z—x0)/a=(y—y0)/b=(2—20)/c00(x—=z0)/a=(y—10)/b, (y—v0)/b=(2—20)/c
O000000000000000000000000000

(x —m0)/a=(y —yo)/b < bx —ay = bxo — ayo,
(Y —y0)/b= (2 —20)/c <= cy—bz=cyo— bz

gooobobooobooooobobobooobbooobobuooobDb z200bbo0ob0bbg zbOOooDb O
gooogoo

0 21. 0000000000000000000000000000

(1) noooooo L:(x,y,z):(1,2,3)—|—t(3,2,1),H:(a:,y,z):(1,1,—1)—|—8(—1,1,1)—|—t(1,—1,1)
gooooooood
(i) 000 L:x+2y+32=—-1,—cx+y=1H:V2rx—y+2:=30000000000000

023 () 000000000000 0O0O00OO0OO0O0OO0OOOO0OO0OO0O0OOODOOODOOOO



0 22. 0000000000 »>0000 224¢y?+22=72000 (a,b,c) 00000000000 DOO
ar +by+cz=r>0000000000000000000 (a,b,c) 000000000000D0O00
a(z—a)+bly—b)+ce(z—c)=0000000a*>+*+c2=r20000000000000

0 23. 0000000000000000000000000000000000000000 ¢
(0<e<7/2)0000

(i) 00000 ax+Py+vz=00 da+py++2=4000000000000000 «,b,y),
(o/,5,7)00000e=0000 op=7—600000000000000O

la! + BB+ 77|
Va2 + B2 +92/(a)2+ (8) + (v)?

cosp = |cosf| =

gooo
(i) 00 ax+Py+~vz=0000 (x,y,2) = (xg +at,yo+bt,zo+ct) 00D ODO0O0DDOOOOOODO
00000000 A (0<O<m) 00 p=|0—x/2/00000000000000

lac + b5 + ¢|

sinp = |cosf| =
ol Va2 + 82 +2Va? + b2 + 2

gooo

0 24. 00 (z,y,2)=(1+4+¢t,—-1+2t,—t) 000 a—y+22=000000 0000000 /40
goooooao

00 HOOOOOO ¢000000000D00DO0OO |p—¢00D000O0 peHOOODOOOOD
000000000000 (foot of perpendicular) 0000000000000 0O0ODOOODOOOOOODO
00000 Weyl 0OOODOODOODUOOOOODUOOO0OODODAH=RI+RmO00l,mOI000000000
0000000000 AHOOOOODOOOOOO nO0O000000000OO

g—po=ul+vm+wn, p—py=sl+tm
00000000s,t0 HOOO pO000000DOCO00D0ODOO0ODOOOOOOO
g b = (= )+ (v — t)m 4 wnf? = (s — w) + (¢ — 0)® +

0000000000000000 (s,¢) = (u,0) 00000000000 p0000000 ([g—p)=0=
(mlg—p/) 000000 (p) —¢) LAHOOOOODDOODOODOOOO |p —¢| = w0000

0000 00000000 (a,b,c), HOOOOD az+By+y2=6 0000000000 q—po 00
0000 (a—xe,b—yo,c—20) 000000N = (o, 8,0)//a?2+52++2 0000 (0(e,5,7) 0 HO
DDDDDDDDDDDD)DDDDDDDD

w = (njul + vm + wn) = (n|qg — py) = oda = 20) + b~ y0) +1(e ~ ) = aatfbtye—o

/012+52+”)/2 ’a2—|—ﬂ2—|—72

00000000 ¢(a,b,c) 000 H:ax+Pfy++2=0600000000000000000000000

|oa + b+ ye — 4|

/a2+l82+,-y2

10




000000000¢—p =wn 00000000 p 000 (2,y,2) 00

aa+ Bb+~yc—0

Pl Y b _ — b _
(I,y,Z) (a7 7C) wn (a7 ’C) a2+62+72

(a,8,7)
ooooOO0Ooo0oon

0 24.0(1,1,1)00000000 r00000 H:2—2y+2=60000000r0 (1,1,1)0 H D

gooooboooon
1-2+1-6
| i | *\/6

12 + (—2)2 4 12 o

00000000000 (z—1)24+(y—-1)2+(2-1)2=60000

025 ($)00 L:a+2y+32=-1,—2+y=1000000¢(1,1,0)00000000000000
ooo

0 2.6. 000000 (skew position) 1000000000 L, MOOOOO0D ae L, be M OOabh O
LOMOODOOOOOOOOOOOO0O000000000000000Oa,b0 |p§l(pel,qeM)On
000000000000000@MO0000000000000000000000000000000
00O00m

goobobobobooooo
ooo000o00oooooO0o0000 ex+by=s00000000000000OOOOOOOOCODOO

goooooood
ar+by=s, cr+dy=t

000000000000000 ax+by=s0 cx+dy=t000000000000000000000
00000000000000000000000000000000000000

00000000000 0ad#bc00000000000000000000O0O

000000000000ed=0be000000000000000000000000000
00000000000000000000000000 (a,b,s)0 (¢,d,t) 0000000000000
ooooo

0000000000000000000000000000000 ajz+8y+7vz=20; (j=1,2)0
000000000000000000000 (aq,B1,7) 0 (asz,B2,72) 000000000000000
000000000000 LOOO0OO0D0O000000000000000000000000000000
00000000000 000000000000000000000000
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L=HNH

Hj

=

0000000000 00000000000000000000 (ay,85,v) (j=1,2,3) 000000
goboooooooboooooobod pogboboboOoooooobo0ooooooobooooobooon
gbooooooboooooooboooobooobooooboooboOooOoOoooooboooboooboboobobooboooon
gooooooooooobogoooooooobooobooboooobooooooOooooobobooboboooooD
goboooooooooooooo

goooooooobooooooooooooooooooooboobooobooooboobooobooDboooboo
gobobodooboooobooooooooooOooooboboOooobooOoa

gbooooboooooboooooooooobooooobooooobooooobobooboooboobOoooboo
gobodoobooooboooooooooobooooboooooooooooooooooooooooon
gooo

027 (0000 (1,1,1) 00000 LOODDOODOLOODOOOOODOODOOOOOOOOOOODO
oono

gobooooooooooboboooooboooobooooooooooooooboooooboooooobooaon
oobooooooooboooooobooooobOoOooboOoboobooOooboOoOooooOoOoOoOOoOooboboOooon
gopbooooooooooooobooooo0ooboooooooooooooOooooDoOoDOooDboboOoon
goboooooooobooooooOooOoooOOo0oOobOOoOoOobOOoOoOoboOoOooOoOOoOoOOOOoOoDbboOonon
ooboooooooooon

3 Doobood

000 (index) 0000000000000 (array) 00000000000000000 {1,2,---,n}
00000000000000000000000000000000
Remark 1. 00000 {0,0 }000000000000000000000000

(D7D)'—>GDD, (D,D)'—)G/DD, (D,D)’-)CIDD7 (D7D)'—>G/DD

000000000000 000000000000000000000000000000000000000000
godoooooooobo0oooooooooobooooooooooooo

anp  app

agg  app )’

anp  app
(aDDaaDD7aDD;aDD)7 )
oo apo

*22 0QoO00000000000000000
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OoooOooooooo*s

ail @12 - A1n
az1 a2 - A2

A= . . .| = (aij)i<i<mi<j<n
Am1 Am2 o Amn

OmxnO0000 (matrix) D0000000m=1000000000 (row vector)On=100000
0000 (column vector) D00 0nxn 00000 n 000000 (square matrix) 00000000
0 A= (ai;)1<ij<n 00000D000000000000000000000 ay,4,...,dn, 000000
00 (diagonal component) 0000
gobobogoobobobogoobogooooooooooooooooboobobobobobobobOobOoDbo
0000000000000 0000000000000000000000000*000000000
gogbobooboobbooboobobooboobbooobuoobbooboobo

e 0 (addition) O 000 OO O scalar multiplication0 0000000000
o [J (pI‘OdllCt) OmxnO0O A= (aij)lgigm,lgjgn Onx!0O0O B= (bjk)lgjgn,lgkgl oooo

C = AB, Ci = Zaijbjk
j=1

000000 mxIOOOOODO
e 00D (zeromatrix) J00O00O0DOOO0 0OO0OO0ODOOOOODOOO 0, 0000000000
00000 ooUdbOoOo0o oUoDoOUUDbDOUOUbOOOUObDOOoUOODOOUODDO

gobooooobooobooooo

by

(a1 . an) = Z ajbj
j=1

bn
gbooboboboooooobooboboboboooboobooboobOoDbo
gogboooobooboobobooboobooobooboobobooboon

CHO-( o)
a b\ (s uw\_((a b\(s\ (a b)(u (@ o) (;) @B,
EOED-ED0 - ot

gogboboobooboboobboooba

*230000000000000000000000000000000000000000000000000000000000

*240000000000000000000000000000000000000000000000000

*250000000000000000000000000000000000000000000000000000000000
gdbooooooooooooooooooooooooooooooooooooooooooooooooooooooon
0doooooooooooooooooooooooooooooooooooonooooooooooooooooooon
ooooooooooooooo
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03.l1. 0000000oboboooooooooomoooooooooooooobooOoom
00 3.1. 00000000000000000000000000

(i) 0DODODO0O0DOOO00ODO (associative law) 00000 (commutative law) 000000
(i) 0000000000000 00O0O000O0D0O0O0O0O0O0O0O0ODOOO0O0ODOO
(i) 0D00DD0000000000 (distributive law) 000000

e 100000000 DOODOODDOOD* 000000000000 0DO00O0O

> (DDDDDD)

oooooo

n
gobbooobooobobooon 1,2,---,nDDDDDDDDDDDZakDDDDDDDDD

k=1
goboooooobod

e n 0000000 O0DODOOOOD l100DODOUUOUOODOOUO OUODOOO I,ODOODODOOO
027 (unit matrix) 00 00000000000000000000000 (Kronecker’s delta)
1 ifj =k,
%$=={ .

0 otherwise.

000001, = (6k)1<jk<e 0000000
O000000000000000000000000000000000000 10000000
0000000000000000000000000000000000000000000000
00000000 0Rn=3000000000%*280

011 d12 013 1 0 0
Is =021 d22 023 =10 1 0
031 032 033 0 0 1
00do0d0dooOoOoOo 100o0o0bboo0ob0o0o0000000000oooaoao

m
Zél’] ajvk = a'i7k — I’mA == A
Jj=1

032 mxnOO ADODOOOAL, =A0000

0000 A(BC)=(AB)C 0D0D00OO000 f(j,k) =aibjre, 000000000

SN fGik DGR =D f6k)

j=1k=1 1<j<m,1<k<n k=1j=1

000000BOODOOO mO nO0000000A(BC)D (,)) 000

m n
E :aw (BC)jk = E Qi,j E bjkChyi = E E , i, jbjkCr,1
Jj=1 k=1 Jj=1k=1

*20 0000000000000 00000000000000000000000000

*27 00000 10000000000000000000000000000000000000000000000000000
0007 (00 identity 00) 000 E (00 Einheit =00 wnit 00) 00000000

*22 00000 000000000000000000000000000000000000000000
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0000000(AB)C O (i,0) 0000

Z(AB)i,ka,l = Z Z a; jbj 1 Cr,1-

k k=1j=1

—

D33.DDDDDDDDDDDDDDDDanDDf“]mDDDDDD%ﬂnDDDDDD<?DD

0oo0(zA)Y = > mayy;=T(AY)00000000000000000
1<i<m,1<j<n

0 3.4. 0000 (ajx)i<jh<n 0000000000

n n n k
DD wk=) ) i

j=1k=j k=1 j=1

goboooooon

0 3.2. 000000boboboboboooooooobobobobooooboobDuoDbo

(a1+--~—|—an)(b1—|—---—|—bn)(cl—|—-~-—|—cn):(Zai> ij (ch>: Z a;bjcy.
i=1 j=1 k=1

1<i j,k<n
033. (x+y+2)"000000000000D00000D0000 (multinomial theorem) 0000

n!
n __ a,b_c
(z+y+2)"= Z PELEE
a+b+c=n
gooooogogoogdddae, b, c00000 a+b+c=n0O000000000O0OO0OOOUOOOOOO
godoooooobooooobooobooobooooooooooooooboooobooooooaoao

gobooooooooood

- n!

(x+y+2) zazzomx (y+2)""
g n! a — (n - a)' b_n—a—>b
= x Y’z
;a!(n—a)! bz:%b!(n—a—b)!
_ — n! a, b_n—a—>b
_ZZ a!b!(n—afb)!x vz
a=0 b=0
_ Z n! 7% bZC
- alblel” Y E
a+b+c=n

gogboooboobobooboobbooboobbooboobo

0 35. 0000000000000 00O0O000OOO0O0OOOO0ODOn

a

(abc)b, (abc).

o o

0 3.6. (1)) 0000000 ALBOOAB#BAUOUD AB=000000000000O000O0ODO

15



0000000000000 00D00000(A+B)+C=A+(B+C)0 A+ B+CODOOO0O0ODO
00 (AB)C=A(BC)O ABCUOUOOODOOOOOOODODODOOOODODODOODODOODODODOOOD
000o000o00o0o0o0ooOoU0oooo0ooooO ABCDOoOoUooooooooQ

((AB)C)D, (AB)(CD), A(B(CD)), A((BC)D), (A(BC))D
0000000000000000000000000 (XY)Z=X(YZ)00OODOOOOO0O00000O

gooobooboboooooboboooobboooobboobWobDboobobbooobLbbooobbo
gooboboboooooobooboboboboooooooDo

00 3.4 (000000*9). n00000D0 A4142---4, 000000000 00000000000

Proof n 0000000000 0OR D00000DO0O0000D0O0000D0N00D00000D00O
0000000000r 0000 Ay,---,4, 00000000000 By = (Ay -+ Ap)(Agsr - An)
(1<k<n-1)0000000000B,=By=---=B, ,00000000000000000000
000 A, Ap = Ap(Apyr--Ap) O Ay Ap = (A Ap_1)Ar 2<k<n-1)000000000
00

B = (A1 Ap1)(Ap(Aptr - An)) = ((Ar -+ Ap—1) Ag) (Akg1 - An) = By,
0000000000000 0000000000M00000000000000000000000 O

n00000 ADOOO m(m=1,2,---)00000A0 mO000000000%0 Am=A-.-4
0000000 A0 m O (the mth power™ of A) 000000000000 (AYm = Alm,
AlA™ = A 000000000000 *oooonAdlAm=4A"A' 0000
0 3.5. 0000000000000000000000000000
(A+B)*=(A+B)(A+B)=A(A+ B)+ B(A+ B) = A> + AB + BA + B?
0000000 A2+24AB+B?2000000000000 AB=BAOOOO

03.6.n00000
S1

A= (t1 tn)
Sn
O0m0OO00
51 51 51
A= |t o b)) (e )
Sn Sn Sn
0000000000
51
(b1 oo o) | P | =siti 4+ sntn
Sn

*29 Generalized associative law. 000 0000000000000 0000D0000DOO0OO00ODOOO0ODOOOOOOO
®¥0gpooooooo 2n—2)!/(nl(n—1)) 0000000000000 (Catalan number) 000001,1,2,5,14,42,---.
*#l0poOoo000000000000000D0000000000000000000000000000000D000

*32 m = 2,3 00000 Jsecond power, third power 00000 square (00), cube (00) 0000000

*33 00000000000000000000000000
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oobooooood

S1
A= | | (siti 4+ sut)™ T (B e ) = (sit e saty) ™A

Sn

000D0000000000000 (s1t1+---+s,t,)™ 1 00000000000000000O0DOOO0
oooo

03.7.#H(A+B)?0000000000AB=BA00D0000000O0O0000O0O0O0O000O0
038. 036000 A0D00DO({,+A™ 00000
0 3.9. 0000 aob=le+d 00000000000 DOOODODOOOO

0 3.7. 0000000

T a; b ¢ T

Tptl = G1Tpn + b1Yn + €1 e _ ! bl ! "

Y = a2k +b2y + co Yn+1 B 2 C2 Yn

nt+l n n 1 0 0 1 1

000000000 0oooooo*ooooooon

Tn ar b
vm=luyn|, A=la2 b e
0o 0 1

ooboooooooooo vn+1:A11_n>DDDDDDDDDDDDDDDDDDDDDDD

vy = Avy_t = A%, b = = A"
O000o0o0o0ooooooooooooooooono Aoooooooooooog

0 38. NOOOOOOOOoOoOooOoooOoOoOOOoOoOOoOoOoOoooooOooooOOoOoOooOoOoOooooooooo
gooo {1,---,N}0OOOOOODOODOD+:00000 0000000000 ;; 000000 NO
0000000000 D0O0U0O0D0 (adjacency matrix) 0000000 AODODOOOOOOa; OO0 40
oobooooooooooooDo

000000 s00000000000000o00o0o0oo0oo0o0on0n0 nO0000000 jO0000D0O0O
oooo A0 (4,j) 0000000000000 00D00O00DO0O0O0O0OO0OOOOOO

0 3.10. 000000 O0O*00000000000000000000000000000000000

3

S

I
= O =
N O =
o~ o

goooooo

400000000 column 000000000 sequence 0000000000000 0O0OO00OONOOOOOOON
*50000000000000000000000000000000000000000000000
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0000000 A, BOOOOOOOOODOOOOOOO A4, B, 000000000000C000DO
0ooboooboooo A,;B;, 00000 4,5,k000000000000000DO0OOOOOOO
ooooo Cc=ABOO0O0OO Ci,k:ZjAZ-,ij’kDDDDDDDDDDDDDDDDDDDDDDDDD
000 (block matrix computation) 00000

o 3.9.

— —
() 00 ADDOOOOO &,---,4, 00000000 BOOOOOO b,---,5 000000000
00000 ABOOOOOOOODOOOO0OOO0OO0O000O0

& & B
A(b, b)) =(an oan), || B=| ]
& om B
b S .. &b
: 1 e A — . . .
- v

%
m)DDADDDDDDEim,@DDDDDDDDBDDDDDDgiuwmﬂDDDDDDDDD
0000 ABOODOODOOOOOOOODOOOOO

b

@ .. @) || =+t ab,
<
bn

o0ooopO0 00000000000
bl bl
Al =@ ... a)|:|=bad+ - +baa.
bn bn

%
(iii)DDDnDDDDDABDDDDD7 b OOOOOD AN pDOOODO

%

b

0
(4 7)(3 ) <AB Ab+ua>
0 Al '
000000000000000000000000000000000000000000000*60
000000000000000000000000000000000000000000 1000000
0000000000000000000000000000000000000000000000000
0000000000000000
00000000000000000000000000 XO000000000 X=X,U---uX, 00
0000000Y =Y;U---UY,, 0000 Z=2Z,U---UZ, 000000000 Ai; = (asy)rexipey;
0000000000C=ABO00000 Cig = (Cas)aex,zcz, 0000z € X, ye 2, 00000

m

Coz = Y Gaybyz =D > aaybyz = » DA By 0 (x,2) 000=0Y A ;Bj) 0 (x,2) 000

yeY Jj=1lyey; J J

*6 0000000 (100 [2)000000000000000000000000000000000000000000
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I:II:IEII:II:II:II:II:II:II:II:IEII:ICi,k:Z;nzlAi,jBLkEII:II:II:IDDDDDDDDDDDDDDDDDDDDD
goooooboobooboobooboboobooboooboobbooboboobboobLboobo

4 OO0OoooooOon

ax—|—by:s<:) a b\ (z\ (s
cr+dy=t c d)\y)  \t

_ sd—1tb _at—cs
C[?_ctdfbd y_adfbc'

gobooooood

Uz, yOUOooooo

04.1. 00000000OC

O000ooO0o00ooo0Od ad—bc000 Az(a

b : *37
p 0000 (determinant™") 0000
c

a b
det(A) = |4 = [ d‘
O0oo0*0ooooo0o0oooonooonoono
abxisb a bl |la s
c dT Tt d e dlY T e ¢

0000000000000000000000000000000000000000000000000
0000000000000000
00 ADDODDOO A=(¥,7)00000

(i) 000 (linearity) 0000000000000 00OO0DODOO0OO0OOOOe, BOOOO0ODO
det(aW'+8U", V) = adet(d’, ¥)+Bdet(0", V), det(d,ad' +87") = adet(d, V') +Ldet(, v").
(i) OO0 (alternating property)Od
det(W, ¥) = —det(V, ).
(iii) 00000 (normalization condition)d

1 0

det(lz) = '0 |

‘:1.

Remark 2. ¥ 000000 O0OCO00OOOOOOOOOODOOO
det(W' 4+ 0", V) =det(W, V) + det(Z”, ¥), det(ad, V)= adet(d, D)

oooooooooobooo

T O0000000M00000000000000000000000000000000000000000000000000
goooooooooOO0OO0OO0O0OO0O00O0000000000O0O0O0O0O0O0O00O0O0O0O0O0O0O0O0O00000000
8 0000000000000 0000000000000000000000000000000000000000000
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Remark 3. 00000000000 0O0O0OO0O0O0O0O0OOOOOOOOODOOODOOOOOOOOOODOO
goboooobooooooooobobooooboooboboooobooooooOobooobboooobooobbooom
gobooobooooooooobOoO0oobooOooooOooOoOoOoOoOoOooOoobOoOoOoooOoooon

ooo
@z +by+cz=1t (1)
asx + boy + coz = to (2)
a3 + bsy + c3z = t3 (3)

uob 000000000000 vy,z0000000

bg C2 t2 — ax C2 tg C2 as Co
= - Z, (4)
b3 C3 t3 — asx cCs tg C3 as Cs
b2 Co . b2 t2 — a2 _ bg t2 _ b2 a9 T (5)
bg C3 b3 t3 — asx b3 t3 b3 as
by 2
0ooo() 0o 000000 (4),(5) 00000000
b3 C3
b2 C2 as C2 ag b2 _ bg C2 t2 Co t2 b2
<0,1 bg 3 B bl as Cs ta as bg r= tl b3 C3 N bl t3 C3 ta t b3 ’
goobobobobooooooobobobobo
al bl C1
as bQ Co| = aq 22 c2 - b1 42 + C1 a2 b2
3 C3 az c3 as bs
as b3 C3

000000 (000000000)00000D0D0000D0D0OODODDOOODODOO

ap by ¢ t1 b1
a9 b2 Co| T = tg b2 C2
a3 bz c3 t3 b3 c3

oobooooo
gobooooooooboooobooooood

_>
() 0000000 det(d, b,¢)000000000000000000000
%
(i) 00004, b, ¢00000000000000000D00000O0000O0O0O0000
(iii) 000000

det(Ig) =

O o = O
—_ O O

I

—_

1
0
0
O

0 4.2. () 00DO0DODOOODUOOOO ¥, 20 30000000000000O

Remark 4. 0000000000O0O0O0OO

al bl C1
az bz c2| = aibacs + azbsci + asbica — ai1bsca — azbics — asbacy

as b3 C3
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0000000000000 0000000000000000 theruleof Sarrus 00000000 DO0OOOOOOO
goboooooocoooooooobocoOoOooooooOoboboOooooo

0000000000000 000 Pierre Frédéric Sarrus 000 0000000000000 00O0O0O0OOOOOO
goboooooboooooooooooooooooooOoOoooooobooOoOobooooobooOoOooo

ooooooooob z0000000DyY, z00000O0DOCOOOOOOOOOOCOOOOOOOOOO

5 ODooood

nO00000 n—-1000000000000

L L A T} ag1 - [agj] -+ agm
asq . a9 . aon n )
’ =Y (1" ay
j=1 a Qo i a
An1 N anj N Ann nl [ n]] nn
|:|[l|:J|:J|:|DDDDDDDDD[agj],...,[anj]D[l|:J|:JDDDDDDDDDDDDDDEDDDDDDDDE

gooboooobooobooobuooobooobooobbooob bbb boobboobnb o
goobooboboboooooon

() 0000000 det(al, - ,a,) 000000000000000000000O
(i) 00004, - ,a, 000000000000000000000000000000000
(i) 000000

10 - 0
01 --- 0

det(l,)=1|. . . | =1.
00 - 1

EII:II:I[I[Ia_;;I:I EZ(k<l)EI[I[I[I[IDEJEJEJEJDDDDDDDDDDDDDDDDDDDDDDDD
guo

agy - lag] - agn
Y. () tay
i#k 1 a1 0 fang] G
asr - [ask] -+ aow asy - [am] -+ amm
(=D a0 L+ (=) ey
ani - [ank} e Gpp, an1 - [anl] e Gpn,

0000000000000000000000000000000000000000000000000
0000 00000000000000000000000

nDDDDDDEﬁ?DDDDDDDDfﬁﬁ?)m7]?DDDDDDDDDDDDDDDDDDDD
000 f(%,d)=—f(d,5)00000 @, 0000000000000000 f(@,@)=00000
0 ¢ 000000000000000000000 @=7, 6b=7¢00000/(¢,¢)=000000
00000000 ¢00000000000000000000

O=f(@+ b, T+ 0)=f(@, @)+ (T, 0)+£(B, @)+ (B, 0) = (T, 0)+ f(D, D).

