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Abstract. Free states on CCR algebras are reviewed with em-
phasis on transition probabilities among them.

1. Introduction

Let A be the *-algebra of bounded C-valued Borel functions on a
Borel space Ω and P be the set of probability measures on Ω.

Consider the free A-module over the set of formal symbols {φ1/2;φ ∈
P} on which we introduce a positive sesquilinear form by(∑

φ∈P

aφφ
1/2

∣∣∣∣∣∑
φ∈P

bφφ
1/2

)
=
∑
φ,ψ∈P

∫
Ω

aφ(ω)bψ(ω)
√
φ(dω)

√
ψ(dω).

Here the Hellinger integral in the right hand side is defined by∫
Ω

f(ω)
√
φ(dω)

√
ψ(dω) =

∫
Ω

f(ω)

√
dφ

dµ
(ω)

dψ

dµ
(ω)µ(dω)

for f ∈ A, where µ is any measure majorizing φ and ψ.
1
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The associated Hilbert space is denoted by L2(Ω), which contains
φ1/2 as a special vector so that (φ1/2|ψ1/2) ≥ 0. By the way of defini-
tion, φ1/2 ⊥ ψ1/2 if and only if φ and ψ are disjoint1.

Now let Ω be the product Borel space of a sequence of Borel spaces
{Ωn}n≥1 and φ =

∏
φn and ψ =

∏
ψn be product probability measures

on Ω.

Theorem 1.1 (von Neumann-Kakutani).

(φ1/2|ψ1/2) =
∏
n≥1

(φ1/2
n |ψ1/2

n ).

Theorem 1.2 (Kakutani’s Dichotomy). Assume that φn and ψn are
equivalent2 for every n ≥ 1. Then φ and ψ are either equivalent or
disjoint according to (φ1/2|ψ1/2) > 0 or (φ1/2|ψ1/2) = 0.

We shall apply these results to so-called gaussian measures. Let V
be a finite-dimesional real vector space. A gaussian measure φ on V ∗

is characterized by its Fourier transform (the characteristic function of
φ) by ∫

V ∗
eiω(x) φ(dω) = e−S(x)/2+iα(x), x ∈ V,

where S is a positive quadratic form3 on V (the covariance form) and
α : V → R is a linear functional (the mean functional). We write
φ = φα,S.

Theorem 1.3.

(φ
1/2
α,S|φ

1/2
β,T ) =

√√√√det

(
2
√
ST

S + T

)
e−

1
4
(S+T )−1(α−β),

where, given a positive quadratic form Q on V , Q−1 is a quadratic form
on V ∗ defined by

Q−1(f) =

{
Q(v) if f(·) = Q(v, ·),
+∞ otherwise.

One may expect similar results for an infinite-dimensional V as well,
but subtleties come into here. To see these, we shall be more specific.

Let R∞ be the set of sequences of real numbers with the product
Borel structure. Given a sequence S = (sn)n≥1 of positive reals, let φS

1φ(E) = 1 = ψ(Ω \ E) for some Borel E ⊂ Ω.
2φn(E) = 0 if and only if ψn(E) = 0 for any Borel E ⊂ ω.
3S(x) = S(x, x) with S(x, y) the associated positive sesquilinear form on V .
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be the infinite product of gaussian measures of variances sj (j ≥ 1): If
we denote by ωj the j-the component of ω ∈ R∞, then∫

R∞
ei

∑n
j=1 xjωj φS(dω) = e−

∑n
j=1 sjx

2
j/2.

Proposition 1.4. For a sequence T = {tj} ∈ R∞
+ of positive reals and

β ∈ R∞, set

R∞
β,T = {ω = (ωj) ∈ R∞;

∞∑
j=1

tj(ωj + βj)
2 <∞}.

Then

φS(R
∞
β,T ) =

{
1 if

∑
j sjtj <∞ and

∑
j tjβ

2
j <∞,

0 otherwise.

In other words,
∑

j tj(ωj+βj)
2 <∞ for φS-a.e. ω ∈ R∞ if

∑
j sjtj <∞

and
∑

j tjβ
2
j <∞, whereas

∑
j tj(ωj + βj)

2 =∞ for φS-a.e. ω ∈ R∞ if
not.

This reveals that, if S is non-degenerate, then the measure φS is not
supported by the topological dual of V with repsect to S. To get a
supporting dual, we need to replace V with a smaller subspace V0 and
endow V0 with a stronger topology so that V ∗

0 ⊃ V ∗ is big enough.
A warning is in order here that there is no preferable choice of V0.