051.n=400000000000000000
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D52.DDDDDDDA?z;?DDx“”J%Dpmg:¢ﬂﬁwwaj,n@ﬁ,waDDDD
0*°00000000000000000000000000000

mxn 00 A= (a;jj)1<i<mi<j<n 00000 *0(transposed matrix) “1 A 0 'A=(a;;) 00000

a11 a12 T A1n aix  agp - Am1

a21 a22 toe a2n ¢ a12 a2 - Am?2
A= , A=

m1 Am2 Amn A1p A2n " Amn

00000000000%*4A)=A000000000000000000000000000000000
oopboooooooooooooDo

0 5.1. 000000000%A4B)=(‘B)(!A) 00000 (0000000)0
O00AB=C=(ct) 00000000000 e 00000000 % =¢ 00000000

feni = cik = aibje = Y "bry 'y
J J
oootC=tBtA0D0O0ODOOOOOO
0000000000000 0000000000 00000000 ouoooooom

oo 5.2.

() 00000000000000000000000

(i) 0000000000000 000000000000000000000 (chess board rule)d
(i) 0000000000000000000

(iv) A, BO n0000D000D00000det(AB) = det(A) det(B).

o 5.3.

() 000000000000000000000000 00
(i) 000 (0)00000000 (0)00000000000000000

0000000000000 000O0000000O0O0DO0ODO00D0DO0O0OOO () D0OD0D0DOODDOo
goooooooobooobooboob oboOobOOobOOOoOOobObOOobOOobOOOoDbDOObOOoDDbOObOOn
goboooooooooon

0 s64. 0000D00ODOODODODODODOODODODOODODODODO

o 5.5.

1 100
det [ [2](4 5 6)|=det| |2 0 0
3 300

O O
o O wt

6 1 00 4 5 6
0 =det |2 0 0]det{0O O 0] =0.
0 3 00 0 0 0

*9 0000000 (Cramer’s rule) 0000000000000 0000000 Hamilton-Cayley 0000000000000
*0gppooooooooon AT 00000000000 0000000 A0 700000000000
*41 g0 0transpose 00000000 the transpose of a matrix 0000000000000 matrix transpose 0000
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0 5.6. 0000 (triangular matrix) 00000

a11 Q12 a3 e aiq 0 0 0
0 g9 423 ... as1 Aa22 0 0
0 0 ass ... =lasz1 asy az3 0| = a11G22...0nn-
0 0 0

0 5.3. [tA|=t"|A| 00020
054. (1)) 00000000 (ai,b;) (6=1,2,3)000000000000000000000000OC

% 4 y2 r Yy
a% + b% aq b1
a% + b% az by
a% + b% as bs

e e

0 5.5 (*). Vandermonde 0000000000000 D0O0OOO (x0000)00000O0ODOODOO

1 A A2 A?*i

1 A A2 o AT

oo N H (A = A)
DA a2 ] TR

6 DO00oDooog

0000 000000 af,---,a, 000 det(at, - ,a;) 0000000(G() 000000000() O
000000003 00000 det(ef, -+ ,e,)=1000000000

1 0 0

0 1 0

6—1>: 0 3?2: 0 ) aai:
: 0

0 0 1

0000000000000 000000000000000000*0000000000000000
gooboboboboooooooon

000 n00000O af,---,a, 000 f(af,---,a;) 0000000000000000000000
00000000000000000000000000000000000

00 1,2,---,n 000000000 »n 0000 (permutation) 00000 o, 70000000000
c04i000000 o) 00000 = (a(1),--,0(n)).

*2000000000|A| = |¢/|A| 00000000000 0det(tA) 000000000000000

3 0000000000000 0000000000000000000000D000000Ostandard basis 00000000
0000000000 fundamental vector O 0 standard vector 0000000000 OO standard basis vectors 0 0 O
goooooooooooooooono

4 OpoOo00D000000000000000D000000000000000000000000000000000000
JO000000o00ooo0o0000000000e =sigma, 7 =tau 000
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0 6.1. 0=(3,1,2), 7=(3,5,1,4,2) 0000

gogoobbbntboooobobbOooooobbbboooobbbbbooobbboooobobobo
goboooboo0odOn=300000000000D0O000DO0O0ODO0OODOOOODOOO

o0 e6.2. 0000 nO0ODOO cDOODODO

f(ea(l)a T 7ea(n)) = det(ea(l)a T 7ea(n))f(e_1>7 e 76_77,>)
Proof. 00O
f(_1>a ae_’r)L) :det(_1>7 ae_n>)f(e_1>a 7e_n>)

0000ooooo fO00000 det0000000O0ODOOOOOOOOODODOOOOOOOOOO
goooooboobobooboobooobobooboobDboobuoobbooboobboboboobo
gooboobobobooooobooboobobo O

od 6.3.
f(CT]?aa2a"' 7a_n>) :det(a/_>1) aa/_n>)f(€_1>7 )e_n>)

Proof. DDDDDDDDDDDDDDDQ_;D
n
i=1

ooooooooOofoooOooooon

f@t, - an) = fQainé, .Y aind,)
i1 in

= Z a1 i nf (&, &)

7;17...774'”
f00000000G4h,---,i,, 0000000000000000000 f(e,---,6,)=00000000
oooooooooooo (i,---,i,) =c0c00000000000000O0O0OODOODOOODOOOO
gooo

f@t,- 7a_n>):Zaa(l),l"'aa(n),nf(eo(1)7"' s €a(n))-
Oooo0obo0oooooooon
f(a—1>a 7C7’—7%>):f(e—1>7 ’e—g)zaa(l),l"'aa(n),ndet(eo(l)a"' 7ea(n))'
[ea

00 fO000000 det 000000000000 0O0O0OO
det(a_1>7"' 704_77,)) = Zao(l),l"'ao(n),ndet(eo(l)a"' 7eo(n))'
o

ggboboooboobboobooboboobobooboo U

06.4. A, BO nxnO0000D000|AB|=|A||B|j000O000
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Proof. 00 AUUUUOUOUOOO BUOOOOOOOOOOOQQGQ
— —
f(blv""bn):|AB|

— —
00000|AB| =det(Ab,---,Ab,) 00000 f0000000O0O0O0OOOOOOODO

— —
Of(ef,--- ,en) = det(Aeqi, - - , Ae,) = det(ai, -~ ,a,) = |A| 00O O

00 o000 (signature) O
sgn(o) = det(es (1}, €a(n))

goooo
uboooboooobOoooooOooooOooboOooOooooobooOoboOobOOoOoboOobOoOoboOobOoooboo
00000 sgn(o)=1,00000000000000 sgn(e)=-10000

0 6.5 (DDDDDDDD).
|A‘ = Z Sgn(a)aa(l),l - Qo(n),n-

0e6.1. () n=300000000000000000O00O0O0O0O0OO
0e6.2. 0000000000 DODOOOOLOODOOODOOOOODOODOODOODODODmMDbODOODDOODODOOm

0 6.6. (2,3,...,n,1) 000000000 1 —»2——.-—n—10000000000000000
0 *45 (cyclic permutation) 00 000000000000

— = — =
det(e3,es,..., e, €e1)

= ()" I = (<)

0 1
In1 O
0000000000000 10000000 -10000

00o0b0oo0oodO0l«n,2+n,...,n—1+<nd00000000000n—-1000000000
0OO00000000O

0 6.7. 00000000000000000000000O0O00O0O

000000000 mxn(mn>2)00000 mpO000000000000O0O 100 mn—10
goooooooooooooooooooooomm—10000000000O0O0OO0OOOODOOODOOO
Omn—-1000000000000D0O000DOCDODOOOODOOOODOOODOOOOOOODOOODn
gobooooboooobooooooOooOoooOOo0oobOOoOoOobOOoOoOoboOoOooOoOOoOoOOOoOoOoDbboOonon
gobooobooooboooboooo

gboodbooooooocooooooooboooooboooooboOoooOooboOoOooOoboOoooOoooo
gobooooboooooooooboooooooobobooboboooooooooooooooo

ubooobobooobodoboooodooooooodobooooobooooobooooooooooooa
gobooooboooobooooooooooOooOoobOboOoOoobooOoobooOoOoooOOoOoOoOOoOoobboOooon
gopboooboooobooooooooon

*50000000000000000000000000000000000
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O0Om=2000000000000000C0C00CO0O0O0DOOCOOCOOODOOGCODOOOO
m=n=20000000000000000000000000mr—1=30000000000000
000000 3l=6000000000000000O000O0O0DOO0OOO0OOO0ODOOOOOOODOO
gobooooboooobooooobooooobooa

063 (YYOUOOOOOUOODOOODOODOOODOODOODOODOOD

00 6.8 (000000). mxmOOO ADaxnO00 BOOOOO

Bl

A
0 B

A 0
|A|B|\ \

Proof. 000000 m+n 000000 COO0O000c¢; = a5 (1 < 4,5 < m)0cmikmer = bu
1<kl<n)Ocnik,; =01<j<m,1<k<n)000"0Om+n0000 pO000O00OO00O

|C| Z Sgn Cp(l Cp(m+n),m+n

O0c¢yay,1 Copmy,m 00000000000 {p(1),...,p(m)} 000 m+1,m+2,.... m+n0000
00000000 ¢y Copmym =0 000000{p(1),...,p(m)} ={1,2,...,m} 000000000
gogboboobuoobobooboobbpbbdmbO0dl o U nOO0OO0 £10OO0DOO

(p(1);- s p(m), p(m 4 1), p(m + 1)) = (a(1),...,0(m),m +7(1),...,m+7(n))

000000000000000000D000000 sgn(p) =sgn(o)sgn(r) 0000000000000
oooo

|C| Z Sgn Sgn 0(1),1 -+ Co(m),mCm+r(1),m+1 - - - Cm+71(n),m+n

- Z Sgn Sgn ao‘(l),l s aa(m),mbT(l),l oo b‘r(n),n

<Z Sgn a’a(l Ao (m),m ) (Z Sgl’l 7(1),1 - b'r(n),n)

= [A[]B].

0 6.4. 00000

A C
0 B

'=AB—00|=|AB|=|A B
000000 oooooooooo*ooooo00o0000ooooooooon
065 n000000 AD (3,5) 00 a;; 000

(Zi,j:O fOI‘Z+]ZTL+2

0000000000 |Al00D aip,a2n-1,---,0,1 000000

*60pODOo000+«+0000000000000000
*7 0000000000 000000000000000000000000000000000000000000000
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00 5200000000000

00000000000000000¢00 50 (i<4)00000000000000 A= (af,---,a,)
0Di00 ;0000000000 40000

f((ﬁa aa’_n>):|Al|

oooooooOoooooO0o0ooooOo0o0ooooOoO0OooOOO0O0OooOOOfO0ODOOOO0ODOOOODOO
goboooooooooooobbooooooo

f(a_l)v ’G'_TL)) :det(a:)a"' 7a—n>)f(e_1>’ ae_n))
— det(A)|T].

0000 000000400 j000000000000000000000000C000000000
II'|=—|I|]=-1000000000000
‘A/|:f(a’_1>77a_T>L):_|A|
00000 4000000000 0000000000000000000000000000000
oooad (1DDDDDDDD)DDDDDiDDDDDDDD
n
Al = (1) ay;| Ay
j=1
DDDDDDDDDDAZ-J-D AUO0O (00 jO0000000000 (n—l)X(n—l)DDDDDDDAijD
+000000000000;000000000000000000000;0000000000000(0
0000000000000000000000f(al, - ,a,)=|'A/0000000000000000
000000000000 fO00 6300000000000 f(el,--,61)=[I|=|[|=1000000

‘tA|:f<a7""@)):|A|f(€_l>7""e_n>):|‘4|'
0000000000000 bO000o000oo0oO0o00o0oo0o00oo0oO0booO0o0oo
0e6.6. 0000000 0O0ODOOOODOOOOO

0 6.7 (%). 00000x?00000000000000000000000 (000D00D)O

0000000000
— — —
000000000 @, b 00000S8(d,b)00000000 &, b 00000000000000
_>
000000007, b 0000000000 00000000000000000000000000

*8 000000000000 00000000000000000000000N0000000000N0N00N0NNoooooong
goooooO0obooooO0oO0oO0OO0O0O0O0O0bObOOoOoOO00000000O0O0OO00000O0O0OOODO0O000O0O0000O
J00ooooooooooooooooooOoO0oO0oOoOoOoOoOoooooooobOOoO0OOOO0OOoOoOoOoOO0oO0oO0o0o00O0oO00o0n0a
jdooooooooooooooooooooooooooooooooooooooooonooooooooooooooa
gooooOoOoO0o0o0ooO0O0O0OOO00b0O000O0000000OO000OOO0O0COOO00COOO00O00O0O0O000O0O000O
0oooooooooooooooooooooooooooooooooooooooooooooooooooooonoon
0doooooooooooooooooooonoooooooooooooooooooononoooooooooooooon
000000000000000000000000000000D00O0D0DO0D0 (Buridan’sass) 000000
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=
000 S(d,b)0000000O00LOODOOOODUOODODUOOOOD
- = —
S(d+Ab,b)=8(d,b), MeR
J0d0dDoOooOooo Sooooooooooooaon

S(@+7,8)=5(d +a@+50,0)=5((1+a)a
+

000000 Soodooboooooooooooa
— —
S(d, b)=det(d, b)S(e1,e3) = det(a,

0000000000000 0000000D000 (signed area of parallelogram) 00000000000
0000000000000 00ODOO0OOO0 (signed volume of parallelepiped) D0 ODO0O0OO0O0OO

al

— —
068 000000000000000O0000000000OOO0M@Mdet(d,b,¢)00d,b,¢ 00

goboboooboobooobooboobboboboobo

3

0 6.9. 0000000000 (aj,bj,¢;) (j=1,2,3) 000000000 (z,9,2) 000000000
(aj —x,b; —y,c;—2) 000000000000 0000000000000000000

ag—x bi—y c1—=z
ag—x by—y cog—2z| =0.
az—x b3—y c3—z

06.9. () 0000000000 (aj,bj,¢) (j=1,2,3)0000000000000000000*0

r Yy =z
ap b1 ¢
az by c
a3 by c3

— = = =
I
o

1 —
0 6.10. 000000 O, A, B,CO0000000000OCOOOO0O0O000 6|det(OA,O_B>,O?)]DDDD

0 6.10 (00000). ODODOODOODOODODOOOODOODOOODOOOOOODOOODOOOOOOOOOD

_>
0000000 @ = (a1,a2,a3), b = (by,by,bs) 000000000
7)(7: as b27a3 b37a1 b1
as b3 ay bl a b2

*9 0000000000 0000000000000000000000000000000000
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— —
IZIDE}, b Oooooooooog E}, b DDDDDDDDDDDDDDDDDDDDDDDDD*5O(Vector
product or cross product) 0000

— —
06.11. (¢ x b) - ¢ =det(d, b, ¢)00000000000000

— — — — —
06.12. 00 dx(bx?)=(d-7)b—(d- ) 000000000 (@ xb)-(dxb)=
(@-a)T-B)-(d-8)20000
7T Ooooooo

0000000000000 0000000000000000000000 &,---,2 00000

MZi 4+ Nz (A,---,A00000)00000000 &i,---,7; 00000 (linear combination)
0000000000000000000000000000000000000000000000000
00000000000000000000000000

O00DAO mxnOODODOOOO000OOO*? (asystem of linear equations)

1

Tn

0000000000000 00D0000OD0OO0O0O (homogeneous) JODOOOOOOOOO
%
S={7;A7 =70}

000000 (the space of solutions) 0000000000 DOO 0 €SO0000000OOO0O (trivial
solution) 0000000000 ODOOOOOODOODOOOOODOOOOD .ﬁ,n-,ﬁl]ﬂl]ﬂl]l]ﬂl]ﬂl]
DDDDDDDDDDDDDDDDDDD:C_{,...,E%GSDDDDDDDDDDDDDDDDDDDDDDD

%
ANTT + -+ NT]) = MAT] + -+ NAT] = 0

O00OMZ +--4+ N7 €SO0000

00000000000000000 Z 00000
_>
0

AT =0 & BT =0 « CT =0 « DT =0.

000o0BO AQOUOOUOOUOOUDOLOUOCO AQDUDOUOOUOOODOUDOOOOUOODO
A0D000OODO0 0000000000 0000000000000000000 AZ=00000000
0 A00OO0O0OO0OU0O0O0OO0OU0OO0oOOoUOoO0OoOoUoOOooOoUOoOoood

(i) AD0DDOOOOOO

*“0opgpooooooo outer product 0000000000000 0ODDDODDDODODDDODODODDODODODO (exterior product)
0000000000000 0000000000000000b000000000Oouter product 000000000000
000 (inner product) D00 OOODOO

*»lop0000000lknear 00000000000 @MO0D000000D0000000000000000000MMOO00O0
gooooooooooOOoOoOoOoO0@OoooooooooooooooO0O0OOO000Oo0ooooooooooooooooDOo

*$20000000000000000000000000000000
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(i) ADODDOOOODOOOODODOODOODOO
(iii) ADODODOOOD 0OODOODODODOOO

0000000000000 000000000D0O0OUO0O0O (elementary row operarion) 0000
000000000000000000 *3(matrix of echelon form) 000000 (0O00O0™) 0000
0000000000000000000 000000000000000000D000000000000
000@O000000000000000000000000000000@MO000000gonoooono
00 ji,j2,... 00000000000 r000000000000D0O0O

Ji1 J2 cee Jr

C1

@ ooo
0

Remark 5. 0000000000000 0000D00D000D0O00O0O0O0OO0OOO0DOOOOOOOOOOOO0O
0000000000l 00000000000 00000D0O0O0O00ODD0DO0ODDOG@)00000000000000
00000 (i) 000000000000 0000000000000000000OOO0O0O0000OO000o0o0o0o0oon

ooooooooooooooboooooooobooOooOoOoOoboooOooOOoO0bObOU00n0 =00000OO000ObObOO
oooo0o0o0o0o0ooOooOoO0O00oDoOoOoOO0O00O00000nOO0 ~000000 B,C,DOOOODOOOO
A~B~C~DO0O0O0O0O0O0OOOOOO

00 71. 00000000000 000O00O0OOO0O0DOO0O0ODOOO0ODODODO0ODODDODO0OODODODOOOOOn
gooooooooooooOoooobO 10oboboo0oboOoboOobboOooboOooo oboooDOoOobooboOoo
000000000000000000000000000%*5(reduced) 0000

Proof. OOOU0OOOO0DOOOUDOOODDOOODDOOOODDOOODOOOOOOOOOOODOOOOOO
goboooooooobooooboooobooooooog U

0 7.2 . 00000000000O0O0O0ODOOCOOOOCCOCOOOOOOO0O0O0O0O0OOOOOOOOOOOO0
gobobooooboooooooooobooooobooOoobooooboooooooooooooOooDoDoOooDboboOooon
00000000 (pivet 000 ) 00000000 DOOOODODOO

071 (1)30000000000000000000O0O00OOOOOOOOOOOOO0

00 73. mxn00 ADDDODOODODOOOOOD 0000000000 AO0O000O*Crank) 000

*»300000000000000000000000000000000000000000000000000000 echelon
00000000 échelle (000) 0000000000000 OOOODOODODODO

*540p0000C. F. Gauss (1777-1855) 00000 Gaussian elimination (000000) 0000000000000000O0
go0oooO0oooOo0boO0oO0boOo0ooo0o0bO0o0oOO0O0O00O00bOO00O0O00O000DOO0OOO0OO00GCO0OO0

*5 Jp0O000D0000000000000000000000000000000MO0000000000000

*6 Q0000000000000 0000000000000000000000000000000000000000000
oo0ooo0o0oooooooo
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rank(A) 00000000 Orank(A) <m D0 rank(A) <n00000000000000000000
000000000000

Remark 6. 0000000000000 O0O0OOOOOOOODOOOOOOOOOOOOODOODODOOOOOOO
gooooooooooooooooooooboooooboooobboooooOoOobOoOoOooObO0OoOObOOObOObOO
goooooooooooooooooboboooooooooboboOoooooooOoOoOobO0o0oooooOooOOoboOoOoOooo
gooooooooooooobooooooooboooooboooooOobOoooOoboboOoooOboOoboOobObobOoOooobooOobOoo
gooooooocooooobooooooo

074. 03600000000
S1

A= (tl tn)

Sn
DD(Sl,...,sn)#(O,...,O),?:(tl,...,tn)#(O,...,O)[II]I:IDI:IDD 10000000000A00
2
E

- 0
goooo ¢ ooobooobouooouooo . gooooo
E
0
Jdd0o0ODb 10000000 o0bo0dooo0o0ooOoO0o0ooobo0oooDoOO0ooOooboOoOoooo
<?DD[II:JI:I[II:J[II]I:I
(—
syt S1
=t ... ta).
Sn? Sn

0000000 (000)000

000000000000000000000000000000000000000000000000
00000000000000000 10000000000000000000000000000000
00000000

00 r000000g, 000 j,41,...,2, 0 1000000000000000r—-1000000
z;, .0z _,41,..,2,000000000000000 «;, 00%j,41,...,2, 000000000000
00000000000, ,41,---,%;,1 0 jr—jr1—10000000000000000x;,,...,;
000000000000000000000000

0000000000000000000000000000000000000 Z 000000000
00000000000 /00000000 ¢/ 000000000000000000004/ 0 2”00
0000000000000000002/ 00000 (00000)000000000000000

T

0 75.0000000000000000D0DOO0DOO00ODOOOO0ODODDODO0ODOOODOOOOODOOO

072 () 00000000O00O0OOODOOODOOODOODOOOOOOOOOOOOODOODODODOD
gobooooooooooooboboooobooooobooooooooooOoboOooboboOooobooOooooon

(17_131,_1)7 (0703233)

073 mDOO000000 W00 0000000 %#£00000 W9 00000 mxnO000
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ooo 1000000000001 0 mxnOOOOCOODOODROO

goboooooooooboooo ﬁ,---?dDDDDDDDDDDDDDDDDDDDEIDDEIDIZIEID
oobooobooooooon

_)

\Nol =0
=1

gooooooo /\1,-~-,/\dDD[I[IIZID (/\1:---:)\d:ODDD)DDDDDDDDDDDDD

v1,---,04 00000 (linearly independent) 0000000
074. 000000000000
075 0000000000000 W,---530000000000000000000000000000

00000 ADOOODOO0O0ODD A 0D000OOO0O0O00000000 SO0000000000
(tr, - s ta) = (x1,-a0) \ {25, 25} (d =n—rank(A)) 000000000060, +--- + tavg
00000000000S 000000000 o,---,04 0000000000000000000000
t10y+---+tqug 0000000,---,j, 00000000¢,---,t4 0000000000000000
,---,04000000000000000000

o 7.6.

o O O
OO
O = O

a
b
0

= O O
L O

@

00000r=30000(,j,73) =(2,3,5)000000d
ti=x,to=a4,ts =2 000000000000000

6-3=3000000000 zq,24,2¢ O

T 1 0 0 t1
To 0 —a —c —aty — cts
T3 . 0 —b —d o —th — dtQ
| = tq 0 + 19 1 + 13 o | = t
Ts 0 0 —€ —et3
T 0 0 1 t3
ddoooobDOoOoooon

1 0 0

0 —a —c

0 —b —d

?1 - 0 b ?2 - 1 b ?3 - 0
0 0 —e
0 0 1

_)
000000000 t10; 460 +t303 0 1,4, 6 0000000 ty, to, t5 D0 O 0t105 4 ta0s + 305 = 0
O0ti=tb=t;=00000000000000000 v,03,03 0000000000000

0000000 $SO000000000000000 u,---,05 0

() 00000000
(i) S0O0000000 ¥ 0 4f,---,0; 000000000000
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00000000000000000000 S000 (basis*™’) 0000000000000 O00O0OO0OO
o000 A=00000 SO0O000O00O0OOOOOOOOOOOSO0OODOOO0OODOOOODODOOO
gobooobooooooOooooboOooooooo

Remark 7. 0000000 O0O0O0OOOOOODOOOOOODOOOOOOOOOOOOOOW,%, - ,00 0
05, V1, ,04 00000000000000000D00000000000 (ordered basis) 000 (frame) 000 O
0000000000000 00000000000000000000000000000000000000000
0000000000000

0 7.7. 000000000000 e, --,6,00000000000000 (standard basis) 0000
0 7.6. (1)0000

12020

001 30

00001
0000000000000000000000000 ADODODOOOOOOOOOOOOOOOOOOO
0000000000000000000000 AZ=000000000000000
00 7.8. AD mxnOO0O0BO nxmOO0000AB=1, 00000m<n0000

Proof 000m >n00000B000000000000000BY =0000 mO000000
7 +4000000000000AB7Z =1,7 =2 000000

[00]m>n00000000 ADDDO mO0000000m—-n000000 mxmOO0O 4
00000 BOOOO mO0000000 m—nO000000mxmO00 B OOOOODOOOO
0 AB=A'B'000000000000

1= || =[A'B'| =|A||B'| =0
0000000000 O
00 7.9 (0O00000).

_)
() 0000000 A7 =0 00000000000000000*80
(i) 000 SOO00O00OO00OO0DO0D00000000000000000000000
(i) 000000000 DO0D000O00O00O00O00

Proof. () 000OOOODO (i) 000000 Z%,---,%0, y1,---,9. 0000000000000000 (i)
oooo
T = ijiy_;’, v = Z%‘Ez
7 [

000000000000000000000 (()00000
BC =1, CB=I,

gogboboobooboooobuoobbooboboobr<ss,s<r,ddb0b0 r=sggnon

*70000000000000000000000000000000000000000000000000000000000
*585':{0}DEIDEI 0000000000000 D0O0OD0D0ODODODO00000000000000000O0DOODDDO (0f=1)0
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i) 00000000000 0O0OO0O0O0O0O0OO () Obooboooooo 0
0 710. 0000000000 O0OOOO0OODOOO0OOOOOOOO nOOBODOO

00 7.11. 000 SO0O00O0O0OO0OOO0OOO0OOOO SOO00 (dimension) 000000 dimS 00
ﬁ
00S={0}00000dimS=0000000000

go0poooooogoooo _
A7 = b

%
00000OmxnO000 ADODOODOODO 6 000000 mx(n+1)00 B=(al,...a,,
000000000000

T

().

-1

0000000000000 0000N0N0N0ooooooooooooooooooonoA
gooboboboboooooooobogon

e 00 BOODOOCOCOOCOOOOD n+ 1000000000000 OOOOOOOOOOOYK41 =0
gboooooooon

e JOJ0OOO0OODOOOY,«, ODODODOOOODOOOODY,«=—-100000000000D00000
000000000 n—rank(B)=n—rank(A) 0000000000000 OOOOOOO

0000000000000 o00oooo0D0D m=n00000AD00O0O0OD0 nOODOOOOOOOOO
oooooopOOoOooOooOO

1 O C1
C = .
0 1 ¢,
gooooooo
X C1
C<_?1>6><:> =
Ln n

000o0o0o0oo0oO0oOoU0o0LOO0o0DO0bLOOoUD0oOOoO Ccoooooooo

0 7.12. 0000000

0 1 1 T b1
1 3 2 X9 = bg
2 4 3 X3 b3
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ooboooooon

1 1 1 b
B=11 3 2 b
2 4 3 b3
000oO0oO0oOo0o B'oooooog
1 0 0 —by—by+bs
B'=[0 1 0 —by+2by— b
0 0 1 2b;—2by+0b3
K
DDDDDD?DB’( —0ooooo
—by — by + b3
?: —b1 + 2by — b3
2b1 — 2by + b3
0 7.13. 000000000
1 1 1 1 b1
1 3 2 T = bg
2 4 3 I3 b3
gooooooo
1 1 1 b
B=1|1 3 2 by
2 4 3 b3
00000 B/oOoooog
1 1 1 b1
B=(0 2 1 by — by
0 0 0 b3—>by—0by

gooooo B’( >:6>DDEID 7DDDDDDbg—bl—bgzoDDDDDDDDDDDDDDDD

00000 By =0 0000y, 000000000

Y1 —-1/2 —(3b1 —b2)/2
ya2 | _ -1/2 (b — b2)/2
ys | = Y3 1 + Y4 0

Y4 0 1

%
DDDDDDDDDy4:—1DDDD?DDDDDDDDDDA?Z b (b3=0b1+by) 000

—(3b1 — b2)/2 —1/2
Z=| (bi—b)/2 | +ys|-1/2
0 1

_>
ooboooboodbzs=ys 00000 A7 =0000000000000000000

077 (YOOOODDOD mxnOO AODODDODOODOOODOOOODODOOD nOODOOOODOOOOD
0ooo0oooooooooooo (Ji,4e,--0,4-) 0000000000000 D ADODOOODO
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8§ ODUOOoDbhOO

nxnO0 AO0OOO
AB=BA=1,

000 nxnO0 BO AODO0O0O (inverse matrix) 0000 ADDDOOOOOODOOOOOOOOO
00CDO A0DDOOODOOODOOODODOOlI=ACO0000 BOOOOOB=BAC=IC=C0000
00000ADDDOOOOO A1 000*°00000000000000000 (invertible) 0000
(non-singular) 00 000000000000 (0D0)000000000000O0

%
081. 0000000 AZ = b 00000 ADDODOOOOOOOOOOOOODOODOOOOOO
_>
00 Z7=A"'b 0000000

o0 82. 0000o0opoobooooboboo

() opoooooo(A—H—t= A
() 000000 (A1 Ag---A)" L= A7L. AT AT
(iii) 0000000 A™Y) =(tA)~ L.

00000000000000000 A"=AH00004°=/000000000000000
00000D0000000000000 kI(00000ARA! =AML (AR =AM oOo0oO

0 8.1. 0000o000o
082 nO0000 A BO AB=BAOODOODDADOODOODAYB=BAF (k0D0O0)0O00DO

00 83.0001<4,j<n00000(,j) 00000 10000000 000000000 E;;00
000000 matrix unit) 00000008, ;(s) =1, +sE;; (i # j)0D;i(r) = I, — Eii+rE;; (r #0)
0o0o0T,;=I,-FE,;,—E;;+FE;;+E;; 0000000000 *?(elementary matrix) 0000

1 0 1 0

Sij(s) = T ;o T, =

0 1 0 1
084. 000O0DDOOOODOOOODOOOOOOOO
Sij(s)7t=8ij(=s), Di(r)~'=Di(r7Y), T} =T,

goboooboooooooooboooooOoooobOoboOoOobOooOoOoooooooOooooooo

*OO0D000000A inverseD 000000000000 ADOOOOOO

*00poo (unitmatrix)DDDDDDDDDDDDDDDDDDD identity matrix 0000000000
*61 Shear, Dilation, Transpose D 000000

*2 000000000000 0000D000000000000000
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00 8.5 (Sylvester). mxn OO0 AO nxm OO0 BOOOOOdet(l,, — AB) = det(I,, — BA).

In 0\ (L. A\ (I, A
-B 1,)\B I1,] - \o0o 1I,-BA

Proof. 000D0O0O0OODO0ODOODOOODOO

L, —A\ (L, A\ (I,—AB 0
o I,)\B I,)]” B I,)’
000000000000000 (00 68)00000

I,—AB 0

o an = |4

O

00000000000000000000000 AODOO0O0 |A||A7Y =|AA7Y=|I,|=100
|A|£A£00000|A7Y = A" 00000000 |A|#00000A00000000000000000O
00000000 BOODODOOOOOO ADODOOOO COO0O0O0O00O00|C|=|BA|=|B||A|#0
(|B|#0)00000000000000000000D0000000000000Orank(A)=n0000
0000000000C 00000 [,00000000B(000000000ODO0OO B~'o0O0)O
A=B"'C=pB"'000oO0OO0

0 83.:0 j00000 n—-10000 4; 00 nO0000 C (adjugate™ matrix 00 0) O
C=((-1)"7A;|) 0000000AC =CA = |A|l, 0000000 |A|7EODDDDA*1:ﬁC’D
ooo

00 86 (J0D0DU0ODO). nxnODO ADODOOOQDOODOO

() ADDDOOOOO

(ii) [A] # 0.

(i) 00 ADOOOO af,...,a, 00000{a3,...,a,} 000000
)

(iv) rank(A) = n.

Proof. (i) <= (ii) < (iv) 0000000() < $={0} 0000000 (ivy0OODO0O0O0O
0000000000000000 O

087.n00000 A0DUDODODODODODOOODODOODOOOOOOOOOOOOODOOO

() D0D0D000ODO0O0O0O0 ADODODODOOODOOOO H,...,a—n}DDDDDDDDDD
(il) AB=1, 0000000 BOOOOOO
(ii) BA=1, 0000000 BOOOODOO

Proof. 000000 ADODOOOOB=A4"'000000 (i), (i) 000000000 (i), (i) 0000
00000000000 0000000|A|#00000000A00000000
(i) = (1): 00000000 Z 00000B7Z 0000 Ay,---,\ 00000
A1
T=ABT =A| | =\al ++ N
An

300000000000 ad 0 jugate 0000000000 00000000000000000000000000000
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()= (ii): 0000000 &,...,2,00000000000000000 BOOOOO AB=1,0 O

Remark 8. n=30000000 |A|0D000OO H,a_%,@I][II:IDI:IDI:IDDDDDDDDDDDDDDDDDDD
00 o0000DO0O0 ()ODOODODOO0OO0ODDO0OO0O0DO0O0O0DDOO0OO0D WOooDooOoooDoOoo

0 8.4. ()00
1 2 3
t 1 0
1 ¢t 1
gooooooooo0oo +oooooooa
0 85 (4)000000000
x a a’ a”
yl=10|+s|V|+t]|d
z c c c’

gobodoobooooboooooooo

r—a d a
y—>b b b =0

zZ—Cc C c

gobooooooooo

00000000000000000000*0000000000000000000 ADOOOOO
00000000 A/0000000A' 000000 0000000000000000000000000
000000000000000A’ 00000 [, 00000004 00000000000000000
00000000007, =A=BA0O0O0000 BOOOOOOOOOOOOOOOOOOOOB=A""!
00000000000 BOOOOOOOOOD0O0000000000 B(A41,)=(BAB)=(,B)00O
0000000000 (A,)00000000000000000000000000000000000
00000000Onx2000 (A1) 000000000D0D0000000 BOOOO AODODDOOOOO
000000000(AL)~ (I, AH)00o0Oo

0000000000000000000000000000000000000000000000
ooo

00 88. n0O00O0O0 AODOOOOOOUOOOO nOODOOUDOODOOUOOOOOOOO

0 86.n00000 A,BO AB=A+BOOOOODOI,—A0O [,-BOOOOODOOOOAB=BA
gooo

O DbhOobobooo

gbooooboooobooboooooooooobooooobooboobooooboobOoboooooDoboo
gobodooboooobooooooooobooooboooooooooooooooooooooboOoon
0o0o0oooooooooooooooOobcooobo 930009500000 000000oooooooan

40000000000 0000000000000000000000000000000000000
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0000000000000000000000000000000000000000000000000
ooo

000000000000000000000000000000000000000000000000
00000000000 00000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000000000 00000000000000000000000000000000000000
00000000000000000000000000000000000000000000*000
0000000

0000000000000 mxnO0000O0 M,,,(C)0000000000%0000 M, ,(C)=C",
M ,(C)='C" 000000000, O0000000000000O0O0O0O0OODD00000000000
0000000000000 000000000000000 »veC"0000,000000 twelC"O
000000000000

00000000000 00000000000 VCC"OC"O0D0000*7 (subspace) 0000
00V O0000000000000000000000000

v, €V, acC=v+7, aveV.

000000000 vy,-+-,u € VOOOO oy, -,y 00000aiv1 4+ € VOOOOOODO
00{0}000000000000C"00000000000000000000!C" 000000000
00000000000 000000 t{C"00000000000000000000000000000
0000000000O0O0000000 79000000000000000000000000000C
000000000000000000000

ogd 9.1.00 AeM,,(C)D00000O0000kerA={veC"Av=0}0000000000AO
O (kernel) 00D DOO0ODODOAC" ={Av;v e C"}00000ADDO (image) 000D DOOOODODOOO
Cht,cC"ooOooooooo

09.2. 0000000 ADUDODDOUAC"O e1,---,e, 0000000000000000 dim AC™ =r0

091. () A=(d1,---,dn) (d; €C™)O000DAC'D ¢, 00000000000000C™ 000
0000000000000

00 9.3 (0000). O0DOOODDOODOODOO vy,-+-,v, €C"00000D0O0O0ODOOOODOOOODO
000 C"0000000000000000 m<nO000O

Proof. 0000 (e1,...,e,) 000000000w,---,v, 000000000000000000000
00000000000 vper 00000w,-+ ,0m,0my; 000000000000

tivr + - F b Um + tm+1vm+1 =0

*65 0000000000 (field 0000D0000000000000000000000000000D000000000000
0000000000000

*66 0000 Mpm,n(C)=mC", Mp1(C)="C, M1 ,(C)=C"0000000000000000000000

*7 000 sub 0000000000000 000000D000000000MO00000000000000000000
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000000 ¢ #000000

lm

U1 + e +
m—+1 tm+1

Um+1 = Um

ouv, - ,v, 0000000O0O0O0OOOODOOOODOOO twr=00000D0
tivi + -+t =0

00000Ov,...,v, 0000000000000 =-+-=4,=00000000000v1,--- , Um, Unmat1
000000000
000000000000000000000000000 {v,---,5} 00000000000 e
000000000000 00000000000000000000000000000000000
{vi,...,»} 0000000000000000000000000(v,---,v) 000000000000
00000000000000nr=I>mO0000 O

00 94. C"O0000D00OODOODOOOODO

Proof. 0000 VCC*O0O0O0O0O v,wm,--- 00000000000000000000000 9300
00000000 mO nO00000000000w,---,v,,0 VOOOODOOOOOOOOO veV OO
000w, - ,um,v 0000000000000

A1+ AU A =0

000 (A, 5 Am,A) £ (0,-+-,0,00)0000A=0000000v,--- ,0,, 000000000N =--- =
A =0000000A#£00000v= w1+ Antm)/(=A) 00v,---,v, 0000000000 O

00000000 V,WcC"00000000 V4+W={v+wveV,weW}OOO0O VAW O
00000000000000MO00000000000000000000(M

09.2. 0000 V,WO0O0O0O00dim(V+W)=dmV+dimW —dim(VNW)00000000000
000 U,V,Ww 000000000

dim(U+V+W) = dim(U)+dim (V) +dim(W) —dim(UNV) —dim(UNW) —dim(V W) +dim(UNV W)
0DO000000D000000D000000000000

00MO0000000000000000000000000 ADOOOD A'000000MO00
00000000000000000004 =BABOOO0OO0000000000000000MOO0OODN
00000000000 9.2000dim A’ "C =rank(4A)000000000 AC" 000 (vy,---,v) 000
00(Buv, - ,By) 000000 AC"=BAC" 000000000 0OdimAC" = = dim A’C" = rank(A)
0000000000000

00 9.5. mxnOO0 ADOODOOdimAC" =rank(A) 0000dim AC” +dimkerA=n 000000

Proof. 000D0O00OO0O 7.11000000000000000000000000O000000000O0
0000 kerADOO (v1,...,vg) 0000000000000000 C*000 (vq,---,v,) OO
0000000Avg, - ,4v, 0 AC' 000000000 0AC" 00D00000{Av,...,Av,} =
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{0,...,0, Avgyr, ..., Av,} 000000 DOOOOD
Ady1Avgp + -+ A Av, =0

0D0000Y. Ao €kerADODODOOD {vy,---,vg} 0000000OOOO0OD

n d
Z )\kvk = Z)\j’l}j
j=1

k=d+1

0000 A,---,A¢0000000fwv,---,v,}000000000000000 Ay=---=X, =000

0000000 Mgy ==X =00000{Avg41,---,Av,} 0000000000000000000

000000000000000000000 O
0

0 9.3. (§) Bv,---,By, 0 A/C"00000000000OOO

09.6. 000 n00000 BOOOOOrank(AB) =rank(A) 000000000000 OOOOOO
gooboboboboooooooon

Proof. BC" =C" 000000dim((AB)C") = dim(A(BC")) =dim(AC™") DO O0OO0ODO O

0 9.7. 0000000000 A'=BA0O0OOOOO AC"0000000O0000O000O0O00O0OOO
0000000000 j,j,...,/, 0000000000 AODODODOOOOOO (a,...,a;) 00 AC™
ooooooo

0000 4,...,5, 00000000000000000 2 0000000000 2 =0 (k ¢
{j,51,.--,5-}) 00 2; =100000A7 =000a, O {a;,...,a;;} 000000000000000
000000dmAC" <r0000000dimAC"=r000000000 {a;,...,a;;} 0000000
0ooo0o0o0ooo

ooo{a;,...,a;;} 00000000000000000000000 A 000000000e;, = Ba;,
(1<k<r)0000e¢,---,e, 0000000000000 {ay,,...,a;;} ={B 'er,---,B e, } 00D
oooooo

094. (1)) 00D0D0D0O0ODOODOODOOO

Remark 9. m 0000000000 af,---,a, 0000000 A= (af,--,a,) 0000000000000
g ji,...,j»r00000af, - ,a, 000000000000000 a;, 0000a;, 000000000000 a;,0
{@;;,a;;7} 000000000000 a;0000000000000

oobooooooooooooooboooboobooooooOboOobooooooOoboOooboOooOooOOoOoooOo
goboooooooooooobo0ooooooooOooooDoOo0ooobooOo0oooon

00 9.8. 000000000000000D0000DDO0O00DDOO000ODDOOOOD*®n00
goooooooooooboooooooboooooobooobooobooooooooooooboooboboooooD
gobboooooooOooOoooobOoOooboOoOoOoOoOooOoOobOboOoobooOoo

*8 0ODOo0000000000000000000000
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099. mxnO0O AODODODDODOrank(*A) =rank(A) 0000

Proof. 0O0OO0OO0 mxmOO BOnxnOO COO0BACOOOOOOOOOOOOOOOOOOO
O00YBAC)=!C*A'BO00000000000O0O0OOOOOO*ADDDDOD ADDODDOOODODOO O

gooooo
gobooooobooooooooooobooooboooooooooooooooooooooooaon

ooooooooog Ae M,,,(C)0DD0DD0000OODOOD0ODO0OD000000000000000000

goboooooooooooooboooobooobooobooooooOoooooDoooooDoOooDboboOoon

cokerA = {'v € 'C™;'vA =0}, 'C™A={"vA;'ve'C™}

0000000000AQ0O0 (cokernel)0 OO (coimage) 000*°00000000000000000

goooboobobobooooooooooobobobooobobooboobDobDobobobobobooo
0000000000000 000000000 (0)00DO00D0ODOD0ODO0O0DO0DODODODOOODOOOD

gobobobobooooooboooobobobobobobooboobooboobobobobobobooooo
0000 ScC*"0000000000*° (dual complement) 0

S+ = {fv € 'C";'vw = 0 for any w € S}
0ooooo Tc'C"ooooon
T+ = {v e C";'wv = 0 for any 'w € T}

oooooosStcC’, T+ c"CO00D0000D0000000000000RCS = StcRtOO
0o0Sc((SHtooo*0o000(AC™), = cokerd, ((C™A)t =kerADDDODOODOODODO

00 9.10. 00DO0ODOOO a1,-+-,a, 0000000000000 %by,---,%, O0%ja,=4;, 000
ooboooooon

th

Proof. 00 A= (a1, --,a,) 0000 BO B=| : |00D0DOO00OODOOOO *y,---,%, 000
tbn

oooo O

00 9.11. (SHt 0D0SO00DDO0O0D0OO0DO00OOO00OO0DOO0O00O Vooooo(WwHt=vooo
000000000000000000dimV +dimV+t=n000000

Proof. 0000 VO SOODOO0OOScC(SHtc(vhHtoooooooooo(VhH)t=voooooo
0000000000000 00000000000vV 000 ay,-+-,a, 0000000000000
ooo"Co00 ay,--+,a, 0000000000000000OO *by,---,%, O 'ha, =46;, 00000

*69 cokernel 0 coimage 100 0000000000000 O0OOOOODOO

*0000000000000000000 polarset 00000000000 00O000O0OOODOODOcokernel, coimage O
0000000000000000000000000000000000000000000000

*MyeS,twe St 000 wv=00000000000000
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00000%pt1,--,'%0, 0 V00000000000 eC" 0 'w=37_,4'%; 00000
tweVt = fwa; =0 (G =1,....m) < B;=0(G=1,...,m).