This kind of arbitrariness, however, can be avoided if one works with
a formal function algebra A generated by eiv (v ∈ V ) and reformulate
φα,S as a positive linear functional on A.

In this setting, we can still construct the Hilbert space L2(A) without
referring to measure spaces so that the square root of φα,S lives there

and exactly the same formula holds for (φ
1/2
α,S|φ

1/2
β,T ). Now the Kakutani

dichotomy takes the following form for gaussian measures.

Theorem 1.5. Two gaussian measures φα,S and φβ,T are equivalent

or disjoint according to non-vanishing or vanishing of (φ
1/2
α,S|φ

1/2
β,T ).

The main purpose of this series of lectures is to generalize these
results in such a way that it allows quantum effects at its most basic
level.

2. Algebras and Representations

An algebra A over C is called a *-algebra if it is furnished with a
conjugate linear involution ∗ : A→ A (called a *-operation) satisfying

(ab)∗ = b∗a∗, a, b ∈ A.
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An element a in a *-algebra A is said to be hermitian if a∗ = a and
a hermitian element p is called a projection if p2 = p. When A has a
unit 1, a is said to be unitary if aa∗ = a∗a = 1.

A *-algebra is said to be unitary4 if it is generated by unitaries.

Example 2.1. Given a *-algebra A, the n× n matrix algebra Mn(A)
with entries in A is a *-algebra.

Example 2.2. Let C[X] be the polynomial algebra of indeterminate
X and make it into a *-algebra by (

∑
n≥0 anX

n)∗ =
∑

n≥0 anX
n. Then

0 and 1 are all the projections and constant polynomials of modulus 1
are all the unitaries.

Example 2.3. Given a group G, the free vector space CG generated
by elements in G is a *-algebra (the group algebra) by extending the
group product to the algebra multipliction and defining the *-operation
so that elements in G are unitary. The group algebra CG =

∑
g∈G Cg

is unitary.

Exercise 1. Let A be the vector space of functions on a group G of
finite support and make it into a *-algebra (the convolution algebra)
by

(ab)(g) =
∑
g′g′′=g

a(g′)b(g′′), a∗(g) = a(g−1).

The convolution algebra A of G is naturally isomorphic to the group
algebra CG.

Given *-algebras A and B, their direct sum A⊕B and tensor product
A⊗B are again *-algebras in an obvious manner.

Exercise 2. The matrix algebraMn(A) is naturally identified with the
tensor product Mn(C)⊗A.

Let H be a pre-Hilbert space; H is a complex vector space with a
positive definite inner product ( | ). A linear operator T : H → H is
called the adjoint of a linear operator S : H → H (and denoted by
S∗) if it satisfies (ξ|Sη) = (Tξ|η) (for ξ, η ∈ H). A linear operator S
on H is sadi to be bounded (on the unit ball) if ∥S∥ = sup{∥Sξ∥; ξ ∈
H, ∥ξ∥ ≤ 1} is finite. Let L(H) be the set of linear operators on
H having adjoints, which is a unital *-algebra in an obvious way. The
subsetB(H) of L(H) consisting of bounded operators is a *-subalgebra.
When H is complete, a linear operator on H has an adjoint if and only
if it is bounded thanks to the closed graph theorem and the Riesz
lemma, whence L(H) = B(H).

4This is not a common usage of terminology.
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Exercise 3. A positive semidefinite sesquilinear form ( | ) on a complex
vector space K produces a Hilbert space by taking completion after
quotient of K.

By a *-representation of a *-algebra A on a pre-Hilbert space H,
we shall mean an algebra-homomorphism π : A → L(H) satisfying
π(a)∗ = π(a∗) for a ∈ A. When π(A) ⊂ B(H), the *-representation is
said to be bounded. If A is unitary, any *-representation is automat-
ically bounded.

If a *-representation (π,H) is bounded and H is complete, we can
associate several operator algebras to it:

(i) A norm-closed operator algebra (C*-algebra) π(A) as a norm-
closure of π(A) ⊂ B(H).

(ii) A weakly closed operator algebra (W*-algebra) π(A)′ as the
commutant {b ∈ B(H); π(a)b = bπ(a),∀a ∈ A} of π(A) ⊂
B(H).

(iii) Another W*-algebra π(A)
w
as a weak closure of π(A) ⊂ B(H).