00000 dmV4+dimVt=m+(n—m)=n000000000u=>Y}_,aa,€C" 0 (VH)+ OO
00000000%ju=0(G=m+1,...,n) < a;=0(=m+1,...,n) < ueV. O

0 9.12. 00000000 VCC'O V=kerADDODOOO
Proof. V1 =tC"AD00D0000D00V = V)t =(FC"A)L =ker A. O

0 95 (SN 00SOODDODODODODOODODOODODOOODOODODOOOOOOOOONOORC SOOO
RO St 0000QRC™COOOD (Q+R)*=Q*NR* 000000

096.2x400 A000000000000O00O00O000O00O00O000OO0ODO0OO0O0OOO0OOAOO
gooboobobobooooooooo

0 97.mxnOO ADDOOO rO000D0OO0DODODOODDODOODODO {up, - ,u} C C7,

{vy,---,0,}CcC*O0O000OO0

t,U1

A=(u - u)

goooobooboo
098 0000000 Av=0b00000000000000OO bE(COkeI‘A)LDDDDDDDDD

0000000000000 0000000000000000000000000000O0kerA O
‘C"A000000D000000000000000000000 cokerA OO AC*000000ODO
000000000000 0000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000000000 0D00*20

000000000000000000000000000000000000000000000000
0000000000000 000000000000000000000000

10 O0oOoDDOoOoooono

00000000000 ooooooooooooooOOOL DOoooooooooDOoO
0 (diagonal matrix) 00O DO
A0 O

*2000000000000 GL,(C) 0 GL,(C) O M, (C) 0000000000000 000000000000000
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00000 nxn0O0 ADDODDOOOOOO nxnO0 70000000 T7'AT (ADOOOCOOODO)
0000000000000000000000 (diagonalization) 00 0000000000000000
0000000000

00000000 (00)0000000000000000 ADOOO m(m=1,2,---)00000
A0D0mO00000000O0O0 Am=A---AD0000000 AODmO0O00DOOODOOOOOO
(Ahm = Alm AlAm = AH™m 00D O0000000000

0 10.1. 0000 DOOODOOOD?2,D3,-.- 00000000000 (T*AT)"=T"tA"T 000000
0000000000000007T 0000000 T=(%,...7,) 00000AT=TD 000000
AT; =Nz, j=1,...,n

0000000000 ADODODDODOOOO Z#00

AT = )\7
0000D0000000AD ADDOOO (eigenvalue)D 7 000000000 (eigenvector) 00000
00 10.1. 00 ADODO ADO0D000O000000, eigen* ™ equation, 0000

tl, — Al =0
00000000000000000™
Proof. 00O 8.6 0000 O
0 10.2. 00 ADOOOODOOOOD *tADO0O0O0O0OCOO0O
0 10.2. ()\n 00000 A, BOOODOOOOOO AB,BADODOOODOOODODOOOOOOODO
00 10.3. 00 ADO0DOOO fa(t)=|tl,— Al OO

fat) =t" — (@ + - 4 )t 4+ (<1)"]A]
00000 t0n00000000000000000
[tI, — T YAT| = |tI, — A|.
000000000000000000000000000000*40

Proof. 000000 D|tL, — T 'AT| = T~ (tl, - A)T| = |[T|~'|tl, — A|T| = |tI, - A| 0000000
00000000
1Bl = ZSgn(U) bo(1),1 -+ - bo(n) ns B=tl,—A

ood¢+togoooooooooo by,...,0,, 0000000000CO0O0OODOOCOOOODOOOOOOO
goboooboooboooooooooOoooooooooobDoOoooobo0ooooO00 to0bb0 n—=2

*O0O0000000000000000 characteristic 0000000000000 00000000000000O000
*40OooOoO00000000000000000000000000000000000
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ooooOooooootL, —Alooo -l 0000000ooo
(tfall)(tfazg)ou(tfann):t”f(a11+~-~+ann)t"71+~~

0000000000000000000000000det(—A)=(—1)"det(4) 000000
000000000 n000000000000000000000 (00 ¢.1)000000 O

0 10.3. () 0000 ADDOOOOO a3 +-4an, 0 ADD*00000000 (trace) 00000
tr(A) 000 0000000000000000000000000000000000 tr(AB) = tr(BA)
oooooo

0 104. (1)) 00D det(X)0 X OODODO z,; 0 000 ¢00000DDDDODO

d d d
&det(ﬁ,...,ﬁ):det(%:c_{,...,yc—z)+~~+det(x_1>,...,%x-n>)

%
oobboooboooobooooobOoOoOoOOoOoobboOoobooOoo A:(ﬁ,b,?)DDDDD

ar b
az by

by ¢
b3 c3

ap €
az Cs

(kt@h——A):t3—(a1+b2+mgﬁ2+-< + +

)t—det(A)
good
00 104. OO AODODOOOO A,..., A\ 00000000000

= Al = (= M) (= 2™
0000000000n; 0000 A, 0000 (multiplicity) 000 O

00 10.5. 00 AODDODO ADODOODOOOOOOO (AM,—-A)Z=00000 ker(Al, —A) 00D
0 ADDO0OO (eigenspace) 000 V, 000000000

00 10.6. OO0 AOOOO AOOUODOOOOOD VaOOO dO0OANDOOOOOOOOOO

Proof. 0000 V4,000 4,---,200000000000000 (00 9.3)07T = (&1,---,%,) 0000

0A0000O0O00DOO
(M, B
ar=1 (% 2

0000000000, —A|=|tl, — T AT| = (t — \)4|tl,_4— C| (00 68)00000D0 O

00 10.7. 00 ADDOODOOO0O0O0000O0O0O00OO {A,---,A} 0000000 00000000
0 40000000 n, 00000000 ADDDODOOODOOOOOOOOOOO0O0O00000 1<i<r
0000d,=n, 00000000

Proof. DDDDDDDDDDDDDDDDDDDDDDDDDDDDTLSZ;ldi. 000 d; <n; 000
>Y,ni=n000000000000000

*S 0000000000 MO0000non
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00000000000000 (T )i<j<¢; 00000 V3, 00000000000000000000
000000000, 000000000000000000000000000000000O000O00
Oooooo*oooooooog

rodi
S5 =

i=1 j=1

00000Y{, ti;#; €V, 0000000 A 0000000000036, =0(@G=1,,r) 0
000 (Zij)hi<j<a, 0 V2, 00000000000¢,;=0(1<j<d;,1<i<r)0000

00 108. O0O00O00O0OO0OOO0OOCOODOOOOOOOOODOCOOODOOOOOOOO

Proof. A\1,...,A, 0000000000%,,...,2, 000000000000000000

AT, =0
0000000z =---=2;,=00000000(A-A)---(A—X_1) 000000
_>
0 =(A=M) (A=A ) = (A = M) (A = AT

DDizzf?DDDDDDDDDDDDDD O

0 10.5. A7 =\Z 00000

A-—a D) (A—ap, )T =A—a1)-- (A —am)T.

goobooooo

gobood OoooooooobboooboboOoobooooOobObocoOobooOoobooooon

oobodo bOoooboooooOooOoOoOoOOoOoOobOOoOoOobOOcOoOobOOoOoOoOOOcOOOOOOoDOn

gopboo bOoooooooooboOoOooOOoOoOobOOoOobOOOoOobOOOoOobODOOOoODOOOODbOOOn
cooooooobooooobooooooOoooOoObocOoOoOOoOoOobOOoOoOoboOOoOoOObOOoOoDbOboOnon
oooooooobooooooooooooobobooooboooooooooooooboOooDbboOooon
coobooooooo

T:(xla-"aﬁ)7 A‘r_.;:)\]'%_.;
googon
A0 0
TAT =0 A2 O
0 0

coooooobooooooo

gobooooooboobooooboooooboboobooooobooooboooooobooboOooooboOoooboooOoo
gobooobooooboooooooooboooobooooooooooooooooooooobooOoon
oobooooooooboooooobooOoooOooOooboOooooOooboooooOooOoOooOOoOooboboOooon
goboooboooooooooboooo

*6JppoOo0DO000000 E20000000
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0 109. O000O0O0OCOOCOCODOOOOOOOOODOOOOOOOOOOOOOOOOOOOOOOO
gopboooobooooooooobooooboobooobobooobooooooboooooooooDoo

2 -2 -1 a 3 2 1 6a — 2b — 3¢ 4a — 2b — 2c 2a — 2c¢

-2 3 1 b 1 1 0)=1[-6a+3+3c —4a-+3b+2c —2a+2c

-1 0 1 c 3 2 2 —3a + 3¢ —2a + 2¢ —a + 2c
0O 10.6. (%)

() 00000a,b,c00000000O0DOOOODOOOOODOOODO
(i) 00 TOODODOOOODOOD T7'00000000000000000000000000000000
ocoomoooobooooooom

gdoooooooobooboooooooooooobooboooooooobDoooooDoooooao
gooooooooooon
a b
= (0 d)

ggbbooboobbooboobbooboo

ooooooooo
’t—a —b

_ 2 e
e td‘_t (a+dt+ad—bc=0

000000000000 00o0Do00oo0o0DoU0ooO0DUO (DoOo)H)o
000000000000 0D0O0000D00 (multipleroot00000O00OODOOO

(a+d)? —4(ad — be) = (a — d)? + 4bc = 0

00000000000000 AODOODOOA=(e+d)/20000000000000000000D0

ggobooobooboo
. A0 1
A_T<O )\)T = Ay

000000000a=d,b=c=00000000
0000002x200 ADODODODOOOOOOOOO0O00OOO(G() ADOOOOOOOOOOOOOO
000 (i) (a—d)? +4bc£000000

0 10.7. a,b,c,d D00 OO00OOOOOOO0ODOOOOOODOOOOOODODOOOOODOODOOOOOOO
gboobooboboooooooooo

0 10.8. (a—d)2+4bc=0000000000000000

a b
—b a+2b

0 109. 00000000000 O0O0O0O0OOOOOOODOOO

0 10.10. OO

O0b£0000000000O0OODO
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oobooooooobooooobcooobooooooboOoooobocOooooooobboOoOobooOoOoOoOoobooOoOoo
gooooooobooooooooobobooooobooooobobooooobOboooDbDboOoobobooooDobooooD
gobooooboooobooooOooOoocOoOoOOo0o0obOOo0oOobOoOoOooboOoOoOoOoOOoOoOOOoOoOoDbboOoOon

oo l1oooobobobooooooog

0000000000000 z 000000000 yOOODODOODODODODODODOOOOOO a, b,

cO0O00O00O0O0OOOOOO
iQ z\ _ [—a-—b b T
a2 \y/) b -b—c) \y

ggbobooobooboobboooboon

(" ) () =0)

gobooooo

go0oooooono )
d
Efz/\f(t)

oooooo
0 10.10. (1) 000000000000 k0000000000 a= (a—k)/k 8= (b—k)/k v=(c—k)/k

goooooooooon
—a—>b b
b —b—c

0o0oo0o0oooUoO o, B,y0000000O0OOODOOOOOCOOO

booobobooobooboooboooooboooodooooooooooooooooooooooag
gobooooboooobooooooboooooOooOoOobOboOoO0oobooOooobooboOoooOOoOoOoOOoOoOobboOoon
gobooooooooooooobooooboooobooooboooooooooobOooooDoOooDbboOoon
goboooooon

000000000000000000000000000000000000D0O0UO00 A—-A,
goboooboooobooooobodoboooobooooooooooooobooooboonoag

a 1 0
A=|10 1 0
0 1 -1

gooboobobobooooooooboobooboboboooboboooobDobDoboboboboboooo
gooobooboobooobOooboooboboboooboobobooobUobOobDUoobobDobOUoobDUODOoo
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cobooboboooobooooooooooOooOoOobOOoOobObOOoOoOoboOoOoOoOoOOoOOOOoOoOoDbOoOoOobooOoOn
ooobooooboooooooooooooboooobooooboooon

a— A\ 1 0 1 a— A\ 0 1 a— A\ 0
0 1—X 0 = [(1-AX 0 0 = 1 0 —(A+1)
0 1 —(A+1) 1 0 —(A+1) 1—A 0 0
1 a— A\ 0 1 a— A\ 0
=10 A—a —-A+1) ] =0 A—a —(A+1)
0 1-XNA—-a) 0 0 0 —A+1H(A-1)

goboboooooooooboooobooooooooon

0000000000000000000000000 {£1,¢} 000000000000000 a?#1
oooo

A=1:
1 a—-1 0 Y 0 T " 2
0 1—a -2 z]=(0] <= |y =3 2(a—1)
0 0 0 z 0 z 1-a
A=-1
1 a+1 0 Y 0 z 0
0 —(a+1) 0| |z 0] < |v 0
0 0 0 z 0 z z
A=a 0000000
10 0 1 0 0
00 —(a+1) =0 0 —(a+1)
0 0 —(a+1)(a—1) 0 0 0
ooooo
1 0 0 Y 0 T T
0 0 —(a+1) z]=(0] < [y]=1{0
0 0 0 z 0 z 0

000000000000000000 e=£100000000e=-100000

1 —(A+1) 0
0 A+1 —(A+1)
0 0 —-(A\2=1)
gdgd
A=1:
1 -2 0 Y 0 T 1
0o 2 =2 z|=|0] < |y|=2|2
0 O 0 z 0 z 1
A=-1
1 00 Y 0 x 1 0
0 0 0 z]=(0] <= |y =2({0]+2|0
0 0 O z 0 z 0 1

000 A=-10000000000000000000000000O00O0O0OODODADODODODOODOOOO
O0D0e=100000
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1 1-X 0
0 A=1 —(A+1)
0 0 —()\2—1)
ooo
A=1:
1 0 0 Y 0 T 1
0 0 -2 z|=(0] << [y| =210
0 0 O z 0 z 0
A=-—1

&
I
o

<~

<
I
w
jan)

I3
e}
I3
—

<
o
8
o

1 2 0
0 -2 0
0 0 0

000 A=10000000000000000000000000000000O000O000AOOOO
gooog

11 O000000oOoOoooo

0000000000000 — Agsaryim Ghuamie
00000000D000000D000000000000000000000000000000000
00000000D00000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
00000000D00000000000000000000000000000000000000000
U000000 00000000000000000000000000000
0000000000000 0000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
00000D000000000000000
000000000000000000000000000000000000000000000000
0000000000000000000000000000000000*’00000000000000
00000000000000000000000000000000000000O0 Y¥,0000 C¥,0
oo YNoooooooo
000000000000000000000000000000000000000000000000
0000000000000 00000D0*¥0000000000000KOOO*0000000K=R

*T0000000000000000000000000000000000000000000000000000000000
00000000000 000000000 innovation 0000000000

*78 [ (field) 000 0000000000000 0OOO0O0O0O0O00000000000000000000000O0OOOOOO
0000000000000 000000000000000000000000000000000000000000000
0000 00000000 1000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000

* 0000000 00000000 Kérper 00000
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0000 K=COOOoUoooooooooUoooDoooOUoUoUOooooOUoo KOooooooooooo
000000 (scalar) DOODODO

KOOODODOOODO (vectorspace) 00000000 0O0ODOO0OOOOUODOODOOVOOv,weV =
v+weVioloooODacKwveV =aeV 0000000000000 000000O0*® 0000

(i) w+v)+w=u+@w+w),v+w=w+w.
(i) 00ODODODO (zerovector) DO0DDDOOO00 0V OOOOOOOOO veV OOOOO0w=0.
)yOOO0O veV OOOOOLlv=nw.

)

(iv) (aB)v = a(Bv), (a + B)v = (av) + (Bv), a(v +w) = (aw) + (aw).

(iii

00 () 000000000000000000000000000000000000000000000
000000 0000 000000000000000000000 v4+0=1v4+0v=(1+0v=0v000
0000000 (-1)w00-v000000w+(—v)=w—-v0000000000v—v=1v+(-1)v=
(1-1w=00000

000000 VOOOOO WCVOOOOOO0O0O000000000000000000000 VOO
000 (subspace) 000000000 W 000000000000000000000

Remark 10. 0000000000000 D00000D0000O00000D0000D000000000000000
000000000000000000000000000000000000000000000 va=av0000
00 a(vB) = (aw)B, v(ef) = (va)f 0000000000000 000000000000000000000000
00000D0000000000000000000000000000000

0 11.1. a0=0 (e KOOOD)O0DOOODODOO

0 11.2. 000gbO0o0oO0o0obOobDOobobOO0obDOoboO0oobOobDOooDoobOobDoobOUobOobDoboboOoDbOoo
goobobobobooooooobobobobooooooboog

011.3. VOooooo w,wooooowuw ooooooooooow cw/'ooo wow' oo
gooog

0 11.1.

() 0000000000000 000000000000000000000000000000000
doddoobodoooboooboooooooobo oo oo oooooooobo
00000000000000000000000000*0000000

(ii)DDDDDDDDDDD Mm,n(K)DDDDDDDDDDDD Kn:Mn’l(K)DDDDDDDD
K™ = My ,,(K)O

(iii)[ll:ll][ll][ll:ll][ll]l] KX 0000000 KXOODODDOKX 00000000000000

0000000000000 000000000000000000000000M0O00000000000000000000
goooooooooooooooooOoOoOoOoooooooooooOoOobobooooooooooboOoOoooooooooobonon
0d0o0ooooooooooooooooooooooooooooooooooooooononoooooooooooooon
go0oooO0oooO0o0boO0oO0oOoO0ooOoO0o0bO0o0oOO0OO0OoO00bO00On

*$1 Newton 0000000000000 000000000000000000O000000O0 (1687) 00000000 DOOOO
000000000 Euler (1750) 0000D0O0O0O0O0OO0O0OO0O0O0O0O0O0O0OOODDOODOODOOOOOOODODOOOOODOOO
0000000000000000 Grassmann (1840) O00D0OODDOODODOODODOOODOOOOOOOO

o1



f:X-KOODODDDODDODDDDDDDDDO0O0 KN ooooooo KNO

(iv) 00D0000000000000 K[t 00000000000 K[t] ¢ K[[t]]O

(v) 0ODOO »>00000000000000000 Gt C 00X, soent™ € C[[t]
hmpr$M<1ﬁDDDDDDDDDCMchWHCC&mcCﬂmDEDD

000000 VOOOOOooOoOoooooo w,---,0,000000000000000 VOOOO
00000000 {vy,---,0,} 00000 *82(linear span) 00000 (vy,---,v,) 0000000000
00w, ---,v», 0000000000000000000000O00000O000O0O00O0O0O0000000
000000000 S00000000000S00000000000000000000000000
00000000000000000 (linearly dependent) **00000000000000000000
0000000000000000000000000000000000000000000000000
0oooood w, -+, 0000000000000000000000000000

al”l"‘""’_arvr:51v1+"'+ﬁrvr <~ 0412517"' aar:Br~
0 11.2.

() 0000 Ejp € M, (K)0OOOODOOOOOE,,00(,k) 00000 10000000000
D00000000000 ¢; =B, €K te;=F; € K" 000000000000000

(i) 000 " €K[] (n=0,1,...) 0000000000

(i) 00000000 {eM eCo[;A€ClOODO0D (0127, 0 5500)0

(iv) 00000000 {cos(az),sin(bz);a >0,b>0} CC®R) 000000

0 114. 00000 00000000 DO0O0OOOODOODOODOOODOOOODOG) O (vyODOOooODo

ooooooog vy,...,oyn 00000000 OCO0ODOOO0ODOOOOOOODOOOOODOVOOOO
O (finite-dimensional) 0000000000000 O00O0DO0OO0OOOOOOOO

0 11.3.

() 0000 KX 0DDDDDDDODOOD000000X 00000000000

(i) 0DDO0000 e¢=(c1,...,¢,) €C" 00000000 Thapn = C1Than1+ - +cpxy (K >0) 0
D000O00"(z,)5 000 CY ooooocY ooooo cNoooooooooooooo
c=(0,...,0,1) 0000000 n0000000000D00000O

0 11.5. () 00D00O0ODO0O0OOODOOOOODOOOOODOOOOOOOO 1160000000
0000000000000 00D0O000 e=(er,ea,...,e,) 000 (basis) DO0DOODOO

(i) {e1,...,e,} 000000000000
(i) VO0ODOOODO0OO0O0O ey,...,e, 000000000000

uobooobooooboooooooo

*$2 span 0000000000000 00000000O00000000000MO00000000000000
*83 dependence 1000000000000 00000000O00000O0O0OODOOOOON
*¥40poDoooooo {}00D000D0000D000000000000000000000000000000O0OOOOoOoo
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00 11.4. 0000000000 VOODODOOO*®00o0000000000000000000000
000000 voooooo dimV Oooo

Proof. 0000000000000 O0OOOOOOOO0OOOOOOOOOOOOOOOOOOOO

00000 e=(e1y...rem), f=(f1,--,fn) D000 m=n0000000mxn00 AO nxmO
0 BOOOOOf=e¢A, e=fBO0O000eAB=fB=¢, fBA=eA=f0000 AB=1,,, BA=1I,
00000000 7.80000000000000000000m =tr(AB)=tr(BA)=n0000000
ooooo

[00]: 0000000000000000000000000000000000000000000

00000000 e=(e1,...,en) 000 f=(f1,---,f,) 0000000f00000 f =(fl,...,f)
000000000, (e1,  ems flag1s---»f,) 0000000000000

000 mOO00000000000m=100000e 0 f0000000000000000000 §
000000000 ff00000000000000000{ey,f},...,f,}00000000000m0O0
00000000000000 {e,...,ememy1} 0000 mOO000000000000 000000
(fi,-, f) 000 0ent1 000 (e1,.- rem, fropts--»fA) 000000000000 f, 4,...,f, 00
00 0000000000000000000 {ey,...,emy1t 00000000000000MOOOO0O
00000000 {f\i1,---,f,} 000000000 fr,.., f/ 00000 (o frs ity s f1)
O (fi,...,fn,) 000000000000 (e1y---s€ms1, flhiye,--,fr) 00000000000000O0
0o O

0 11.6. 0000000 (e1,.--semp1, flrio,---, /) 000000000000

Remark 11. 000000000000 00000D0000D0000D0OO000O00O0DODOOOOOOOOO0O
goooboooobooobooooobobooboobooooon

0 11.5.
(i) 00000000 {Ejx} 0 M,,(K)DODODOOOOdimM,,,(K)=mnOO0O0O
(i) 000000 (e), (fe;) 0 K, 'K"ODOO0DO0O0O00dimK" =dim'K"=n0000
(iii) 0000 (zo, 21, yZn-1) = (§jk)o<k<n, 000000 ¢cO0D0O0D0OO 6 (j=0,1,---,n—1)0
0000661, ,6,_1 0 CYNOOODDDD dmCY=noooo
0 11.7. (1) 00D00DO0OO0OOOOO

00 11.6. n0000000OC VOIUOOOOOOODODOODODODODOOO vy,---,v, OO0OOOM<n
oooooooon w,---,v, 0 VOOOOOOOOOOOODOOOm=nO000000000000
000000 VOODOO Woooooooo*®¥oooo dmW <dimV 00000

Proof. 00 9300000000000000O00O00OCODO U

011.8. 00000000 VOOOOOOOOOOOOO0oOoO0O0ooooOooooo0ooooooooovao
000000000000000000000000 2dmV 0000000 dimpV =2dimV 0000

5y ={0}00000000000000000000000000 dimV =00000000
*6 0000000000 0000000000000000000000000
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0ooooo dmpC=20000

0000000000000 000D0000D00000000000000000000 (V)1<i<r
(V; #{0}) 00000w, +---+v, (v, €V;) 0000000000 Y, Vi=Vi+---+V, 000000
0000000000000000 (Vi) 00000000000

,Ul+,.,+«vr:0(viem):>'1)l:...:'l)rzo

00000000000 Vin(X,,V;)={0}(i=1,...,r)00000000*000000000 (v;)
(,#0)00000000000000000000000 (Ky) 00000000000000000

000000 VOO0OOOO0 V;(1<i<r)00000000000()0000000V=Vi+---+V,
00000000000 V=WV,e---0V,00000000*000000000000000000 V;
00000000000000i=1,---,y 00000000000000000000000000000
0ooooooo

0 11.9. 000000000000 V=Wi+W+V00 V;NnV,={0} (j#k 0O0ODODOODOOOO
gooooboobo

gooo
000000 VDOOOOOODOoO wWoooO ¢:V—-WOO0O (linear) 000000

P(v+0) = ¢(v) + 6(v'),  dlav) = ad(v)

0000000000000000000000000000000000000000000000000
0000000000000000000000000000 ¢(v)=¢v0000000000000000

0000 ¢ 00000 kerg={ve V;d(v) =0}, ¢(V)={o(v);ve V0000000000V, W DO
0000000000000

00 11.7. 0000 ¢ 0D00O0Dker¢g={0} 000000 ¢ 0000O0DOOODOODOODOO

Proof O00¢(v) =0000 0#v €V OOOOO¢0w) =¢0) 0000 ¢ 00000000000
dpv) =¢()00000¢(v—2)=000 v—0v' €kerp 00D O0O00kerp={0} 000 v=12"00
og O

000000 VOoooooooo wooooooooo L(v,w)oooooL(v,w)ooooooo
goboooooboobooobooon

(P +9)(v) = ¢(v) +9(v), (ag)(v) = ag(v)

0 11.8. 00 Ae M, (K)DODODODODOOOODODODOODODO 4:K"-K"0000D0OO0ODO KOO
K" OO0OOoOOOoOoOooOoOooOO0ooOoooO0ooO0o0oooooooooooo0oooooooooooooo
goboooobooooooooobooooboobooobooooooboooon

[A+ Bl =[A]+[B], [M]=A[4], [AB]=[A]c[B]

*87DEIDDEIDDDDDDDDDDDDDDDDDDDViﬂVj:{O}(i;éj)DDDDDDDDDDDDDDDDDDDD
8 0000000000 0000000000000000

54



000000000000M,,,(K)0 L(K*,K™) 000000000000
gooooo vooooovoooooooo mO0oooooog v oooooooooo
(Uly"';’Um)+(w17"'7wm):(vl+w17"’7”m+wm)7 /\(vly"’7Um):(>\vla"'7)\vm)
0000000000000000000 VOODOOOOOOO (multiple vector space) 00 0*90

00 11.9. 000000 v = (v1,...,v,) € V* 00000 ¢:V - W OO0O0O0O0O A= (a) €
M, ,(K)0OOO ¢gv e W™ vAecV* 00000

ov = (d(v1),...,0(vm)), vA= (Z Vil - ., Zviam)

00000000 00WADOOODO0OOOO000 »000O000O0 w=wA00000000O
00 11.10. OO0OO ¢v,vA00D00O00OOOOOODOOOOODOOOO

(i) 0000 ¢: VoW, p:W—-XD00000e(gv) = (pd)v.
(i) 00 Ae M, n(K), Be M,,,(Ky0OOOO (vA)B =v(AB).
(i) 0000 ¢: VW D00 A€ M,,,(K) 00000 (¢v)A = ¢(vA).