Theorem 2.4 (von Neumann, [15, Theorem 4.15]). Let H be a Hilbert
space. For any *-subalgebra B of B(H) satisfying BH = H, we have

B
w
= (B′)′.

Exercise 4. Let E ∈ B(H) be a projection to the closed subspace
K ⊂ H. Then BK ⊂ K if and only if E ∈ B′.

It is often convenient to regard the representation space H as a left
A-module by aξ = π(a)ξ. Thus a right A-module structure corre-
sponds to a *-antirepresentation, i.e., an algebra-antihomomorphism
π : A → L(H) satisfying π(a)∗ = π(a∗), by the relation ξa = π(a)ξ.
A pre-Hilbert space H is called an A-B bimodule (B being another
*-algebra) if we are given a *-representation λ : A → L(H) and a
*-antirepresentation ρ : B → L(H) satisfying λ(a)ρ(b) = ρ(b)λ(a) for
a ∈ A and b ∈ B, i.e., (aξ)b = a(ξb) in the module notation. An A-A
bimodule H is called a *-bimodule if we are given an antiunitary 5

involution ξ∗ on H satisfying (aξb)∗ = b∗ξ∗a∗ for a, b ∈ A and ξ ∈ H.
Given another bounded *-representation AK of A on a Hilbert space

K, a bounded linear map T : H → K is called an intertwiner if it
satisfies T (aξ) = aT (ξ) for a ∈ A and ξ ∈ H. We denote the space of
intertwiners by Hom(AH, AK), which is a closed subspace of B(H,K).
When AH = AK, Hom(AH, AK), which is also denoted by End(AH),
is equal to the commutant π(A)′ of π(A) ⊂ B(H).

5A conjugate-linear operator J on a pre-Hilbert space H is called an antiunitary
if (Jξ|Jη) = (η|ξ) and JH = H.
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According to the obvious block representation of linear operators, we
have

End(A(H ⊕K)) =

(
End(H) Hom(K,H)

Hom(H,K) End(K)

)
and the information of intertwiners is encoded in the commutant (of a
suitable representation).

An A-submodule AK is called a subrepresentation of AH. When
H is complete and K is closed, let e be the projection to K ⊂ H. Then
e ∈ π(A)′ and there is a one-to-one correspondence between (closed)
subrepresentations of AH and projections in π(A)′.

In what follows, the completeness of H is assumed when one talks
about bounded representations.

Two bounded *-representations πi : A → B(Hi) (i = 1, 2) are said
to be unitarily equivalent (resp. quasi-equivalent) if we can find a
unitary intertwiner T : H1 → H2 (resp. a *-isomorphism ϕ : π1(A)′′ →
π2(A)′′ satisfying π2(a) = ϕ(π1(a))). Quasi-equivalence is an equiva-
lence up to multiplicities:

Theorem 2.5 (Dixmier, [15, Theorem 5.8]). Two bounded *-representations
(πj,Hj) (j = 1, 2) are quasi-equivalent if and only if we can find Hilbert
spaces Kj so that AH1 ⊗K1 and AH2 ⊗K2 are unitarily equivalent.

A linear functional φ on a *-algebra A is defined to be positive if
φ(a∗a) ≥ 0 for a ∈ A. A positive linear functional φ on a unital *-
algebra A is called a state if φ(1A) = 1 (1A being the unit element of
A). A linear functional τ on an algebra A is called a trace or said to
be tracial if τ(ab) = τ(ba) for a, b ∈ A.

Example 2.6. Let C0(H) be the set of finite rank operators on a
Hilbert space H. Then C0(H) is a *-ideal of B(H) and the ordinary
trace defines a positive tracial functional tr on C0(H).

Example 2.7. Every probability measure µ on the real line of finite
moments defines a state on the polynomial algebra C[X] by

φ(
∑
n

anX
n) =

∑
n

an

∫
R
tnµ(dt).

Conversely, any state arises in this way (the existence part of the Ham-
burger moment problem). See §X.1 in Reed-Simon for more informa-
tion.

Example 2.8. In the group algebra CG, positive linear functionals φ
are one-to-one correspondence with positive definite functions on G by



FREE STATES ON CCR ALGEBRAS 7

restriction and linear extension. The state associated to the positive
definition function

δ(g) =

{
1 if g = e,

0 otherwise

is called the standard trace.

Exercise 5. The standard trace δ has the trace property: δ(ab) = δ(ba)
for a, b ∈ CG.

Given a positive linear functional φ on a *-algebra A, we define a
*-representation as follows: The inner product (a|b) = φ(a∗b) on A

is positive semidefinite and the representation space is given by the
associated pre-Hilbert space H, i.e., H is the quotient vector space
relative to the kernel of ( | ). The non-degenerate inner product on
the quotient space is also denoted by ( | ), whereas the quotient vector
of x ∈ A in H is denoted by xφ1/2. The inner product then looks
like (xφ1/2|yφ1/2) = φ(x∗y) and we introduce a representation π by
π(a)(xφ1/2) = (ax)φ1/2.

Exercise 6. Check that the representation π is well-defined.

The representation obtained in this way is referred to as the GNS-
representation6 or its process as the GNS-construction. When A

is unital, we have a distinguished vector φ1/2 = 1Aφ
1/2 in the repre-

sentation space, which is cyclic with respect to π in the sense that
H = π(A)φ1/2.

Conversely, if we are given a *-representation (π,H) of a *-algebra
A and a cyclic vector ξ ∈ H for π, the formula φ(a) = (ξ|π(a)ξ) defines
a positive linear functional and the associated GNS-representation is
unitarily equivalent to the initial one by the unitary map aφ1/2 7→ π(a)ξ
(a ∈ A).

A positive functional φ is said to be bounded if the associated GNS-
representation is bounded.

Exercise 7. A positive functional is bounded if and oly if, given a ∈ A,
we can find M > 0 such that φ(x∗a∗ax) ≤ φ(x∗x) for any x ∈ A.

Exercise 8. Formulate the GNS-construction for right A-modules.

Example 2.9. The GNS-representation associated to the state on C[X]
realized by a probability measure µ on R is identified with the multipli-
cation operator by polynomial functions on the Hilbert space L2(R, µ).

6Named after I.M. Gelfand, M.A. Naimark and I.E. Segal.
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Example 2.10. Given a positive trace τ on a *-algebra A, the asso-
ciated GNS-representation space Aτ 1/2 is made into a *-bimodule by
(aτ 1/2)∗ = a∗τ 1/2 (a ∈ A).

Example 2.11. The GNS-representation of the standard trace of a
group algebra CG is identified with the regular representation of G:

(aδ1/2|bδ1/2) = δ(a∗b) =
∑
g∈G

agbg for a =
∑
g∈G

agg, b =
∑
g∈G

bgg.

By the trace property of δ, the representation space ℓ2(G) is a *-
bimodule of CG.

When G is commutative, ℓ2(G) is unitarily mapped onto L2(Ĝ) (Ĝ
being the Pontryagin dual of G) with the representation of CG unitarily

transformed into the multiplication operator on L2(Ĝ) given by the
function

Ĝ ∋ ω 7→
∑
g∈G

ag⟨g, ω⟩ for a =
∑
g∈G

agg ∈ CG.

Exercise 9. For G = Z, identify Ẑ with T and the unitary map ℓ2(Z)→
L2(T) with the Fourier expansion.

Definition 2.12. Given a vector η in a Hilbert space H, the linear
functional η∗ : H → C is defined by η∗(ξ) = (η|ξ) for ξ ∈ H. By Riesz
lemma, the dual space H∗ of H is of the form H∗ = {η∗; η ∈ H} and it
is a Hilbert space by the inner product (ξ∗|η∗) = (η|ξ). The *-algebra
B(H) then naturally acts on H∗ from the right by η∗a = (a∗η)∗. For
ξ, η ∈ H, define a rank one operator ξη∗ ∈ C0(H) by7

(ξη∗)ζ = (η|ζ)ξ, ζ ∈ H.

The notation is compatible with the multiplications by elements in
B(H): a(ξη∗)b = (aξ)(η∗b).

Example 2.13. Let tr be the ordinary trace on the finite rank operator
algebra C0(H). Then the correspondence ξη∗tr1/2 7→ ξ ⊗ η∗ gives rise

to a unitary map from the GNS-representation space C0(H)tr1/2 onto
H ⊗H∗.

On a *-algebra A, we introduce a seminorm ∥ · ∥C∗ by

∥a∥C∗ = sup{∥π(a)∥;π is a bounded *-representation},
which satisfies

∥ab∥C∗ ≤ ∥a∥C∗ ∥b∥C∗ , ∥a∗a∥C∗ = ∥a∥2C∗ .