0000000000000 000000 g¢v, vAB, ppADOO0DOO0DOOOOOOOOO
0 11.10. 0000000000000 0O00O00D0OO00O000 ppvABOOOOOOOOO

0 11.11. 00000 ¢: VW OOD0DO000000000 ¢(vr,-- ,0m) = (6(v1),- -+ ,d(vp)) 00D
00000000000 (fv)A=¢(vA) 00000000 ¢000000000000000

0 11.11. 000000 v=(vy, - ,v,) €V 000000 2€e K™ =M, (K)0DOODO0O0D000OD
0000 p: K" -V O000000o0o00

A
W:x=1| 1 | mvz=2101+ -+ Tpu, €V.

Tm

00 K"0O0 VOoOoOoOoD0o0oooooooo

000000{v;,---,v,} 00000000000 p]000000000000000V = (vy,--+,0m)
000000 ] 0000000000000000v=(vy,---,v,) 000000000 p]000000
ooooooo

0 11.12. (1) 000D00000v=(vy,---,v,) 0 VOOOOOOOOGy =0 = ¢ =00vA =0=—>
A =00

0 11.13. 0 11.800 11.11 0000000000000000v 000 A € Mp,(K)0ODDDOOOO
[v]o[A]=[vA]0 KOO VOOOOOOODOO0O00O0

*#9 K™ 0ooOD0000000000000000000000000000000000000000000000000000
00000000o0ove®™ oooooo
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000D ¢ :V - WO0OOOOOOOOO0ODODDODODOO (linear isomorphism) 00000 OO
(isomorphism) 000 000000000000000000000000000O00O000O0000O00O0
00000000 (isomorphic) 0000V W 0000000000

0 11.14. () 000000000000 OO0OOO0OO0O0OO0
0 11.12. 00O00O00O0O0OM,,(K)O M,,(K)DOOODOOODOOOODOK"D ‘K*"0000000

0 11.13. 0000 ¢ = (c1,--,¢,) 00000c00D0D000 N oD 'C™ 0oDOODO ¢ O
o((xk)k>0) = (xo, 21, ,Zm—1) 000000 000 <= m>n,¢ 000 <= m<nO0000
0000000 <= m=n0O000

0 11.14 (Q00000). T:C[t)] > 5, axt* — (Klax)kso € CN 00000 (00DODO0ODDOO) 0D
00000 €Y 3 (@) = Syso %+ €C[[f 00000000 D0O00D0O0OC
0007000 G[tjjooo T(Co[[t]]:{(ak)GCN;limsup|ak/k!|1/k<oo}DDDDDDDDD

00 11.15. 0000000000000 V, W 0OOOOOOOO0O00O000000000000000
0000000-O000000000000 K'OOOOODDO0000000 ¢:K'—»V0OVvVooo
e=(ey, - ,e,) 00000000 ¢=[] 0000 ¢(z)=ex (zreK*)O0D0O0000000D000

Proof. 0000DDO VOOO (e1,---,e,) 0000000[e]: K"V OOODODODOODODODODOOOOO
0¢:K'>VOO0OOOOe=(6(61),,6(0,)) 00V DO0DDDOO0¢ =1 00000000000
e:VWOoO000O0O(p(er), - ,9(en) DOW ODODODOODODOdimV =n=dmW 0000 O

0 11.16. 0 11.110000000000L(K™ V)0 Vv 0000000000000000 V™ =
LK™, V)D0DDDODOOODDOOOOv=[p) 00000000 m=10000V =L(K,V)O00O0O0OO
veV OOODODK>3A—= eV OO00D0O00D00000000000000

000V OO0 e=(ey,...,e,) 0000000000000 veV O v=xie;+ 4zpe, 0000
0000000000000000000000000 (z;) 0000 e0000 v»00000000000
000000 e=[e]:K"—»V OOOOO

goooooobgd

0000 f=(f,....f,) 0000000000 e0000 f 0000 (pij)i<ice 00000 f =
(X, pireir.-., Y pine;) 0000000000000 P=(p;) 00000f=eP 00000000000
0 0000 ¢; 0000 (¢;) 0000000 Q= (q,;) 000 e=fQUO0000P,QOODOODN
O (change-of-basis matrix) 000 0nxn 00000000000 K'—-K'OODODOOOOP =e"1f,
Q=fled00000PO QUUDOUOOO0OOO0O0OO0OOOOOOOOOO e, fO000 0000
00000000000000000 2,y €cK"00000er=v=fyO000z=e¢'fy=Py0000
y=flex=Qr=P 2 000000000000000 (00DbOO0OoD )oooo

0 0OooDo00000000000000000000000000
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0 11.15. 00 e = (ey,...,e,) D n 00000 T OO0 (f1,...,f,) =eP 0000000000000
(f)0000000000000000 7000000000000

0000 ¢: VWDV, WO0O0 e=(ej)icj<n: f = (f)i<k<n 0000000 A€ My, »n(K) OO

Blex) = > ajrfi <= (dler), -, d(en)) = (1, fm)A = ge=fA

|:||:||]DDDDDDDDDDDDDDDDDDDD[A]:f71¢6[||:||:||]|:||:||] 0000 o000 e, fO
0000000 *¥(matrix representation) 000000

v — o w

dl [
K* — K™

(Al

0 11.16. 00000000000000L(V,W) 2 M,,,(K)0ODOO

00000000 (b0 95000000000)000DO00D0DO0ODO0O0LDOODODOODOOODODO
goooogo

00 11.17. 0000000000000 0O000O ¢: VW OOOOOdime¢(V) =dimV — dimker ¢.
O000¢O0D0ODOO0OO00DODOOOO0DODO0O00 dmW =dimV —dimkergp 0000

0 11.18. dimV =dimW <oco 000000000

(i) 000 (ker¢ ={0})0
(i) o OOD (W= o(V))O
(iii) ¢ DOODD

0 11.17. (1) 00000000

goooboooboobootboboobooboobobooboobooboboboobOobDbo
goobobobobooooobooboobobobobobobooboooobDobDobUoboboboboo

12 00000

0000 V=wOO0O0O0OOooooooooooooooooO (linear transformation) 00000
0000 (linear operator*®?) 0O DD O*30000000000000000O0ODDOOOOOO0OO*O
00000000000000000000000000000000000 VOOODOOO0Ooooooo

*91 representation 000 0000000000000000000000000CO00O000000CO00

*92 operator 0000000000000 000D0000000000000000000000000000000000000
gooooooooOoOoOOOOO0OO0OO0O00O00O0OoOoooobooOon

M O0O00D0000000000000000000000000000000000000000000000000000000
gooooO0ooooooo0oboooo

i O0O0Do0000000000000000000000000000000000000000000000000000000
jdbobooooooooooooooooooooooooooooonooooooooooonoooooooooooooon
oo0oo000o00o0000000000000000O000O0O000C000OOO0O0OO0O0O0O0O0C0O0O0M OO0
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L(V)0DOOD0DO00D00000000 M,,.(K)=M,(K)0OODODOODO0O0D0DO00000000000
000000000000000000000000000V 00000000 (identity map) O Iy OO
00000 /000000000

00000 ¢ 00000000000 VOOODOO e= (eg,--+,6,) 000000000000
0000000000000 004¢[] = [¢][¢] < [¢] =[] ¢l 00DDODODDO00D0D00D0
L(V)> ¢ — [e] ¢l € M,(K) 0000000000000 000000000000000000O0O

([e] " plel) (el le]) = [e] 7 (pe)le] (0,4 € L(V)).
0 12.1 (00000). 0000D000000000000000 VODOOOO 400000000 ¢0

0000000000000000RO VOOOOOOOOOVOOOOO000000000000000
0000000§1300) (e1,e0) 00000000

¢(e1) = cosbe; + sinfes, P(ea) = —sinbey + cos fes

gogbobooboobboon

r®) =00k = (g em’).

sinf  cosf

0 12.2 (00O0O0DO0). 0DOOUDOODOOOOODOOO0 y=ztand OOODODOOO ¢oO0ODOOODOODO
000000000000 e=(e1,e0) 000000000 #ODOODOODOOO f=(f1,fo) 000000

f=eR(6) <= = fR(—0) 0000 [f] = [[]R(6) < [c] = [fIR(~6) DDDD¢f—f<(1) 01> 0

0000/l = (O »

1 0
>DDDDDDDDDD¢D ed000O0O0OOOO

17 ok = RO olARC-0) = r60) (5 Oy ) -0y = (Snby) ) ).

0 12.1. () n 00000000000 00000000000000 ¢, : p(t) — pt+a) 00D
L,t---,t"00000000 S,00008,8 =S,, 00000000006,b000000000

0000000000000 00000000000O0000D000O0O0DO0UDOODODO K[[¢] D
gopbooobooooboboooooooooon

oo oo oo

St} (St ) = (3 )t

7=0 k=0 =0 j+k=l
Oo00o0oo0doobodooboooooooooooooboooboooooooooooooooooDo
(ring) 0000000

0 12.2. 0000000000

o0
00 12.3. 0000000 K(#] 00000) et* 00000000000000000ae#00000
k=0
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oooon kaktkDDDDDDD To,T1,22,--- 10000000000 OCOOOCOOO

apglog = 1,
apx1 + a1xg =0,

g2 + a1x1 + a2y = O,

0 12.4. 000 AeCOOO0O0ODOO0D00O0 14M+X2+... 00
(=M A+MENE ) =1+ MENE )1 =) =1

00000000000 1+M+ M2+ =25 0000000000000
D00eM=3 1, 4t"000000000000eMe =AWt 00000

1 <1 1

k 2 L an

(zk)(zl)z
k=0 =0 n=0
000000000000000000e MO MOO0O0Oooo

0000000 K[ 000000 (000) D:K[[f)] - K[t B D(Zs0aat®) = sk + Dagsrth
0D00000D(fg)=(Df)g+ f(Dg) 0000 (Leibnitz rule)d

0 12.5. 000000 T:C[t]] — cNoooo b C[[t]] = C[t]] bDOODDOO (shift operator)
s.cN N ((Sa)x = ary1) 0O0OODDODO*S:

) —Z— N

o Is

) —— N

000O0cO0DOOO0ODOO Cchker(S”—cls"—l—---—cnI)DDDDDDDDDD ker(D" — ¢; D71 —
. —¢,) 00T 000000000000000dimker(D" —e,D" ! — - —¢,]) =n 0000

pooscNyccVooooooooooooooooso Y ooooooo (G, - ,0.1) OOO
000OO

0 1 0 0
0 0 1
(S507' te aS(;n—l) = (607' o ’5n—1)c7 C= . : . . 0
0o 0 ... 0 1
Cn Cp—1 .. Co C1
00007 ' €ker(D" —¢; D"t — ... —¢, ) 00000000000 0(T16;)®(0) =61 (0< 4,k <

n—1)000000 CO ¢c0000000DO (companion matrix) 0000

0 12.3. 00 C 00000 det(tl, —C) =t" —¢yt" ' — .. —¢, 00000D

*95 T intertwines D and S 0O 07T O intertwiner 0 0 0000000000000 00D00O0O0O0O0OO0DOOOOOOOOO
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DDDAGCDDDDD&h:Zk%ﬁeCMWHDDDDDDDDDDDeﬂwhngthuDDDD
OD0OC[Y)0000000nND Q0 Qx(f(t)=eMf(t) D0DD00QNQ,=Qx 4, 000000 OO
00Q,'=Q_, 0000000 Leibnitz rule 000DQy = QD +XQ,\00000 Q\DQy' =D — Al
0000000000 Oker D™ = (1,¢,--- ,t™~ Y 00 Oker(D — AX)™ = M(1,¢,--- ,t™~ 1) 00000
Dker(D — AI)™ Cker(D —A)™ 000000000ker(D—pl)NkerD™ ={0} (u#0)0 Q00O
O Oker(D — p/'I)Nker(D —A)™ = {0} (\# ¢ )000000D —p'T (A# ') 0 ker(D—-A)™ O0OO000O
0ooooooo

00 12.6. 00000000000 A,---,A 0000000000000 eMClt],---,e*Cl) 000
oooo

Proof. 000 eMipy(t) + - +eMip.(t) =0 (p;(t) eC[t) 0 m; 00)0D00O00D-AN 0000000
oooooQ

0= (D - )\1])1+m1 . (D _ )\T_l)1+mr71(6/\1tpl(t) R BArtpr(t))
= (D =MD" (D= Np_g) e (1),

0000D =M1, ,D—=X_1I 0 ker(D—\I)Hm 3 eMtp (1) 000000000000000000
0oo00deMp.()=000000 O

0 12.7. {Mt e C,l >0} 0 C[f)j 00D0ODO
000 t" —cit" P —oi—cpqt—c, O (t=A)™ - (t—)\)™ 000000000
ker(D — A\ 1)™ + -+ ker(D — A\ J)™ C ker(D" — ;D" — .. — ¢, 1)

DDDDDDDDDDDDDDDDDDDDDDDD[IDD[IDDDDDD{eAittl/l!;lSjﬁr,0§l<mj}
0000000 ker(D" —¢; D" 1 —...—¢, [) 0000000000 jO00000DOO0OOO

PR 0

D(eM Mt ... M (m— D)) = (M, eMt, - MM (m - 1))

gogboboooboon (CIC\IEJEI[ID[IDEI

= —ji—M” 1<j<r, 0<I
AR T T A SR N
ooo*%ooon
M, 4 N, 0
(561,“- aser) = (61"" 76T> ) Sej = (Sej,oa"' aSeJ}mjfl)'
0 ML, + Ny,
*6 \;=000000e;; =6 (1=0,1,...,m; —1) 000000
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Ooo0ON, 00000000 mOD0OO0OO0OODOO

0 1 0
0
N,, = .
0 0
ooooooooo Ccooooood t"—clt"_l—n-—cn,lt—cnDDDDDDDDDDDDDDD

oboooooooooboocooboOooooOoooobooOooobooOooon

0 128. n=200000000000000000¢=(a,d) (b£0)000000000000O0O0O0ODO

oono
2

dt?
000000000000 22—aex—b000 (00)ODODOoDDOOODOoDOooDOOOoOoOo

£(1) = a2 7(0) + b5 (1)

Tiy2 = aTpy1 + by,

() 000000000 (a244b#£0) 00000 A#, 000000000
zr = aXt + Buk,  f(t) = ae + Bett,

(i) 00000 (a2+4b=0)0A=q/2, m=20000000a#000000000
zp = (a+BR)NY, f(t) = (a+ Bt)e.

0 12.4. (f) 00000000

ooooooo

0000000000000000D00000000000 V=Weo---9V,00000VO0OO0OO0
vO0Ov=vn+--+v (v €V;,)000000000000000000000000O0OOO0OO0O0
O0v 0000000 V;00 v 0OOOOOO v—v; 00V OO0 V,0000000000000000
V;0 VOOOOOOOoOO000000DO0OoO VoD Viooooo B, 00000000000000000
E;00Ewv,=v (v;€V;) D0D000D0E?=FE, 000000000FE?2=E00000000000%*7
(projection) 0 000O0DO00O00DOO E,00Eju=0(j#4 000000000000 EE; =6,E;
000D000000v=FEw+---+Ev(veV)0OODOD0DO0D00OE,+E,+---+E.=1,00000

000V 0000000000 {Eh<< (000 E;#0)0 EE;=4;,;£, 000000000000
oo {v,=fFV}00O0O0O0O00O0ODOOOO Ev+---+E. =, 000000V=V,®---¢V,00000
000000000000 Iy 00000 (resolution) 0000000000V 000000 I,y OOOO
00000000000 DoOoOoon

0 12.9. 00000000000 0000000000000001y = E, + E,, E2 = By, E2 = By,
E\E, = B,E, =000000000000000000FE2 =FE, (0000 E2 =FE,) 00000
E,=I,-FE 00000000000000000CO0O00000000000000000000000
00000000000000000

0000000000000 E00000DDOOO0D0O0000000000000N0Nonoon
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0 12.,5. VOUOOODOOUOD FOOODOO{I-E)YV=kerEFOOOO

0000000000000 000000D (0D)0000D0O0D0D0ODO0O0O0DODO0OODODODDOOOOD
o000ooo0oooo0oo0o0oo0o0oO00oO0ooOooooO0 ¢:V—=VOOOooO A ANODOOOO
0000000 o= 0000000 040V OOO0OOMND ¢o0O000O0OO0ODOOOODOOODODOOO
00 +00000000D0000ODO0D0O0 AODODUODOOO Vy=ker(p—Al)={veV;¢v= I}
ooooon

0 12.6. () C[[t] 000000000 DODOOODOO0 ADOOODOOOODOOOODOOOO CeM
oooo

00000000 WCcVOOe¢OODO (invariant) 000000¢(W)CcW OODOODOOOOODOODO
000¢0 WOOODDODODOO WOOODDODO WoODO WobhboOoooooooooooooooo

oooo v,oooooooooooooooooooooooooooooooooooooooooo
goooooooooooooovooooooooooooooooooooooooooooooooon
gobodooboooobooooooooobooooboooooooooooooooooooooboOooon
gobooooboooobooooooooooOooOoobOboOob0oobooOooboOoOooOoOOoOoOoOOoOoobboOooon
goboooooooooooobo0oooooooooooobooooboooboboooooboooooDoboOo

0 12.7. 0000000O00ODO0OOOODOOOOODOOO (§l0)oDoDOooOooOoo
00 12.10. 00O0O0O0O0O WOOOOOOODOOO (eq,-+-,6,) 000000 VOOO e= (e, ,en) 0
0000 (m=dmW <n=dimV)00000 ¢(W)CcW 0000
1 A %
[e]” ole] = 0 B): A e M, (K), Be M,_n(K).

00000 [e]'¢le] € M,(K) 0000000000000 000000000000ey,-+,e,} 000
0000 (e, - ,ep,) 00000000000

00 12.11. 0000 W OOO € =(e1, - +,en,) 0000000 W O ¢ 0000000¢e =’A0D0
000 Ae M, (K)DOOOOODODOOOODODOOD A0DODODOW DO ¢000DOO

00 12.12. 0000 ¢: V-V OOOOOOODOOOO0DODOOOO0ODOD V=We---eV, 000000
0000000000000 00D o000 ODOOOOO

Ay 0

0 A,
goooooooooooooooooooooooooooobo oo oo oD oOooo
00000000o0ooOooooooono Vv, 00000oo0ooooaov g {Vi}DDDDDDDDDD

0 128. 00000O0OODOODODOO

ooo0ooooOOoO0ODoOODODOODODOOOOO0OO0OO0O00000O000OON0NOooO0g ey: V=V 0OOo
000 (commute) J0D0DDOO0DODO (commutative) 000000y =¢ 000000
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00 12.13. 00 FO0ODOODOOOOO EVOUOO (I-E)V O ¢oU00Q00O0OO0DDOOUOOODOODODE
000000000

0 12.9. 00000000

goog

gooboooobooooooooooooooooooooooooooooooooonon ay,ag,a3 00
0000000000000oooogooog by,be,bs, c1,c0,c3 00000000 O0DODOODOODOO
uoob z,y,z 0000000000000 0O0OOOO

aq bl C1

N T = as b2 Co
a3 bz c3

T

INEINSI

00000000000 TOOOOO (stochasticmatrix) 00 0000000000000 0OOOOOOO
gooooooooo rooopoo0Uoooogooogoooooooo

1 1
(11 1)T=(111) < 'T|[1|=|1
1 1

0000000 100000000000000000 102000010 70000000000000
O00000a=by=c3s=0000a2=a,b3=b,cq=c000000000000000000O

0 1-b c bc—b+1 bc—b+1
a 0 1—c¢ ac—c+1]| =lac—c+1
1—a b 0 ab—a+1 ab—a+1

ooooooo 1000000000000 000 To00o0o00O000

1 bc—b+1

E= ac—c+1 (1 1 1).
ab+bc+ca—a—-b—c+3 ab—a-t1

000000000MMO00 E2=E00000000L
0000000000000 (—E)R}=kerE={z+y+2=0}0000000

1 0
o], [-1
~1 1
ooooo
1 1 0 0 1 0
T 0 ])|=—| 0 |+(Q1-a—-¢)-1), T|-1)=0+c=1) 0 |+(c=-1)|-1
~1 -1 1 1 ~1 1
000000000 [7T)000000
1 0 1 0
o] r{=1]]|=(0 =1 (1__f_ b*ﬂle>
~1 1 -1 1 a-e c



goboooobooooboooooon

t+c 1-b—c

__ 42 P
adbe—1 t41—c =t*+t+ab+bc+ca—a—-b—c+1

00o000dddO0de=ab+bc+ca—a—-b—c+1 000000000000
{ab+bc+ca—a—-b—c+1;0<a,bc<1}=]0,1]

0000000 o=1000000a=b=c=1000 a=b=¢c=00000000 ¢c=0000000
{0,1} c {a,b,c} OO DODO

0000000000000 0000000000000000000O0DO0OO0ODO0<o<1/4000
000000000 (-1,-1/2) 0 (~1/2,0) 00000000001/4<0<1000000000000
000 1000000000000 000O0O0U00OO —-1/20000000

=1 = (@120 12+ b1/~ 1/2)+ (e~ 1/2)(a—1/2) =0

ooooo(1/2,1/2,1/2) 00000 (1,1,1) 000000000000 000000000000000

(1—;—cbif11>:<32 —%J

000000000000 0ObO0ODO0O0D —-1/200000000000000DO0O0OOODOOODOODOO

—-1/2 1
0 -1/2
000000000000000

(—t/z _11/2>”: <<—152>“ n((—_ll//2‘2>):1) =0 (n - )

ooboO00db0o0<e<x10OOOO

n

0 1-b c 1 bce—b+1
lim a 0 1—c¢ = A 5 3 ac—c+1 (1 1 1).
n—00 1-a b 0 ab+bc+ca—a—b—cH+ ab—a+1

00000000 Yz,y,2) 0000000000000000O0O0O00O000

bc—b+1
ac—c+1
ab—a+1

1
ab+bc+ca—a—-b—c+3

gobooooooobooboooo

Remark 12. 000000000000 00O0000O00OO0OOOOOO (Perron-Frobenius 00 0)0
0 12.10. () D0OOO0O0OOODO0ODOOc¢e=1/2,0=2/900000000000
0 1211. 000oO0o0oOoooooobOobOoboboboboboooogoooobobobobooo

0 12.12. 0000 P= (p;;) 000D0O0DOO0OO00OO0OO0D 00O0D0OOO0O0ODOO0ODODOOOOOOO
(1,...,2p)P =(21,...,2,) 000 2y =---=2, 0000

*98 5 0 (a,b,c) 00ODDOOOOO (1/2,1/2,1/2) 0 (+,—,—) 000000000000 154000
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13 ODO0O0O

0000000000000 0000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
K=ROOO COOO0ODODOOCOOO0OOOOOOD 20000000KOOOOOOOO V OOO
000 (inner product) 0000000000 v,w eV OO (vJw) e KOODODODODODOODOOOOODOOO
000000000

(i) (vjw) O wODOOODO*0

(ii) (v|w) = (w]v).
(i) (v|v) >0000 (0D00)D(vjo)=000000 v=0000000 (000)0

()0 () 00000 (vjw) D v00000000*%(conjugately linear) 1000000000
0000000000000 O00000O0 (inner product space) 10000
OO00DK=ROOOOOOOOO0OO0O0O0OOO0000O000O000

0 13.1. 000000000000 00O0000 (i), (i) 00 () (vw) 0 v 00000000 (i)’
(vlv) >0000000000 (vw) =—(wjv) (v,weV)ODODDOOO

gooboboooobboooobbbooobbboooooboda AGMmm((C)DDDDDDDDD
OO0 (complex conjugate™®) A € M, ,(C) 0 A= (a;,) 000000000 (Hermitian*'%? conjugate)
A* € Mp,(C) 0 A*=tA="A00000AB=AB, (AB)*=B*A* 000000000 00000
A=(aj) 00 (trace) 0000000 tr(A) =ai; +as+-+a,, 000000000000000

0 13.1.