7According to Dirac, ξη∗ is often denoted by |ξ)(η|.
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The completion of the quotient *-algebra A/I relative to ∥ · ∥C∗ (I =
{a ∈ A; ∥a∥C∗}) is a C*-algebra, which is universal in the sense that
any bounded *-representation of A splits through A in a unique way.
Thus, instead of bounded *-representations of A, we can work with
*-representations of A.

Exercise 10. Check the following: ∥a∗∥C∗ = ∥a∥C∗ for a ∈ A and
{a ∈ A; ∥a∥C∗ = 0} is a *-ideal of A.

Example 2.14. The closure of the finite rank operator algebra C0(H)
in the operator topology on B(H) is a C*-algebra as a norm-closed *-
ideal of B(H), which is referred to as the compact operator algebra
and denoted by C(H).

The norm ∥a∥2 = ∥atr1/2∥ =
√
tr(a∗a) on C0(H) is known to be the

Hilbert-Schmidt norm and satisfies

∥ab∥2 ≤ ∥a∥∥b∥2, ∥b∗∥2 = ∥b∥2 ≥ ∥b∥, a ∈ B(H), b ∈ C0(H).

Thus the completion C2(H) of C0(H) relative to the Hilbert-Schmidt
norm, which is included in C(H) as a *-ideal of B(H) and is, at the
same time, isomorphic to H ⊗H∗. In other words, C2(H) ∼= H ⊗H∗

is a *-bimodule of B(H).
The norm ∥a∥1 = sup{|tr(ab)|; b ∈ C0(H), ∥b∥ ≤ 1} on C0(H) is

known to be the trace norm and satisfies

∥ab∥1 ≤ ∥a∥∥b∥1, ∥b∗∥1 = ∥b∥1 ≥ ∥b∥2, |tr(b)| ≤ ∥b∥1
for a ∈ B(H), b ∈ C0(H). Thus the completion of C0(H) relative to
the trace norm, which is included in C2(H) and denoted by C1(H), is
a Banach *-algebra and realized as a *-ideal of B(H) with the trace
functional extended to C1(H) by continuity.

C0(H) ⊂ C1(H) ⊂ C2(H) ⊂ C(H) ⊂ B(H).

Exercise 11. Check the inequalities for the Hilbert-Schmidt and the
trace norms.

Exercise 12. Show that, for a positive operator a ∈ B(H),

tr(a) =
∑
j

(ξj|aξj)

does not depend on the choice of an orthonormal basis {ξj} in H.

Exercise 13. Show that a ∈ B(H) belongs to C1(H) if and only if
tr(|a|) <∞. Here |a| =

√
a∗a. If this is the case, ∥a∥1 = tr(|a|).

Exercise 14. Show that C1(H) = C2(H)C2(H) and deduce the in-
equality ∥ab∥1 ≤ ∥a∥2∥b∥2 from |tr(ab)| ≤ ∥a∥2∥b∥2 (the Cauchy-
Schwarz inequality).



10 YAMAGAMI SHIGERU

Proposition 2.15. Given a bounded positive linear functional φ on
C(H), we can find a positive operator ρ ∈ C1(H) such that φ(x) =
tr(ρx) for x ∈ C(H). Moreover, ρ1/2 ∈ C2(H) is identified with φ1/2 by
the left multiplication of C(H).

Proof. Define a positive sesquilinear form Φ on H by Φ(ξ, η) = φ(ηξ∗).
Then, from ∥ξξ∗∥ = ∥ξ∥2, we have Φ(ξ, ξ) ≤ ∥φ∥(ξ|ξ) and therefore a
positive operator ρ satisfying φ(ηξ∗) = (ξ|ρη) for ξ, η ∈ H. If {ξj} is
an orthonormal basis,

∑n
j=1 ξjξ

∗
j is a projection in C0(H) and

n∑
j=1

(ξj|ρξj) = φ(
n∑
j=1

ξjξ
∗
j ) ≤ ∥φ∥

shows that tr(ρ) =
∑∞

j=1(ξj|ρξj) is finite, i.e., ρ is in the trace class.

Now φ(ηξ∗) = tr(ρ(ηξ∗)) is extended to x ∈ C(H) by linearity and then
by continuity. □

Exercise 15. Through the identification C2(H) = H⊗H∗, C(H)ρ1/2 =
H ⊗H∗[ρ], where [ρ] denotes the support projection of ρ.

A bounded *-representation AH is said to be irreducible if End(AH) =
C1H. A positive functional is said to be pure if the associated GNS-
representation is irreducible. A family {AHj} of bounded *-representations
is said to be disjoint if Hom(AHj, AHk) = {0} for j ̸= k. Two
bounded positive functionals φ and ψ of A are said to be disjoint
(resp. quasi-equivalent) if the associated GNS representations are
disjoint (resp. quasi-equivalent).

Lemma 2.16. Let ω be a positive functional on a unitary algebra A

with π : A → B(H) the associated GNS-representation. Then the
following formula gives a one-to-one correspondence between positive
functionls ωT on A majorized by ω and positive operators T in the
commutant π(A)′ = {T ∈ B(H);Tπ(a) = π(a)T, ∀a ∈ A} majorized
by the identity operator 1H .

ωT (a) = (Tω1/2|π(a)ω1/2), a ∈ A.

Proof. Let φ be majorized by ω, i.e., φ(a∗a) ≤ ω(a∗a) for a ∈ A. Then
by Schwarz inequality

|φ(x∗y)| ≤ φ(x∗x)1/2φ(y∗y)1/2 ≤ ω(x∗x)1/2ω(y∗y)1/2 = ∥xω1/2∥ ∥yω1/2∥,
we see that xω1/2 × yω1/2 7→ φ(x∗y) gives a bounded sesquilinear form
on the completed Hilbert spaceH, whence we can find a bounded linear
operator T on H satisfying

φ(x∗y) = (xω1/2|T (yω1/2)) x, y ∈ A.
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By equating φ(x∗(ay)) and φ((a∗x)∗y), we have T ∈ π(A)′. Further-
more, the condition 0 ≤ φ(a∗a) ≤ ω(a∗a) means the operator inequality
0 ≤ T ≤ 1H.

The converse implication is immediate and the proof is left to the
reader. □
Theorem 2.17. Let A be a *-algebra.

(i) A bounded positive functional φ on A is pure if and only if any
positive functional ψ satisfying ψ ≤ φ is proportional to φ.

(ii) A bounded *-representation AH is irreducible if and only if
Aξ = H for any 0 ̸= ξ ∈ H.

(iii) Two bounded *-representations AH and AK are not disjoint if
and only if we can find non-zero subrepresentations AH

′ ⊂ AH

and AK
′ ⊂ AK such that AH

′ and AK
′ are unitarily equivalent.

Corollary 2.18. The set of pure states of a unital *-algebra A is
invariant under *-automorphisms of A.

Exercise 16. Prove the theorem.

2.1. Von Neumann’s Reduction Theory. In the study of group
structures, one of key strategies is to focus on commutative subgroups
such as Zn, Z and T, where Fourier analysis plays significant roles (Pon-
tryagin duality, 1934).

Theorem 2.19 (Gelfand, [15, Theorem 2.22]). Any commutative C*-
algebra C is naturally isomorphic to C0(Ω) (the C*-algebra of contin-
uous functions vanishing at infinity), where a locally compact space Ω is
captured as the Gelfand spectrum σC = {ω : C → C;χ is a one-dimensional *-representation}
of C.

Example 2.20. Let V be a finite-dimensional real vector space and let
Cc(V ) be the vector space of C-valued continuous functions of compact
support, which is a *-algebra by the convolution product

(f ⋆ g)(v) =

∫
V

dv′f(v′)g(v − v′), f ∗(v) = f(−v).

Here dv′ is a preassigned Lebesgue measure on V .

Proposition 2.21. There exists a one-to-one correspondence between
a continuous unitary representation U of the vector group V and a
bounded *-representation π of Cc(V ).

π(f) =

∫
V

f(v)U(v) dv, U(v)(π(f)ξ) = π(v.f)ξ.

Here (v.f)(v′) = f(v′ − v).
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Exercise 17. Prove the proposition.

Example 2.22. Let C be the commutative C*-algebra associated to
Cc(V ). Then σC = V ∗ by

χ :

∫
V

f(v)eiv dv 7→
∫
V

f(v)eiω(v) dv = f̂(ω).

and Cc(V ) ∋ f 7→ f̂ ∈ C0(V
∗) is extended to an isomorphism C ∼=

C0(V
∗). Note that limω→∞ f̂(ω) = 0 by Riemann-Lebesgue lemma.

Consider a *-representation ı of a C*-algebra A on a Hilbert space
H. Let C ⊂ A be a central C*-subalgebra and express C = C(Ω) with
Ω a compact Hausdorff space.