() 0000 Mp,(K)0OOOOD (A|B) = tr(A*B) = tr(BA*) = ¥, , @Gxbje 00000
(i) 00000000000 K" 000000 (vjw) =vw=Y,7w; 1000000

0 13.2.
(i) 00000 [@,b 0000000000 DOO0OODDOOOODOD VOOOOD

b
(flg) = / Fa(t) di

0VOoOoooooooooo
(i) 000000000 CY) 0000000

(o) = | T et 2 dt

W OO00000000000v000000000000000000000000000000000000

*100 (o + awjw) = (v'|w) + @(v|w) 00000000000 (anti-linear) 10000

*101 00000 con (0O0)0 jueum 0000000000000 OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

*102 00000000 Charles Hermite (1822-1901) 000 0000000000000000000000000000000
0000000000000 0000000000000000000000000000000000000000000000
00000000000000000000
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oooooooooog

00 13.3(000000*%), 0000000000 |(ww)]? < (v)(ww) 0ODODODODODO0O0O {v,w} O
000000000000000

Proof. (Hermann Schwarz, 1888) v, w 0000000000000 0O0O0O0O0OO0ODO0ODO0OOOOw #0,
w#000000000000 ANO0O0DO0O0OoOooooog

(A +wld + w) = [AP(v]v) + AMvlw) + Awv) + (w]w)

00000A=—(wv)/(vjv) 0000000000 (wlw) — |(vJw)]?/(vlv) 0000000000 >00
0000000000000 00oU0oOU0oU0oOU0O0U0UOD0DO0U0OOU0OU0D =0000w = —X\
O0000{v,w} OODODODODOOO {v,w} 0O0OOD0O0O0O0OO0O0O0 v=c0w 000 w=pgv00000
|(v|w)]? = (v|v) (wlw) 0000000000000 O
Remark 13. 00 0000000000000 000O0D0O0O0D00O0D00O000D000O0ODO0DO000O0O0OO00OO0OO0
00000000000000 (semi inner product) 000000000 OOOO

AP (v]0) + Aolw) + Awlv) + (w]w) =0

00000000000(v)#0000000000000000000000000000 |(vjw)]? < (v|v)(w]w) O
0000000 (vp)=0000000000000 (vjw)=000000000000000000000000000

0 13.4. DOO0OO0OO0OOODOOOOO

(i) (Cauchy, 1821)

(@ + -t anyn)’ <@+l Wi A+ +yn).

(Abx@mu)ﬁ>2gtlbxufdﬁébyafdt

0000000000000 v 0000*% (magnitude) O [jv]| = /(v[v) DO0000 |lav| = |of ||v|
(e K)DDDOODODODODOODOODODO (triangle inequality) |jv + w| < |jv|| + |lw| DOODOOOO
000 1000000000000 (unit vector) 0000000000000 v#0000000000
00 Lo 0 v0000 (normalization) 0000

[

(ii) (Bunakovsky 1859)

0 13.2. 0000000000000 O0O0O0O0O0O0O0O0OOOOOOOOODOODOOO0

000000000000 00000000000DO000D0DO0UODODOOO #A(0<e<m)O

(v|w)

coslt) = ———
[[v]] {lw]]

*103 0 0 0 Cauchy-Schwarz 00000000 Schwarz 000 00000000000000000000000CO00O0O00OO00N
gooooO0oO0oO0oO0oO0oO0O0OO0OOOoOoO00000O0OOO0OO0000000O0OOOOO0O0000O0O0OO0O00O0O0000O
Schwarz D00000000O

04 gppooooon (length)DOOO (norm) 0000000000000 O0O0DOODODOOOOOOODDOOOOOOOOOO
00000000000O0O0O0000O000O0mODDO0O000000000000000 jvOoOoooo
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0000000000000 000000DUO0UO00OOD(wWw)=00000000000O0O0O0O0O0OOD
0000000000000 cos¢ D000DDOODOOOOO (probability amplitude) 00000
000000000 SO0000vVooooo sto

St ={veV;(ww)=0 for all w € S}

000000000 Sc(SHtoooosSo000nD wWoooooow+o woooooO0O (orthogonal
complement) 0000 00000000000000 WnWt={0}00D00O0OO

WL

el

0 13.3. (1) St 00000000000 Sc(SHto0oDo0 wnwt={0}0o0000O0O

000000000000 eg,-+-,em 00 (ejlex) =0 (j #%) 00000000 (orthogonal system)O
000000 (ejlex) =6;, 0000000000 (orthonormal*% system) 0000000000000
0000000000000000000000000000000000000000000000000
0000 (orthonormal basis) 0000

000 ey, - ,e, 0000000000000 00000O0000000 er/|lexll, - ,em/|lem| OO
00OO00O0oO0O0o0O0

0 13.5.

() 000DO00DD00D0O00O000000O0000000000000d 4,7,k00000000

(i) K* 00000000000 {§;} 00000000000
(m)mnumummﬁzz%u@%wmé”%%n.£%WHMM)U:1,~JUDDDDDDDDDDD
(iv) 0O0 [0,27] 0000DO0D0D0000O000000000000000O0O0

{cos(nz)/\/m,sin(nx)/Vmin=1,2,...}
o000 1/V2x 00000000000 DOOO0ODOOO
0 13.4. (1) D000 (i), (vOODDDODDO

00000 e, ,e, 0000000000 ey,---,6, 0000000000000000000000
00 v=Y",)e; 000000000000

n

(exlv) = Ajlerle;) = M

Jj=1

*105 normal 000 0000000000000 00000000000O000000000000000000000000000
00000000000000000000000000000000 orthonormal 000000000000 O0O0O0O0OOO
000000000000000000000000000000DO0D0DO0OO0DO0O0D (orthounital) 000000000
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000000v=3Y",(ev)e; 0000000 v=00000 A =000000000ey, -, e, 000
000000000000000000

m m

(wv) :Zw|6] (ejlv) OOO (v|v) :Z| ejlv)|?

Jj=1 Jj=1

gooog

o0 e, --,e,, DO0O0ODO0 W CV ODOUOOOODODOODODDOODDQOOODUODOOD veVOooooo
v =v—) (elv)e; DOODDO (exlvr) = (exlv) — 3 2;(ejlv)(exle;) =0 (1 <k <m) 00000000
vy €W 00000000vd WODO00 Y (elv)e; 0 WHOODOD - 00000000000
0000000O0WNW-={0}0000000V=WeW+oooooo

00000doooooooooooooO vooooooooooooooooooooooooooo
o0oQ ey, ,e,, 00O0ODOW =Key +---+Ke,, 00000000000 0wgW ODODOOOOO
D0000#v, =v—Y (e|v)e; e WL ODOOD0 epgr =v /o] 00000€1, -, emyemer 000
0000ooooooooooooooovooooooooooooooooooooooooooooo
000000000000 Gram-Schmidt 0000 (Gram-Schmidt’ orthogonalization) 0000000
goobobob0oooooonboon v,ve,--- 0000000 O0OD0ODODO

(v1) C (v1,v2) C (v1,v2,v3) C -+

0o0o0o0o0ooooooboooboboonog e, eg,--- DD(vl,--o,vk> = (el,o--,ek> (k:1,2,-«-) oo
€r+1 U

Uk+1—(61|?1k+1)€1—"'—(€k|vk+1)€k
gooo0o0o0o0oobooooboooooooooobooa

Remark 14. 0O0O0DOO0D0DO0D0D0O00000 fi,f2,--- 00000000000 ex= f/llfe] 00000000
0000000000000000000000000000000

N (filvne)
fr41 = Vg1 — Ikl g
e 2 ilf)
0000000000000 oOooOOooOo*osy

00 13.6. OOO00O0OOO0OO vOooooooooooopoooDpooDoooDoOoDOoOoODOODODODOO
goobobobobooooobooboboboboooooooobooobo

00 13.7. 0000 VOOOOOO WODOODOODODDODODOD veVOOOOOv—weW+000 weW O
v0 WOODOOO (orthogonal*!%7 projection) 00 0O 0000000000000 OO0DDODOw € W
DDDDDDDDDDDDDDw—w':(U—w/)—(U—w)|:| wWnw+ooooooooo

*106 NopUO00000000000000000000000000000000000000000000000000
*107 ortho 0000000000000 0000O0D0000O0O00000D0O0O0O00000N00O0NO00n (gon) DO DDDOOOO
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wt
L4 v

>

wow

00 13.8 (0000). 0000 VOOOOOOOOO WOOOOOV=WeW+-00000000O0O
00000000V OOOOOO00000 WOOOOOOOOO0O00O0O0OveV O WOOOOO wOO
WOoOoooOoO0O e, - ,e, 00000

m

w=> (elv)e;

j=1

000000 (0O000)0000000000000
0 13.9. 0000000000000 WoooooWhHt=woooooo

Proof. v e (WH+ 000000 = (vifv) = (vifor) 00 vy =00000000v =73 (ejlv)e; € W OO
0o O

Remark 15. 0000000000000 OO0OOOOOOOOOOOOOOOOOOO (OO 11400000000
gobooooooooooOoooOooboOooOoOoOoOoOoOooOoOoOoOOoO0O0OOOO0OOOO0bOOO0O0OOODOOOOO00
goooooooboooooooboobooboooooooboboboooo

0 13.10. R° 000 vy =(1,1,1),v0 = %(1,0,0),v3 = £(0,1,1) 000 0000000000000000
ooo

0 13.11. RP°O00000O0O00OO0COOC0OOO00O0O00O0O0OOOO00O0O00000O000000000
000000000000 0R}® 000000000000000000000000000000000

0 13.5. (1) 0000 ¥1,-2,2) eR* 000000 W = {(z,y,2) eR¥z4+y+2=0} 0000000
000 W+ O0oOo0oOoOoooooooooo

0 13.12. 0000000000000 0000000000w#000000000000000 W =Kuw
00 veVODO00 oy =8 000000000v, =v—ovw €eW-00DOOOODO

(wlw)

|(v]w)[?

(vjv) = (vw|vw) + (vi|vy) > (vwlow) = (ww)

gobboooboobbooboobooobooboooboobooobooboobboobo

0 13.6. 0000000000 f=(f1,--,f,) 0 Gram-Schmidt 00 000000000000000
Oe= (e, --,e,) 00000e0 000000000 e !f, fle00000000000

0 13.7. () 00000000 (000)000000 13.200000000000 Cl00000L,¢,2,---
0 Gram-Schmidt 010 00000000000000000000000000000000000000
ooo
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0 13.8. 000000000 vy,...,0, 0000 det((v;lvg)) >000000y,...,, 000000000
00 det((v]vg)) >00000000000000000000vy,...,», 00000000 (parallelotope)
0100000 /det((v;]vr)) 0000000

VOODOOv0O0 WODOOO0OO0ODOOO00 P:vw Y (elv)e; 0 VOODOODODOOOO
00000000000000000000 (projection) 0100000000000000 P =3, e;)(ejl
00000000 (Dirac 0OD)®0000 W =V 00000OPO VOOOODOO I0DO0D0OO
I'=73%:lej)(e;| 0O0ODODODO (resolution of identity) D0 DO OO

0 13.13. C" 000000 ey, -+ ,6, 000000000 W =Cey+---+Ce, 000000000
eref+--+ene, 000000000000 O0C? 0000000 Ye/?cosh,e”/2sinf) 00O OO0
0000000000000000000000000*%(Euler’s formula) e = cost +isint 0000
e'?/2 cos 6 ; ; cos? 0 e’ cos 0 sin 0
, —ip/2 /2 gin 9) = 4
(ew/zsinf)) (e cost e sm@) e " cosfsinf sin? 0 ‘
0 13.14. R®* 000000000 W=(r—y+2:=0)0000000000000000000 Wt

000000000 (1,-1,2)000000000000000 (1,-1,2)//6 00000wW+ 000000

0o
1 1 -1 2
1 1
gl -1 =51 1 -2
2 2 -2 4

oooooooowoooooOooooooooooooooooooo

5 1 =2
% 1 5 2
-2 2 2

00 13.15 (0000). 0000 VOOOOOveV 000000000 WOOOOO Po=Y.(ev)e;
0000 Woww |p—w| 00000000000000000000000

000000000 o, 00000 y = f(2) = ¥, 0;f(x) 0000000 (k) (b =
1,---,n) 000000000000 0D0O000O0OO0OOO0O (the method of least squares) 00000

aggo
2

Do\ ww = Do i)
k J
gooooooooooooo aDDDDDDDDDDDDDDDt(y1,~-~,yn)D|:|[|D|:|D "ROOOO

oano

fi(z1)

W=>R :
j

f3()

*108000000000000000000000000 3 ;eef 0000000000000 0DDD0O000000000000
*109 0000000000000 00000000000000 +00000000000000000000000 Taylor 00
e =1+z+22/2+23/3/+..- 0 2=t 00000000000000
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obooodoooOoodooo0oOooooO0o0oOoooon oj000000000000000000000
000000 (00000000000 »0000000dimW =!00000000000000000
Gram-Schmidt 000 0000000000000 0UO0 o 00000000 OOOODOOOOOOOO
0oo

Sl =D aifilae) | filwr) =0 (i=1,---,1)

k i

UOe;0000000000000O00000C0O0O0O0O0ODOO0OO00OOO0 o;000000000000000
goboooboooooooooboboooobooo

0 13.9. f(z)=az+A00000000000000 o, 400000

00000000000000000000000000000000000000000000000
O000C=ab* (a,beC")DODOC#0 < a#0,b£0000000V=Ca+CbOOCOOOODO
ooovic{b}t=kerCO COODOODODODO

(i) dmV =100000C0O VOOOODOOODODOOOOOD

(i) dimV =2 00000000 {e,b} 00D00OO0DO0O0O0O0Ob, « D00D0ODOOODDOODOD VOO
000000 eg,e O0ODO0OODDOO C*"O0O0D0DO0OO0DOOOODOOOOEe = (e1,...,e,) 0000
(e3,...,6n) 0 Vi 0O000DO00DO00DO00000000000000ey =i 0000e; O

o]
(bla),
(b]b)
00000000000000000Ce; =0, Cez = ||blla 0000 (e2|Ces) = (bla) DO DD OO
00000000 Voo coo

a— (ez|la)es = a —

(Cey,Ceg) = (e1,¢€2) (8 (b?a))

0oooooo
0000D00(@O|e)#00000(je)000000000000000

f=(e1,e2) ((b?@) = aey + (bla)es

000000C 0000 (e, f es,...,e,) 00000000000
(bla)=000000C 000000000 000e; =(1/[lal)e00000000Ce; = (||bl/]|al)er

gooooooogg
0 b
(Cer,Cez) = (e1,€2) <0 I |(/)||a||>

gooocdooooooooo

14 0DOODOOOO

boooobooooboooooboooooboooooboooooboooooboooooobooooooDooboo
goboooboooobooooooooobooooboooooooooooooooooooooboOoon
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000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000000000000000000000

00000000000 ¢:V—-WO0O0O0mMmooO ¢:W —V0OQuw|gv) = (pw|v) (veV,we W)
0000000¢00000000*%hermitian conjugate) 1000 =¢* 0000000000000
000000000000 0000% 0 ¢ 00000000000000000 (Ywlv) = (w|év) = (pwv)
00000 veVOOODOOOODOO0=®w—vwv)d v=¢w—pwd0000y%w=pw (we W)O

0 14.1. 00gboooobobooooboooobobobooobobooboobobDobbOoDbOoo
0000o0o0ooDooDo0O0000O0000000000000AEM,,,,(C)0veChweC"OOOOO

(w|Av) = w* Av = (A*w)*v = (A w|v).

0000000D0000000000D000000000000000000000000000000
ooo
(py)" =v"p", (") =9
0000¢00000000000000000000¢* 000000 (¢ Y)*=(¢*)"' 000000
00 14.2. 00000000 VOOOOOO WOOOOOO ¢000000000000

Proof. VODOOOODDO {e1,---,e, 000000000000 o:W =V 0O ow)=>(P(er)|w)ex O
goood

(pw)lv) = 3 (wls(en)(exlo) = (wlo (3 enterln))) = (wlo(w)).
O

0 143. v €V OOOOOC> A= eV I00000D000D0000000 v*:V -CO0
v v = () e COODOO000O0vw = (vjw) O000wv* : V -V O0O00000 V3V —
wv)= (v )w eV 0ODOO00000000 |w)(v|]DDO0O0O0O0D0ODOO*D

000000000 C*"000000 VOOOooooo vroO a=(ay, -+ ,a,) 00000000a0

oooooono e*:V—-Ct0O0
aj (a1]v)
a = : TV :
ap, (an|v)

gobooooood
0 14.1 (*). DO00DOOOOOOOODOOD CODOUOOOLODOOOODOODODOODOODOOO

00 14.4. 0000000000000000 ¢:V — W 00 (¢(0)|o()) = (v|v') (v,v' € V) DDOD
000000000 (unitary*2 map) 00000000000000000000000OOOOOO0OO
000000000000 000D0000D0O0 (isometrically isomorphic) 000000

1000000 (adjoint) 0000000000000 00000000000O00OO0000O0OOOOjoined to 000
*111 Dirac notation 000 OJ00000 Gibbs O dyad 00000000 Grassmann D00000000000000000
*112 ypit 00000000000 0000000000000000000000000000000000000000000
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00 14.5. 0000000000000000 ¢:V—-WOOD0DO00O0O0ODDO0O000000000000
p*=9¢ ' 000000

00 14.6. 000000000 O00ODOOOOODOOOO ¢:V>WOOOODOOOOODO

() 0000000000
(i) VODOOOOODO ey, ,e, O ¢ler), - ,d(e,) D WOOODDOOOOODOOOODOOOO
(i) V0000000000 e, ,e, 00000¢(eq),--,¢(ep) D WODOOODOODOOD

0 147. 0000000000000 O0O0O0O0O0O0O0O0O0O0O0O0OOOOOOOOOOOOOOO0O0
0 14.2. () 000000000 O0ODOOOO0ODOOOOOOOOOODOOOOOOOOOOOODOO

0 14.8. 0000 VOoOODOODO (er,---,e,) 00000000 @:C" -V OOO0O0O ®0;) =e;
(1<j<n)000000000DO0000ODOS; 0 C"OO000DDOOO0OODDOOOOODDOOOO0
gobooooo

000000000 ¢: V-V OOOooo AD

el el ejer ... ejey

(¢€1,...,¢€n): : (ela"'ven)A: :InA:A

%

*

en

00ooooooooog*sg
00 14.9 (D000 polarization identity). 00000000000 OO
4(wlv) = (v +wv +w) — (v — wlv — w)

gobooobooooboooooon

3
4(wlv) = Z i* (v + i*wlv 4 i*w)
k=0

gooooo

Proof. 00OO0DOODOODO 2ww)+2w)=@w+wr+w)— (v—wjv—w)JD0OOO

3
Z i* (v + iFwlv + iFw) = 2(v|w) + 2(w|v) + 2i((v]iw) + (iw|v)) = 4(w|v).
k=0

O

0 14.10. 0000 VOOOOOO WOOOOOO ¢000000000 veV O |¢@)| = v 00
00 (¢p(v)|é() = (vlv') (v,v' €V)DDDOODOO

*1130000000000000000000000000000000000000000
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Remark 16. 00000000 VOOOOOOOO v,weV 0000 [p,w] 00000000000 0000000
00wO000000000000000 (sesquilinear form™'*) 0000000000 [v,w] = [w,0] 0000000
000000 (hermitian form) 0000000000000 00000000000000000000000O0O0O0OO
0o0o0oooooo pwleR(weV)ODOOODOOOOODOOODO

00 14.11. O0O0O0O0O0O0O0O VOOODOOOOO o 0000O00OO0OOOO

() 0000 veV O (o)) =[]
(i) 0000 v,w eV O (o(v)|p(w)) = (v|w).
(iii) &

)

(iv QSDDDDDDDDDDDDDDDDDD

Proof. (i) <= (i) 000 (i) <= (ili) «= (iv) 0000000000 (G) 000000060 VODOOO
0000 VOOO0O0O00O000V 000000000000000000000000 (v)0000 O

000000000000000000000000000000 (orthogonal*!*® transformation)d O
0000000000000 000 (unitary transformation) 000000000000 0000O0O00O—
0000000000000000000 T =1, U*U=1000000000000R*" 000 C*O
00000000000000000000000000000000000000

0000000000000 000000000000D0ODDO00 VOoOoDoooooooo
e=(e1,--,en), f=(f1,-,f,) 00000

e
fe=(fi, fu) | ¢+ | = frel - faey

*

en

0OVOoOoooOoOooo ¢0000000¢0O00ODOO

fier ... fies (filer) - (filen)
fre=1 + : = : :
foer ... fren (fnler) o (fulen)

0000000000000 00000000000(f*e)*(f*e) =e*fffe=e*e=1000000000
ooboooooond

014.3. 0000000000000O0O0O0O0O0O0O0O0OOOOOOOOOOO
0 144. 0000000000000000 10000000000000000000 £1 0000

0 14.,5. 00000000 TOOODOO0O 7=det(7)000D00O0ODO
o000 00 'T(rl, —T) = -7, — T)O

0 14.12.

4 gesqui= 14+ 1/2 00000000000000000000000000000000000000000000000
*115 0000 orthonormal 00 0000000000000 O0OODOOOOOO
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() 00 a,8,7,6 00000
€' cos 6 —e~siné
e~ Pginh e iatht) cogh
000000000000 a=8=y=00000000000 (§16DD)DDDD
(i) n0000 0= (6(j))1<jcn 00O0D0O0DD

T = (es1); " s€o(n)) = (0j,0(k)) 1<), k<n

0000000000000000*1%cyclic permutation) o = (2,3,...,n,1) 0000

0 ... 0 1
| ()
T:
0
0 1 0

00000000000O0000
0 14.6. 00000000000000O0000O0O00OO
0 14.7. 0000 700 T% (k=2,3,...,n) 0000000000

T*=T7T 000000 (00)00000000000000 (symmetric operator/matrix)0 0000 O
000000000000 (hermitian operator/matrix) 00000000 T*T=TT* 000000000
00000 (normal operator/matrix)* "0 000000000000 —000000000000000O0
0000000000000

Remark 17.
(i) gooooobooobooobooooobooooooooooooo oo oo oooooooooDooooon

ooooooooo
(i) DO0D0D0OD0O0O0O0O0O0OO0OO00O0O0OOOOO0O0O0O0O0000000000000000000000000
0 14.8. 0000000 UDOOO0OOD I000000000000O00OUOO0OO0O0 273 000

ooo

0 14.13.

() DOoooDOooOOoooooOoo
a1 bl C
bl CLQ b2
¢ by as
0000, 0000000000000
(i) 0000000000000 000D0O0O0DDO0D0O0O0Pauli DOODOOO

(01 (0 —i (1 0
91=\1 0) 27\ o) 27\ o 41

ooooo L,OoOooO0oO0O0oOoOoOoOooOoOoOOooOoOoOoOoooOoooooooooooo

16 QD000 D00000000D0000D000000000D0000O0O0
117 QgpOo000000000000000000000000000000000000
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0 14.9. () 0000000000000 000000000000000000
0 14.10. 0000 @ = (a1,0a2,a3) €eR* 000000 - d = a101 + ag09 +asos 10000
— — —
(c-d)o-b)=(a|b)y+ioc-(d x b).