Theorem 2.23 (Riesz-Radon-Banach-Markov-Kakutani). There is a
one-to-one correspondence between states, say ϕ, on C and probability
measures (Radon measures), say µ, on Ω.

ϕ(f) =

∫
Ω

f(ω)µ(dω).

In what follows, ϕ is identified with the associated Radon measure.

From here on,H is assumed to be separable. WriteH =
⊕∞

j=1 π(C)ξj
and set

ϕ =
∞∑
j=1

1

2j
ϕj, ϕj(a) = (ξj|aξj).

Then π(C)′′ is *-isomorphic to L∞(Ω, ϕ) on L2(Ω, ϕ) andH is identified
with a closed subspace of L2(Ω, ϕ)⊗K (K being some Hilbert space).
Thus,

H ∼=
∫ ⊕

Ω

Hω ϕ(dω), ξ ←→
∫ ⊕

Ω

ξω ϕ(dω), Hω ⊂ K

so that

End(CH) ∼=
∫ ⊕

Ω

B(Hω)ϕ(dω), π(a)←→
∫ ⊕

Ω

πω(a)ϕ(dω).

Let AH
′ be another *-representation of A (H′ being separable) and

choose a measure ϕ′ so that H′ ∼=
∫ ⊕
Ω
H′
ω ϕ

′(dω). Then

Hom(CH, CH
′) ∼=

∫ ⊕

Ω

B(Hω,H
′
ω)
√
ϕϕ′(dω).

Recall that
√
ϕϕ′ is a measure on Ω defined by√

ϕϕ′(dω) =

√
dϕ

dµ
(ω)

dϕ′

dµ
(ω)µ(dω).
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Note that
√
ϕϕ′ can be replaced with any measure equivalent to it.

When π(A)′ = π(C)′′ and π′(A)′ = π′(C)′′, we have

Hom(AH, AH
′) ∼= L∞(Ω,

√
ϕϕ′).

3. CCR-algebras and Analytic Representations

A presymplectic vector space is a pair (V, σ) of a real vector space
V and an alternating form σ : V × V → R. When σ is non-degenerate,
it is called a symplectic vector space.

Exercise 18. A real vector space V is equivalently described by a
complex vector space V C with conjugation (x+iy)∗ = x−iy (x, y ∈ V ).
There is a one-to-one correspondence between presymplectic forms σ
on V and hermitian forms h on V C satisfying h = −h by the relation
h(z, w) = iσ(z∗, w) (z, w ∈ V C) (given a sesquilinear form s on V C, we
set s(z, w) = s(z∗, w∗)), where σ is bilinearly extnded to V C.

Example 3.1. Let L and V0 be real vector spaces with L
∗ the algebraic

dual space of L. Then the direct sum V = V0⊕L⊕L∗ is a presymplectic
vector space with the presymplectic form defined by

σ(a⊕ x⊕ ξ, b⊕ y ⊕ η) = ⟨x, η⟩ − ⟨y, ξ⟩.
Note that kerσ = V0 ⊕ 0⊕ 0 ∼= V0.

Exercise 19. If dimV <∞, any presymplectic vector space is of this
form.

Given presymplectic vector spaces (V, σ) and (V ′, σ′), a linear map
ϕ : V → V ′ is said to be presymplectic if σ′(ϕ(x), ϕ(y)) = σ(x, y) for
x, y ∈ V . When (V ′, σ′) = (V, σ) and ϕ is an isomorphism, it is called
a presymplectic automorphism of (V, σ). The group of presymplectic
automorphisms of (V, σ) is denoted by Aut(V, σ).

If V is endowed with a linear topology which makes σ continuous, it
is reasonable to restrict ourselves to continuous presymplectic maps.

Associated to a presymplectic vector space (V, σ), we introduce sev-
eral *-algebras, called CCR-algebras8. The first one, denoted by
A(V, σ), is a unital *-algebra which is linearly and universally gener-
ated by elements in V subject to the relations

x∗ = x, xy − yx = iσ(x, y)1, for x, y ∈ V .

Lemma 3.2. Given a real-linear map π of V into a unital algebra A
satisfying π(x)π(y)−π(y)π(x) = iσ(x, y)1A for x, y ∈ V , π is extended
to an algebra-homomorphism of A(V, σ) into A.