00 14.14. 0000 V OOODOOO0OOODOOD EOO0ODOODOO0OODOOOOOOO E2=E=FE*)00
oooooooo0o0ooo0 FO0OOOOFRFOOOOO W=EVOOOODOOOOO

Proof VOOOOOD EOQ VOOODO V=EVa(-EVOIDODOODODODE*=E < EV 1
(I-E)V 00000000 (Ev/(I - E)w) = (|(E*—E*E)w) 0000000 E*=E*E00000D
0000000 E2=FE000000 E*=E0000000000000 O

0 14.15. 0000 C*00000000000000000000000000000000000000
000000000000000000000000000000000000000C(})=c(¥,") 00
00000000 weC=CU{o0c} 000000000000000O000O0

1 1w
E=—"_
v (o o)

00000weCOOO0D0ODOO0DOO0OOODOOODOOODOOODOOD E~L—-EO0O0DOOODOO
z——1l/w000000000O0O0
oooooooo0ooo FOOOO

L f1+z -y
r+iy 11—z

R
2 >7 m’y7ze

0000000000000000000000 E2=E0000000 2244y2+22=1000000C
00000000000000000000000CO000000000000000 (0,0,+1) 00000
w=0,0000000000

0 14.11. FO0ODOOCO0OODOOODOOOO

0 14.12. 0000 V=We.---V, 0000000000000O000000OOOOOOOOOO E;
oobooooooooon

o0 14.16.

() 000000 (D00D00D00)00000000
(i) 0000000 (00D00D000)000000000 100000

Proof. 000000000000 Av=XM00000A*=A00000A(v|v) = (v|dAv) = (A*v|v) =
(Avjv) = A(vjv) DO O X = A
A*=A"'00000Aw=4v000000X(v|v) = (Avjv) = (v|]A™ ) = $(vjo) OO0 =1. O

cos)  sinf cosf) —sind
sinf —cosf )’ sinf  cosf

0 14.13. (4) 0D

gobooooood
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00 14.17 (Schur). 00 0000000000000 0O0O000*M (triangular matriz) 000000
ogo

Proof 000000 n00000000000D00000 n—1000000000000000000
000000 000 ADDOODODADOOD 000000000 @ 000000%W, =1/||7|| 00
0oooooo (¥y,...,d,) 0000000

A(ﬁl,...,ﬁn)=(71’-~-v7n)(g ;)

oo0oooooooo000oon0 BoO0O0O0O0On—-100000000000000000 BOOOOOO
ooooooooooo0 n—-100000000 TOOT*BTOOOOO n—-100000000000
gobooooboobooobobooo nOO0OOOOOOOO

U:(ﬁl,...77n) ((1) ’2)

0o0oooguUu*AU 0oooooooooooogg O

00 14.18 (Schur-Toeplitz). 000000000 0D0O0OOOOO0OOOOODOOOOOOOOOOOOD
gooo

Proof 00000000 O0O0OUOOUOUOOOODOOUOOUOOD ADDDOUODODOOUOODOOOOO
U*AU 000000000000 oooooo
ooboooooo BOOOOO

BB*=B*B «— BOOOOO

ggboboooboobooobooboobbooboobbooboo U

Remark 18. 0000000 D0ODO0O0OO0O0DOOOOOODODOOOOOOODOOOOOOOOOOOOOODODOOO
00000000000 00000000000000000D0000000000D0 COO0O0O

0 14.14. O00O0ODODOODOO U,VOO U4+ VOOODOoOOoOoooooooDooooooooo
IZI14.15.DDDDDDDDDDDDDDDDDDB:ODDDDDDDDA,CDDDDDDDDD

A B

0 ¢/
o000 0O UL UoooOoO 10,800
gopooooogogog

00 14.19. 0000 AQDOOOO

(1) AZ =\7 0000A*7 =X7 0000
(i) AZ =\7, Ay =puy A\£p) 000000070 ¥ 0OOOOO0O

*118 ODOo000D00000000000000000000000000000 00000000
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Proof. (i) 0O
0=((A=ADZT|(A-X)T) = (4" = X)Z|(4* = X]) D)

O0000MO0o00oOoOoOoAA*=A*AD000m

(i)0 () 000000
w@Y) = (F|AY) = (A ZY) = N(Z|Y)
oooo O

0 14.16. 0000 AODOO AOUODODOOO0vO0OO0O0O0O00O0O0O00O0 Cv+CoO0ADOO A0
goboooobooooooOooooboOooobooOoOoooOooOooono

gogboooooboooboo

oobod bOooobooooooooo
ooboo bOoooooooobooobooooDbo
gobod obOoooooooobobodoobobooobooooOooOocOoOobOoOooboOoOobooOoOoOoooog

gogooboooboooobooobbooobooobooobooobboobboobboobboon
goobobobooooooboboboboboooooobobOobobooooon

0 14.20.
() D0ODO0(§1600)00000

cosf —sinf 1 sio (1
] =e e
sinf  cosf +i +i

(i) 0000000000000 0O0O0ODOU00OO0ODUOLDODUODOODODUODOD

Tn Z1
X1 T
X1 i) &
Tl :|=X| | <= . =AM .| = =T, =1
Tp Tp '
Tn—1 Tn

(i) ADDDDODOODODOOOODOOOOOOOOO

i) I
1+ T3 To
: =Al = xjtrip = A2 <) <n— 1)1 = Ary, T = Axp
Tn—2 + Tn Tp—1
Tn—1 Tn

O000000000 @p_q +2py1 = Az (k> 1) 00000 20=000000000000
T,.1=000000000000000 ?-M+1=0000 ¢*'00000A=q+¢ ' 0000
r,=q¢"—q¢*(1<k<n)000000000000¢*"2=1000000000q =mil/(n+1)

(1<1<n)0D000 A=2cos;Z; 0000000000000 a3/2 =sin 2% (1 <k<n)0O
ooo

0 14.17. () O0O00O0OOO0ODOOOODOOOOODOOO
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oboooooooooOoocooboooobooOooooocOoOoDOoOoOooboboOoOoonon
00 14.21. 00000000O0O0O0O0OOOOOOOOO
0 14.18. DOoOOooDOOO0oOOoOoOooOOOoOooOoOOoOooooOooon

0 14.19. 00000

(005(29) sin(20) )
sin(26) — cos(260)

goboooboooobooboooo

00000 ADDDOODODOODODO {;} 0000000 V,, 000000 E;000001y =Y, E;
000000000A=),0,;E;000000000 A0DDOOOOOO " (spectral decomposition) 0
0000000000000000000000000000000000000000000000000
0000000

00000000000000000000000000000000000000000000000
O000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000

00 14.22. 0000 vOOOOOOOOO HOOOOOOoOoOooOooOOoOooOOoOoOooooooo veVv
0000 (v/Hv)y OOODODODOOODOODOOOODODOOOH ODOOODODOOODODOOOOODOO

max{(v|Hv);v € V,|v| =1}, min{(v|Hv);v € V, |v| =1}
gooogo
00 14.23. 00000000 VODOODOOO HOOOOO(i)-(iii) 00000000 (iv)—(vi) 0000

() 000D veV ODOO (v[Hv)>00000

(i) H=A*AD00000 VOOODODOODOOD ADOOOOO

(ii) H0ODOOOODOOOODOO0000000000

(iv) 0000 0£veV 0000 (v/Hv)>00000

(vy H=A*AO0O0OD00D0 VOOOOOOOOO AD0DOODOODOOOOO
(vij HOODOODOODOOOOOOO0O0O0o0oO

00000000000000000000000*2%positive semidefinite) 00000000000
(positive) 00 0000000000000 00000000D0OO00DOO (positive definite) 0000

0 14.24. 0000000 C"O0O0000 nO000O0OO0OO0O0OOOODOOOOOOOOOOOOOO R™
gobobodnbOO0O0OQ0O0OOO0ODOODOODDOOO

11900000 spectrum 00000000000000000000000000000000O0OO0O000OO00O0O0000000
go0ooo0oooO0o0oO0o0boO0o0OO0OO00O0O00b0O00O0O0O0O0O00CO0OOO0O0OO0OOO0OO0COO0OODOO0OO0O000
120 OO0 D0000000000000000000000000000000000000000 (non-negative) 00000
000ooooooooooooooooooooooooooooooooooooooooonoonooooooooooooo

oo0ooo0o00o0o000000000000000000DO00O0O00O000C0OO0OOO00O000O0
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15 DOo0obOoobooo

00 z,...,2, 00000
Q)= > aywz,0

1<ij<n
0 2= (21,...,7,) 00000 (quadratic form) 0000000000000 A = (a;) 00000
a; =a; 0O0O00000O00O00O00OOO
x1
Q(x) ='vAz, z=

LTn

0000000000000 00DO0000DU0O0OOOn (real quadratic form) 0000
0 15.1.

a(@®+y* +2°) + 2@y +yz+zz)=(z y z)

)
—Q =
Q==
NS

0 15.1. 0000
Q(z,y,2z) = 2V3xy — 2yz + 327

gobooooood

gogoooboobbooooooobobboooobbbobooooobbbooobobbbboooLobbDbOo
gooboboboboooooobooboboboboooo

r=Ty < y=T"'x

000000000000000000
Q(x) ="y'TATy

0000000000 AOO0'TATOD000000000ADDODOOOOOOOTAT 000000000
00000000000000TAT0000000000000000000 TO000000000000

00 15.2. 0000000000 Q) 000000000 TOOODODOOOODOOO =Ty 00000

n
Qa) = ajy;
j=1
goooDoooo{e,;} 000D0O000OODODOO
Proof. O0OO0OOOOO0'T=T"100000000 1421 000000000000000 O
0 15.3. 0000 Q) 00000 AD 0OODQOUODOOOD (DODOOUODDOO)OOO

) ADDDDDOD000000000000000 (positive definite) 1000 0Q(z) 0 z € R* 00
(i) p

00000000
Q(z) > afz?

oobobobodobbeO0OOOO0O0O0O0
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(i) ADDODODOODOOO0ODO0000O000000 (negative definite) 10000Q(x) 0 € R* 0D

D0000000
Q(z) < Blzf?

000000000 00000000
(iii) 000D00D000Q(z) 0 xeR" 0000000000002 (saddle point) 0000

0 15.4. Q(z,y,2) = a2 +y* +22)+ 2y +yz+20) 0000000000000 00000D0DOOO
00000000D000000000000000000000000000
A—a)z=y+=z

= ((A—ay=z+rz=N—-a+l)z=A—-a+1l)y=A—a+1)z
A=—a)z=z+y

A

SRS
|
>

SIS

00 A=e¢-1000000000000 V,10 2+y+2=0000000000000000
00M#¢-1000000000000000000z=y=20000000A=a+4+20000
Vay2 =Rf(1,1,1) 0000000000(1,1,1) 00000 Z00O0O000000 X,YOOOOD

a(@®+y* +2°) + 2@y +yz+z23) = (a— 1)(X*+Y?) + (a +2)2?

00000000000000000000000 QU0e=1000 ¢=-20000000000Q0

0000000 (e>1)0000 (a<-2)000 (-2<a<1)00000000000
0000D0000000000000000000000000000 ¢1,-1,0) € V,_, 00000

Y(x,y,2) € Vo_1 0 %(1,1,-2) 00 000000000000 000000000000000000000

0o0ooooooon
1/vV2  1/V/6 1/V3
T=|-1/v/2 1/V6 1/V3

0 —2/v/6 1/V3
oooooo
a—1 0 0
'TAT=1 0 a—-1 0
0 0 a+2

gogooooobogd
0 15.2. 00o00oooooooobobobobobooooooooobo
gbooboboboooooooboboboboooooooo

00 15.5 (Gaussian Integral). 00000 Q(z) DOO0DOOOOODOO

n/2
/ e QW) gy = T .
" det(A)
0 15.3. 0000
/3 e*w2*y2722+xy+yzdxdydz

goooooo

*121 0ooDo000000000000000000000000000000000000000000000000000
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16 OOODDODOOOOOOO

uoodoooooodo oOOO0OO0OOO0OOOOCOOOCOOOOODOOOOOOOODOODOOODOOO
go0ooooo0o0oooooO0oOoooo20000000000000000000000O0O0C0O00O00O0OO
gobodooboooobooooooooobooooboooooooooooooooooooooboOoon
000000000000 0000000000000 0000000*22000000000000000
0000000000000 00DO0O000OO0OD0oo0o0O (x,y), (¢/,y)0000000O0O0O0ODOOOODODO

2\ fa b\ [z L (3

y) \e d) \y t
0000000«,¢y' 0 2,y 0000000000000000O0O0O0OO0O0OOOOOOOOOOOOO0O
0000000000000 oo0000000000ooooooooo00o0000o0o0g ad—>bc+#0

0000000000000 00000000D00O00000D0D0OD0OO0O0 laed—belO0OOOOOODO
gobooooooooo

0 16.1. 000000000 C={(z,y);z/|<y} 0 COO00D0D000000D000

0 16.2. Z° = {!(x,y);2,y 000 } 00000000000000000C Z°000 2200000000
00000000000

0 16.3. 000000 0O0ODODODOOOOODOOOODODODOODDOUODzODO0ODODODOODODOOODOO
gooogoo

00000000000000000*2¥00000000000000000000000000000
gooooooooooooooooooooooooooboooooOooboboboD 1411000000
goboooooooooooobbooooooooooooDo

gooo
0000000 TOOR?>0000000 e,fO00000T=(,f)0000000e00OOOOOD

gooog
o cosf
~ \sin®

0000o0oooUo foooooOooOoOoOOoOOO
—sinf
i(cosé))

cosf) —sinf
TZ(sinH c050>

ggooogon

*122 000 affine J000000000000000000 affinis (ad+finis) 0000000 Daffinis 0000 (000)000
00000MO000000000000000linear 0000000000000000000000000000 linear =0
D0O00affine=0000000000000MO000000000 affine J00000000000000

123 QOO0 0000000000000000000000000000000000000000
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oooooooOo0oooooOo0o0D fO0O0OOOO0O0DOOOOO0 fOOODOOOO0O ROODDODDOOOR
000000000000 000000O0O000000000000 r>00000 0 rR(v)DOODO
gobooobooooooooobOocOoOooboocOoobooooooooo

R- 1 . cosf 0 . —sinf
“\0 sinf )’ 1 cos 0
Oo00o0o07T0O ROODOOOO

0 16.4. 0000000 ODOODOOOODOOOOODOOOOg

T_ cosf  sinf

~ \sinf —cos@
Oo00oooooooo 122000000000 y:xtan(e/Q)DDDDDDDDDDDDDDDDDDDD
0000000000 £x10000000000000000

(). (o)
good

00000000000 0000DO0U00O0O0OU0D(2,y) DODODODODODDOOOODOODOOOOOOD
0 («/,y/) 0000000000000 DO0O0DO0OD0O0ODO0OODOOODOODOO0ODOD0 (2 —2,¥ —v)
gobooooooooood

oo

yt+y ozt
D)

5 tan(6/2), (x —2')cos(0/2) + (y —y')sin(0/2) = 0.

000 2,y 00000000
2’ =xcosh+ysinh, y =xsinf —ycosh
goooooTooooog

0 16.5. 00 y=ctan(f/2) DO OOD0OO0O00000OO0 T, 0000000000000000 T,T, 00
ooboooooogoo

0000000000000 0DO00 TOODO0O0O0O0OO0OTODOOOO ft)=dettI—T)0 tO
0000000 100000000000Ylim;,+00 f(t)=4co 000000000000 OOOODOOOO
f@)=0000000000000O00ODODOOODOODODO veR*0O000 Tw=tv0O00O0O00OT
0000000000000 000DOK¢=100000000000000k=v/jp|000DOO0O0ODO
¢,7, k0000000000000 T0OO0O0O0O0OO0OOTOODOOO

S 0
=)
o00ooo0oo0oo0oorooo0oo0oUo0o0o0oUO0oUoO0On SoooooooUoOoooo
oobooooooo

*124 0p0oDo0000000000000000000000000000000000
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(i) t=1,S000000000000 TOOOOOD kOODODDOODODO

(i) t=1,S0000000000000000O0O0O0ODOD jOODODOODOTODOODOO ¢00DO
cooooooboooboooo

(i) t=-1,S0000000000 kO00D0OO0O0OO0ODOUOODOODKOODOOOODOOODOOOO
oooooooboooom

(ivyt=-1,S00000000000000000D000O0O0OD 7 00O0OODOO

0000000000000 00det(T)=+1000000000000000000O000OOO

R
D16.6.[|14.5[|DT:< gobooboboobobooboobboobooboo

0 det(T))

gooogoog

obooocooooooobobocooooocOoOooboocOooooOobocOooOooOoooDOOoOoOoboOoOoOoOoobooOo
gooooooooooogoooooooooooooo0 rogooo togooooooooooooo

oooooogo
b:o+r—o+Tr+t

000000000 o000 o OODOO0OOOOOOo0+7r=0+7'
o+r'—=o+Tr+t=0+Tr' +(T—1)(0 —o)+t
gooboboboboooooooboobobobob 0o
t'=(T-1)(d—0)+t

gooogoo

() TOODOODD0O0O000det(R—1)=(cosf—1)2+sin*0>00000000 0 ¢ =000000
000000000000000¢0000000000000000

(i) 7000000000000 -T7)/20000000000000000000000000000
0¢+00000000000000000000000000000000000000000000
00000000000000000000000000000000 (glide reflection) 0000

(i) 70000000000 T-100000000000000000000000000OO000O00
00000000000 o 000000000 (Chasles™ 000) 00000000000 (screw
displacement*26) 000 O

(iv) 70000000 -$000000000000000000D000D0DOO0DOOOOOOOO0
000000 (000)0000

016.7. 00 0000000000000 O0ODDOOOOOOOO0OO0OODODOOOOOO detT=1000
gooo

Remark 19. 000000000000 000000000000O0O0O0ODDO0000000000000O000
(R,t)00000 SOO(R,t)S=S(R,—t) 00000000000

*125 Michel Chaslet (1793-1880) 0000 OO0 00 O Chaslet 0000 shall 000000000
*126 gerew drive 000000000000
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Remark 20. 000000000000 O0OD0ODO0O0OO0O0ODOOOOOOODODOOOOODODOOOOOOODODOOO
oooooooboooooooooOobocOo0oOooooOoOoOoOO0OoOoOoOoOoOOOO0OOoOoooOoOOnOO

pooooooooooobooooobooooobooooobobooooOobOooooOobOoOoOoObOObObObOOODbODbOo
goboooooooooooooboooooboooooboooobooooooooooooo0ooooOooooogn
goooooooooooooooooooboOooooOooOoOoOoOOoOoO0oOoOObOOoOoOoObOOOOObOOObOObOnO
ooo
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OOA O00O00

0000000000000 0000000000000000000000000000000000
00000000D00000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
0000000000000 00000000 global 0000000 O000O0DO universal 0000000
000000000000000D000000000000000000000000'? 00000000
000000000000 000000000000000000*20

0000000000000 00000000000000000000000D00000000000
0000000000000000000000000000000000000000000000000
00000000000000000

000000000000 0Menge (000000000000)Densemble (000000000)0set
(000D00DO00D0)00000000000000000000000000000000000000
00000000000000000000000MO0000000000000000000000 map
(0 0), application (00O 00), Abbildung (000D0)0000000000000000000000O0O
000000000000 000000000000000000000000000000000000

od set googd o map ogono
0000 | element oo 0000 | identity map | O0OOOO
0oo0 | subset opooooo oo composition ood

? supset oooooo O image ooooo
gooo empty set oooooo od inverse image | 00000
O00O0 | universalset | OO0O0O0OO ood inverse map opoooo
gog complement god go injection gooooo
gog difference set | 00O go surjection goooogo
0000 | union oogd ood bijection opooooo
0000 | intersection ooo ooo domain ooo
ggno product set gooogn ggd range ogono

0000000000000000000000000000000000000000000 ADOO
0000Uoo0ooUoooo0o AOoooooo

000000 A, BO AODODUDOOO BOOOOOODOODAQO BOOODODOOBO AOOOOOOO
O00AcCcBOOOO BOAODOODOOOOODODOO

AUB={cce ADOO ce B}, AnB={¢gce ADDO ce B},
O0000D0DA0O BOOOUOODOOOUOODODOODODODAUDD BOOOOOOOO

A\B={a€ A;a ¢ B}

*127 https://researchmap.jp/read0168181/-Cheap-Learning/
*12800D0O000000000000000000000000000000000000000000000000
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O000D0AD BOOODOOOO

000000 A, BOOOOOADOOD «0 BOO bOOO (e,b) 0000000000000000
00000000000AxBOODODOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
000 A,B,CO000000 AxBx(COOOOOOOOOODOOOODOOOOOOO0O AQDOOOO
Ax---xA=A"00000O

000000 A, BOOOOODADOO 0 BOO bOOOO00O00ODOD0O000000O0OOO0O00O00 A4
00 BOOOOOOOOOOOOf:A—B,a—b=f(a) 0000000000A00000 fO000O
0MBOOO0O0 f0000000O0O0OOOOOOO0O0O0 ADODOD BOOOOOOOOOOOOO
0000000 BAOOOOOOO0O00

AO0O0 A0DDODOOOOf(e)=e¢000000000000000007,000000000000
f:A->B,g:B—»(CO0000000000000a— ¢g(f(e)) 000000 AODO COOOOOO f
0 ¢y0000000ygofO00000000O00000D o0000000000gf 0000000000
00000000000000000000

000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
000000000000000000000000000000000000 f:A—BOOOOOBO
0b0 ADD eD b=f(¢) 0000000000000 0000O00OOBOD ADODDOODOOOOOOO
000000000000/ 000000000000000000000000000000000000

000 f:A—»BOOOOO A'CA, B cBOOOOO

flAT={f(d');a' € A}, f7[B]={a€ A f(a) € B}

000000A 000000B 000000000

000000000000000000000000000000000000000000D000000
00000000D00000000000000000000000000000000000000000
ooooo*2og

OO0OB DOODOO

0000 Vandermonde 0000000000000 O0O0O0O0OOOOO0ODOOOOOOODOOOOO nOO
0 ay,...,a, 0000000000000OOO0 nOO0O by,...,0, 00000n—-10000000 P(x)
0O Pla;))=b; 1<i<n)0000000000O000OOCOOODOOOOODOOO

D000P(x)=co+c1x+ - +c,12" 1 00000000 (P(ai) =bi)i<i<n O

1 aq N a?_l Co bl
1 Qnp az—l Cn—1 bn
goooooooa
1 a1 a1_1
Afa) =t t =11t —a) #0
1 a, ar—! i<j

*129 QpOoOO0O0D 0000000000(0D000)000000000000000000000
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000o0oooooDoooooo0 (ae<icn—1 D0000000000D0O0DO00OO
gobooooooooobo

Px) 1 x ... a"!
b1 1 a; ... a?_l
bn, 1 a, ... a:’l_l

Pla;)) 1 a; ... a' ' |P(a;)—b 0 0 0
b1 1 al . a?_l b1 1 a1 RPN a?_l
0= . . L= ) . .| = Aa)(P(a;) — b;)
b 1 ap, ... a! by, 1 a, ... a'!

00 Ple;)=b;0000000000000(b,)= (4, 0000 Pz)D P(z) 00000000000
0oooooo

1 a1 alf1
P(z) 1 2 ... 2! )

by 1 a; ... a?_l B :

0= . . . | =P(x)A@) -1 z ... 2m!

bn, 1 ap, ... a’!

1 a, aﬁfl

gooogo

A(ar, Ty a,) (= ar) (2= 1) (@ — i) - (- ag)
Pi(z) = = :
Alay, ... a5, an) (@ —a1) - (a; —a;—1)(a; — aip1) -+ (a; — an)

000000P(z)0 n—1000000000P(a;)=46,, 0000000000000 (P,)1<i<n 000
00000000000000Waring-Lagrange 10000000000000000000000000

P(z) =) bPi(x)
i=1

gooogoog
000nO0000O D(@)=(z—a1) - (x—a,) 00000 D'(z) 00000 Waring-Lagrange 0 0 O
D(z)
Pi =
) = D)@ — )
gooogoog

00020000 f(z) 0000 b =f(e;) 0000000000 Pp(z) 0000000 f+ Py(a) O
000000P;(z)0 f(x) 0 D(x) 00000000000000000000000000 f(z)— Py(z)
0 D(z) 0000000

000f(x) 0 n—100000000Pf(z)=f(z) D000 f(z)=2"000000P¢(x)=2"—D(x)
gooo

ooC OoOOooo

000000000000 00000000 z=2z+4 000000 (z,y)=(rcosf,rsind) 0000
O r(cosf+isinf) 0 0000 (polar form) 0000000000000 ODO0ODO r=12/00000

88



00000000000 cosf+4singd 0000000000000 00000O0O0OO0O0OO0OOO0OOO0O

¢ 00D0000000000000000000 %% =¢+9) 0OOOoOoDO000D0000Oonon

00000000000000e =e%# =e*(cosf+isind) 0O0DODO
0000000000000000000000000000000000000

00 C1. 00000000 f(z) =2"+az"' 4+ +¢ 00000 (,...,6 0000 f(z) =
(z—G)-+(2—¢) 000000000

Proof. (i) 0000O0D0DD0 f(2) 00000 f(¢)=0000000 ¢0000000]|f(z)|0 2000
00000 limp, e |f(2)| =00 00000000(f(2)| 00000000 (000000 f(2)0 2¢O

DO0O00000
@) =fot+ filz = Q'+ fin(z = QO+ + fulz = Q" fi #0

000000 fob#000000|z—¢|00000002—¢000000000000|f(2)|<|fo]000
00|fo|=1|f(¢)|0000000000000000f(¢)=00000
()00 f(2)0 z—¢ 0000000000000 () 00000000000000000 O

OOD O0OOoood

00*3% » 00000000000 00000 Clz]00000000D0OC[z] 00000000 CO
0000000000000000000000z000000000000000000 nO00O00OO
0ooooooooooogd M,,(C) O M,(C)DOOODDOOM,(C)0ODO0O00oDOoOoooog Cco
00000000000000000000000000000000000000000 CO000000
(matrix algebra) 00 00O

000n00D0D0000 ADDDDDOOx0000 f(o)=fo+fizt -+ frz* 00000n 00000

foln + LA+ + fr A

0 f(A) 000000000000 Clz]a fe f(A)eM,(C)DO00DDO0DODOOD ADDOODODO
00000000000000000

0000 M,(C)DO »2000000001,,A4,4%,... 000000000000000000f(A)=0
00D 0+# f(z) eClz)] 0000000000 DOODODOOO0000000 m>10000000 g(z)O
O00f(zx) eClz]0 g(zx) DODODODOOODO f(z) =gq(x)g(z) +p(x) (degp<m) D ADDDDODOOO
f(A)=p(A) 000000 f(A)=0000 p(A)=000000000000p(z)£000000m0O0
000000000000000p(z)=0000000000000000f(4A)=0000000 f(z)0O
000 ¢g(zx) 0000000000 ¢g(x) 00000000000000002™ 0000 1000000 A
000000 (minimal polynomial) 0000

00 D.1 (Hamilton-Cayley-Frobenius*!3Y). 0000 AODO0DOO0D p(x) = |al,—A 0000 p(4) =0
0 M,(C)DODUOOOODODOOOOO

*130 000000000000 (indeterminate) 00000
*131 Hamilton (1853) 000 U000 n=20000000Cayley (1858) 0 n=3 00000000000 1878 000000
0000 Frobenius 0000O0O0DOO
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Proof 00 zl, —*A00 i00 jO0000000 B; 00000200000 Cy(z) = (—1)i*9|By]
00o00oo0go C=(Ciy(z) 0 zf, —*A 0 adjugate matrix 000000000 83000

C(zI, —'A) = |zI,, — "All,, = |zI,, — AlI,, = p(z)1,
ooooooooon CzlOo00OOOoOo
ZCij(x)(x§jk—akj):p(x)éik (1§z,k§n)
J
joooooooobz0 AODODOOOOOM,(C)OoOoOOoOO

D Cii(A) A — ar; 1) = p(A)dix

good

PAZ = S p ) — 3 o) <Ae7 . zak@)
k J k

%
0000000 Ae] =Y, axjer 0000000p(A)e; =0 (1<i<n)0000 p(A)=0000000
0oooooO0 O

Remark 21. 0000000000000 O0O00O0O0O0O0O0O0O0OOO0DOO0O0O0O0OO0O0OOO0O0OOO0O0O0O00OO
gooobooooooooooboooooooboboOooooOoOoOoOoOoOoOooOoObOOOoOoObO0o0oOobOOoOoObODbOOoboOo
gooooooboooooooooooooooooooboodg

O0OE O00OOODOOOO0O

uboobOobOobOobOobOooooooooobocobooooocobOobobOooOoooooOoOoOoOooooo
000o00o0o00oo0ooU0ooOooUoOooOoooooD C"=vie---@V,. 0000
000000O0o000D0o00D A0DoQOUoOoooo

Ay 0

O'A,

00000oo0o0ooo0ooooAUdO0OOOOOOOOOOD A, 00000000000 OOO00O0
000000 A0OOO0O0O000000ODO0O0OO0OO0OO0OO0OO00O0 A;000000C0CO0O0O0O0O0O0OOOO0
00000D000ADODOO AOOOOOOO0OO0D0ODO (generalized eigenspace) VA 0O 0

V*={veC™3Im>1,(\, — A)"v =0}

00o00ovAO00oO0O000000 Va00000000000A40 (\M,-A)™ 000000000000
gopboooooooboooooon
ooood (M,—-A)™=0000m>100v0000000000000000O

ker(A — A) C ker(A — A)2 C -+ C ker(A — A)™ C -
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0000000000000 000000000000000 n0000000000ker(A—A)™ =
ker(A\— A)"*1 000000 m>10000000000000000

A=Ay =0 = (A—Awecker(\— A" =ker(\ - A)™ = A—A)" Ty =0
DDDDDDDDDDDDDDDDDDV)‘:ker()\—A)mDDDDDD m0O vV OOO0OOO00O0O

00 E.1.

C" =ker(A— A)" @ (A — A)"C"™.
Proof. 00 ker(A—A)"™N(A—A)"C"={0} 000000 v € kerA—A)"NA—A)™C" 0 v=(A—A)"w
000000=(M\-A)?"w 000w € ker(A\—A)?" =ker(A\—A)" O000000v=A—-A)"w=00
0000000000000 dimkerT +dimTC"=n000000000 O

000000000000 ADODODOODOOOOOOO0O0O0O0A, BOOOODODODODOOOAD ByO
0000000000000 D0O00OAND B,OODODOODO0#Awe(A—A)"C"ODDAw=A w00
00D000000wekerA—A)Nn(A-—A)™C" DO000OOOOO

O00O0ADO B,OOOODOOOUOOOODOOOOOODOOOOODOOODOOODOOOODOODOO
00000000000000000000AO VNMOODODDOODDOOODOO ;00000000000
000000000000 00 A; 0000000000000 D0OM\, —-4,)"=00000000000

00 E.2. ADDDOO0 {Mh<ic, 00000
C"=VM@ - gV,

O000ADO000000 det(tl, —A)=({t—\)"---(t=\)" 000000000000n; =dim VA
(i=1,---,r)0000VY =ker(\; — A)™,m; <n; 0000000000m; 0 VNNODODOOOO

0O ES3. A00DO0DOOOO (t—/\l)ml...(t—)\r)mr 00000000000000 Hamilton-Cayley-
Frobenius 0O 00O

000000000000 ADDOODAOOOOODOOOD ADOOON=A-AOON™=000
0000000000000000 (nilpotentd 000000000000000 ADDOODDOOOOD
000000 NOODOODOOODOOODOOO0D0O00O000 Camille Jordan 0000000

0000 mxmOO0000 mOO0D0O00000D0000000N®(m)™ 40, N(m)™=00000

0 1 O

o
0 0

00 E.4 (Jordan form). OO00OO0O0O0OOO NOOOOODOODOODOODOOOODOODODODOOOOOODO
0000000000000 mOO0O0oO0oOooooooooOo0OO0O NOOOOOO0O

oooooooOo0oooOooU0ooOoo0oooo0ooOo00oOoO0O00 NOOODOOOOOOo

ker N CkerN2C---Cker N" ' Cker N =V
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ooNOOOODOOOODOOOOODODOOOOODOO

00 E.5. 0000 veC" 000 A€ M,(C)0000 r>10000077v=0,T""wv£000000
00000000 {v,Tv,---, 7"~} 000000000

Proof.
AU+ MTv+---+ )\TflTr_lv =0

oog7 477 2,... . T 0000000000MN =0,X =0,---,\_,=00000000000
AN TTlv=0000N_,=000000 O

00000000 DO0O00D0DLUOO0OLO VOooooo wooooovooooooooo {v,---,ut 0

Woooooooono
MU+ Ny eEW =X\ =---=X=0

0000000000000Cy; +---+Cy+WOOOODODODOOOOO0O0O{vy,---,»} 000000
0000000000000000V=Cu1®---®@Cye@W 000000 (y) 0 V/WDOOOO0OODO
ooooooov/woo v,---,y 0 WODOODOOOOOO VOOOODODOOOOOOO

0000 {vi,--,u} 0 keek N*ODODOOOOOO{Nvy,---,Ny} O kee N*-1 0000000000
S AiNv; €ker N1 0D0OOONKS, \w;)=00000

000000000000000000000

00 E.6. WOODOOOOOOOOOO vy,---,v 000000000 V/W OOOOOOOOOOOO
0000000 ooooooooooouoooo {v1,~-~,vr}|][|
NFv, k>0,1<i<r

000000000000 D00000D0D0000000D0D00000

000000000000 {v, - ,v,}00000000000V/kere N*1 00 vy,---,0; 000
000000{Nvy,---,Ny;} Cker N* 1 0 ker N* 2 000000000000000000000
{vig1,-+ v} Cker N1 0O0O0O00Nwv, -+, Nvj,vip1, -+ ,0; O ker N7/ ker N2 000000
00000000{N?vy,---,N?v;, Nvjy1, -+ ,Nvj} Cker N" 20 kee N3 000000000000
DOo000000 {vj41, -, Cker N 2000000ON?vy, -+, N?v;, Nvjgr, -+, NUj, vj41, -, U
O ker N 2/ker N2 00000000000000000000D00000000 {vy,---,v.} 000
ooo

O0OF OO00OOO0ODOO

0000000000000000D0000000000000000000D00000 (Jordan-von
Neumann 00 0*3)000000000000000000

() (OO0) [l =>o0.
(i) (OOO0D) [lv+w| < o] + [Jwl.

*132 Pascual Jordan and John von Neumann, On inner products in linear, metric spaces, Ann. Math., 36(1935), 719-723.
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(i) (OO0D™) v+ w|?+ v —w|* = 2[lv|* + 2|jw|*.

00000000 2ww) =|v+w|*>—|v|]?-|w|? 00000 (v/w) 0000000 O00O0000O000O
0000000000000

00000000 v=w=000000|0)|=00000000v=00000 ||-w||=|lw|00v=w
0000 |20 =2|v| 000000000 ||+£20|=2|v| (0000)000000000( —v| =00
(i), i) 0OO|fv)l - |wll| < lv-w|| D0D0O0D0O000 |[[sv4w| - [[tv+w]|| <|s—t||v]| DOOD00
[tv+w| 0D ¢t00000000000000D0000000000000000O0 ()0 (ii)0000

000000000000 (w)>0000000 (1)000000((wjw)=(wp)000000000O0
O0000000000000000000000000000000000000000000

2(uw/2) + 2(vw/2) = [u+w/2|* —|Ju]* — w/2]* + [lv + w/2* — |Jv]* - [w/2]?

1 1 1
= slutotwl®+Sllw - = u]® - [ol* - 5w

1 1 1
St o+ wl? = Sfut ol - o]

= (u+ vlw)

O0uw=00000000 2(v|w/2)=(vjw) 0000000000000000

000 (tvjlw)=t(vjw) 00000000000 t00000000000000¢t0000000000
0000000000000 ¢+0000 f(¢) 00000000 f0000 f(s+t)=f(s)+f¢) 0000
O0f(t)=tf(1)00000000000000D0000O0000 QUOOOOOOO n>100000
fn)=7fA4+-+)=f)+-+f1)=nf(1)00neQOOODDOOOOM0) = f(0+0) = f(0)+f(0)
0000e Q. teQDOOOO0=f0)=fH+f(—t)00 —teQ. te@ D nOO0DO0DODODOO
ft)=ft/n+---+t/n)=f(t/n)+ -+ f(t/n)=nf(t/n) 000t/ne Q. 0DDDDOO0 QOODODO
0oo0oD0O00O00ooo
Remark 22. 0O (i), (iii) 00000000000 0000000QOOOO (Hamel basis) {e;}ic; 0000000

[ = [uil®, v =" e
el el

000000000000000000000000|v|?€QO000000 00000000 |tv] =t ||| 00
oooo

O0G O00000OO0DOODOo

00000000000 0000000000O000000000O00O0000000O00O000000O0
gbooboboboooooooooboobuobobobooooboobooboobobobobOoboOobooob
0000000000000 000000000000000O000D0O000D0O000D0O00000OO
000o0oo0oooooooooooon

000000000 DO0O00D00O000000DO0O00DOO000DOUO0DOO0O (W) =v=000
0000000000 (semi-inner product) 0000000000 Remark 13 0000000000000

*1330000000000000000 parallelogram law (00000000000
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000000000000000000000000000000000 A= (aj)0 @Gr=ay; 00000
00000D000000000000000000000000000000 (v]dAw) = (Avjw) (v,w € C")
0000000000000000000000000000 AODOOOO(vJ4v) 0000000000
ooo

000000000 C"00000 WOOO000O00000000000 Wy,00000000000
0 (C", 00C"0000000000000000

000000rxn 0000000 AODDDODOOOD (o)i1<j<n 0 C" 0000000 (e1, - ,en)
00 Ae; =aje; (j=1,---,n) 0000000000000

Proof. (C"), 0000000000000 (C"),3v~ (v|[Adv) 0000*30 o, 000000000 e
O o = (e1]Ae;) 00D0ODO0O0O0O0DO00O0O0D00(w)=(v]Av)—ai(op’)00000(|)0000
0000000 |2 < (o) vy 0000000000(e;|e;)=00000000

(vler) =0 Vv € C" <= (v|de1) = a1(v|er) Yo € C" <= Ae; = aqey.

gbdbU0Oe, D000 ;p ODOOOODOODOODOO
00000000AO0DOO00O0D ¢, 000000000 e,---,e,00e; 00000 ;000000

o = min{(v|Av);v e {e, - ,ej,l}J‘7 (vv) = 1} forj=2,---,r

00000000 »r00000000000000001<r<n000000000000000O0
W={e, ,e}t 00000W, 0000000 Widwe (wAw)0ODO0O o 00000000
000000000 6,4, €EWODODODODODO0DOO0MMOODOO 13.70000dimW =n—r>100000

0000 Kwlw') = (wAw')—a,41(wjw) 0 WOOOD0D0000000000000000 (w|(Aepy1—
Qrg16r41)) =0 (w € W ={ey, -+ ,e,}t) 000000000

(ejl(Aery1 — arqrertn)) = (Aejlery1) — arya(ejleryn) = (@ — argr)(ejlery1) =0 (1< <)
000000000000000 Aepy1 =arqier4 0000000000000000 ]

A0O00O0O0O0OO0OOOOOO0OOO0ODOOO0OOOOOO0OODOOODOOUODOOUODOOODDOODACOODO
0000000 R*"O00O0OO0O0OO0OOoOooo

Remark 23. 0000000000000 O0D0O0OO0O00OOO0OOOOOOOOOOODOOOOODOOOOODO
gobodooboooobooooooooobooooboooooooooooooooooooooboOooon
oobooobooooboooobooono

00 X00OOOUO0OOOOUOO0OOO f(») DOODDODOOODOODOOODOODOODOODOOO
max{ f(z);z € X} = max f(z)
reX
00DoO000Oo0o00ooo00DO00oOo0o00oooO00 minOOOOODOOOO

00 G.1 (mini-max principle). 0000000 AODOODOOODOODO0O0 e <ae<---<q, 00000

ggooooo

o = min | max{(wAw);w € W, (whw) =1}

*134 QDO 00000000Bolzano 00O0D0OOO0OOOODO
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Proof. DOO0ODODO (e1,---,en) 0 Ae; =a,;e; 000000000000 W N {(ek,ert1, - €n) = {0}
00000dm(W 4+ {(eg, - ,en) =k+(n—k+1)=n+100000dmC" =n 0000000
W N ek, exr1, - ,en)#{0}. OO0ODO0000000 u=XMex+---+ e, e WOOOOO

max{ (w|Aw);w € W, (w|lw) = 1} > (u]Au) = Zaj|)\j|2 > ag Z A2 = ax
j=k

ooooo
000W = ey, ,e;) 00000000000 e, € WOOODODO (ex|der) =, 000000000
0000000000000 O

O0OH OO0O0O0000
0ogd #,...,2, 000000

Qlx) =Q(z1,...,25) = Z ai;Ti%5, G5 = aj; € R

1<ij<n

O z,...,2, 000000 (real quadratic form) 0000000000000 Q(z) DOOODOD

aill ai2 e A1n
az1 Q22 ... QG2pn
A=
an1 an2 e Apn
ooooo
T
Q)= (21 ... an)A
Tn

000000000000 Qa(r) D00000000O0O0OOOO0 T'=(t;) 0000000 z1,...,2, O

1 ti1 ... tin Y1

T th1 ... tan Yn

000000000000Qa(z)=Qs(y), B='TAT 000D

00 H.1 (Lagrange-Sylvester). 00000000 AO0O0D00DDODDOOOO TOOTAT 000000
gooboooboboo

goooboooboooooboobobobooooooboboobobooooobDobOobbobooboooDo
0ooA0D0O0ODOODOOO0O00O00D0O0OOO0O0OOO0O0O0O0O0O0OO0OODUDDODODODDOODOODOOO
gooogo

Proof. 00 ADDDDODOODOOOOOOOOODODDD ADODODOOOOOOOOOOOOOOOOOO
a1 £0000000

Q(x) = an @] + 2x11(baxg + -+ - + byxy) + R(2a, ..., 20)

1 1
= 7(&113’]1 + bQJZQ 4+ 4 bnl‘n)2 + R(ZL’Q, e ,$n) — 7(1)2‘%2 4+ 4 bn’l}n)Q
a1 a1
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oobooooood
y1 =anxy +boro + -+ by, y;=x; (2<5<n)

goood

2

1

Q(I) = al +R(y27'--ayn) - (b2y2 +"'+bnyn)2
aiil a1

goboooboooooood
00000000000000000 A#00000000D0a; #0000 ¢#y000000000
a2 0000000000

oobooooooono
1 1 0 1 1 -1y _ (2 O
-1 1 1 0 1 1) \0 -2
gobooobooooooooobobooobooOooooOooOooono
000000000000 000D0O0000DO0O0o0ooOo 7,7 00000

d d,
‘TDT = A='T'D'T', D= - D = - ,
d, d’n
d1>0,...,dl>0,dl+1<0,...,dl+m<0,dl+m+1:--~:dn:ODDDDDDDDDDDDDDZ<1/D
gooooooooboooboooon
t11 tln
Z1
tn .. lin .
: =0
g - g
. Ln
T

00000+ (n—-0')<nO00000000O00O0OO0 2000000y=Tz,y =T2x0000
00000000 Q@) =tyDy<000 Qz)=%'D'y >000

1
/ y.l//
V=%
0
ooooo
Qz) =di () + - +dy(yy)* =0
00000y, ==y, =0000000000Tz=¢y =000000000 z£000000
000000/=/0000000000000000m=m' 000000 O

96



OO0l O0OO0DOO0DOOoDOOooooooag

goboooooooooocooboooooocooboooo
goboooooooooooo
goboooooooooooobodooboboooboooooooooogon
goboooooooooboobocoooo
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gd

O trace, 45, 65
000000 affine transformation, 82
00 saddle point, 81

0000 linear combination, 29
00000 affine transformation, 82
0000 linearly dependent, 52

0000 linearly independent, 32, 52, 54
0000 linear transformation, 57
000000 position vector, 6

0000000 Hermitian conjugate, 65, 72
00000000000 hermitian operator/matrix, 75
0000000 hermitian form, 74

0000000 reflection matrix, 58, 83

000 the space of solutions, 29
0000 matrix of echelon form, 30
00000 rotation matrix, 58, 83

00 commutative, 62

O kernel, 54

000000 generalized eigenspace, 90
0000 stochastic matrix, 63

0000 probability amplitude, 67

000 normalization, 66

J0D0O000 geometric vector, 6

00 basis, 33, 39, 52

000000 change-of-basis matrix, 56
0000 elementary matrix, 36
oooooo, 23

0000 elementary operation, 30, 36
000 inverse matrix, 36

00000 row vector, 13

0000 conjugately linear, 65
0000 matrix unit, 36, 52

0000 matrix representation, 57

Gram-Schmidt 0 0 00 orthogonalization, 68
000000000000 Kronecker’s delta, 14

0000 eigenspace, 45

00000 characteristic polynomial, 44
000 eigenvalue, 44, 62

000000 eigenvector, 44, 62
00000 eigen equation, 44

00000 the method of least squares, 70
00000 minimal polynomial, 89

00 coordinates, 7

0000 coordinate transformation, 7, 56
0000 triangular matrix, 23, 77
00000 triangle inequality, 66

00 pivot, 30

00O dimension, 34, 39, 53

00 projection, 61, 70

0000 projection formula, 69
0000 projection theorem, 69
0000 resolution, 61

0000 cyclic permutation, 75
0000000 Jordan form, 91

98

0000 scalar, 3, 51
0000000 spectral decomposition, 79

00000000 normal operator/matrix, 75
000000 orthonormal basis, 67
00000 orthonormal system, 67

000 orthogonal projection, 68

oooo, 41

00 positive semidefinite, 79

000 positive definite, 79, 80

00 component, 4, 7, 56

0000 square matrix, 13

00000000 linear operator/transformation, 57
0000 linear map, 54

O image, 54

000 diagonalization, 44

0000 diagonal matrix, 43

0000 diagonal component, 13
00000000 symmetric operator/matrix, 75
00000000 multiple vector space, 55
U000 unit matrix, 14

000000 unit vector, 7, 66

000 multiplicity, 45

0000 direct sum decomposition, 54

0000 orthogonal, 67

000 orthogonal system, 67

0000000 orthogonal transformation/matrix, 74
0OO0O0O00 orthogonal complement, 67

000000 Cartesian coordinates, 7
0000 transposed matrix, 22

0000 isomorphism, 56
0000 trace, 45

00 inner product, 7, 65
0000 inner product space, 65
00 permutation, 23

0000 quadratic form, 80
000 norm, 66

00000 Gaussian elimination, 30
0000000 parametric form, 8
0000 span, 52

000 semi inner product, 66

0000 standard basis, 33

00000000000 Vandermonde determinant, 23
00 signature, 25

000 negative definite, 81

0000 subspace, 39, 51

OO0 invariant, 62

0000 block matrix computation, 18

0000 polarization identity, 73

000 parallelotope, 70
000000 the equation of a plane, 8



000000 power, 16
0000 nilpotent matrix, 91
gO0D000d0d vector space, 51
00000 vector product, 28
JO0DO0O0OD0 displacement vector, 6

000000 normal vector, 8
00000 interpolating polynomial, 87

0000 infinite-dimensional, 52

00000000 Euclidean space, 8

00000000 Euclidean transformation, 82, 84
0000 finite-dimensional, 52

0000000000 unitary transformation/matrix, 74
00 cokernel, 42

000 dual complement, 42

00 coimage, 42

000 rank, 30

00000 sesquilinear form, 74

00O0o0oO0 column vector, 13
0000000 a system of linear equations, 29
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