8CCR stands for the Canonical Commutation Relations.
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Proof. This is a consequence of the fact that the commutation relations
are invariant under the *-operation. □

Example 3.3. LetK be a complex Hilbert space and set V C = K⊕K,
where K is the conjugate Hilbert space and the real structure (or the

conjugation) in V C is defined by (ξ ⊕ η)∗ = η ⊕ ξ. Thus the real
subspace V is {ξ ⊕ ξ; ξ ∈ K}, which can be identified with K as a real
Hilbert space by the isometry K ∋ ξ 7→ (ξ ⊕ ξ)/

√
2 ∈ V .

On the vector space V , we define a symplectic form σ by

σ(ξ ⊕ ξ, η ⊕ η) = 2Im(ξ|η).

If σ is extended to V C bilinearly, then

σ(ξ ⊕ 0, η ⊕ 0) = 0 = σ(0⊕ ξ, 0⊕ η), σ(ξ ⊕ 0, 0⊕ η) = i(η|ξ)
for ξ, η ∈ K and the associated hermitian form is described by

iσ((ξ ⊕ η)∗, ξ′ ⊕ η′) = (ξ|ξ′)− (η′|η) =
(
ξ
η

)∗(
1 0
0 −1

)(
ξ′

η′

)
.

With the notation a(ξ) = 0 ⊕ ξ and a∗(ξ) = a(ξ)∗ = ξ ⊕ 0 for gen-
erators in the CCR algebra A(V, σ), we can express the commutation
relations in the following form:

[a(ξ), a(η)] = 0 = [a∗(ξ), a∗(η)], [a(ξ), a∗(η)] = (ξ|η)1.
We call this the creation-annihilation form of the canonical commuta-
tion relations.

Exercise 20. In the above exmaple, a continuous symplectic automor-
phism is of the form (

A C
C A

)
,

where A : K → K and C : K → K are bounded operators satisfying
A∗A− C∗C = 1H and A∗C = C∗A.

The second one, called the Weyl form of CCR algebra, is a unitary
algebra C(V, σ) universally generated by the symbols {eix;x ∈ V } sub-
ject to the relations

(eix)∗ = e−ix, eixeiy = e−iσ(x,y)/2ei(x+y), x, y ∈ V,
which are the exponentiated form of the canonical commutation rela-
tions. Note that ei0 (the zero in the exponential represents the zero
vector in V ) is the unit element in the algebra.

Since C(V, σ) is generated by unitaries {eix}, any *-representation is
automatically bounded.
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A *-representation π : C(V, σ) → B(H) is said to be continuous
if for any ξ, η ∈ H and for any finite-dimensional subspace W ⊂ V ,
W ∋ x 7→ (ξ|π(eix)η) is continuous.

A positive functional on C(V, σ) is defined to be continuous if the
associated GNS-representation is continuous.

The operator-norm completion with repsect to all *-representations
is then a C*-algebra C(V, σ), which is referred to as the CCR C*-
algebra. From the very definition, there is a one-to-one correspon-
dance between *-representations of C(V, σ) on a Hilbert space H and
*-representations of C(V, σ) on H. There is also a one-to-one corre-
spondance between states on C(V, σ) and states on C(V, σ).

Lemma 3.4. A *-representation π of C(V, σ) is continuous if and only
if R ∋ t 7→ π(eitx) is weakly continuous for any x ∈ V .

Proof. Use the realtion

ei(t1x1+···+tnxn) = ei
∑

j<k tjtkσ(xj ,xk)/2eit1x1 · · · eitnxn

for x1, . . . , xn ∈ V and (t1, . . . , tn) ∈∈ Rn. □
Exercise 21. Use the algebraic representation

(π(eix)f)(y) = e−iσ(x,y)/2f(y − x), x, y ∈ V, f ∈ F (V )

of C(V, σ) and its differential, where F (V ) is the vector space of complex-
valued (finite-dimensionally) differentiable functions on the set V , to
show that V → A(V, σ) is injective.

If we are given a presymplectic map ϕ : V → V ′, it induces a *-
homomorphism C(V, σ) → C(V ′, σ′) by universality and similarly for
other CCR algebras. In particular, Aut(V, σ) acts on C(V, σ) as a
*-automorphism group.

Lemma 3.5. If V = V1⊕V2 and σ = σ1⊕σ2, then C(V, σ) = C(V1, σ1)⊗
C(V2, σ2) and similarly for other CCR algebras.

In particular, if V ′ ⊂ V is a complementary subspace of kerσ with
σ′ the restriction of σ to V ′, then C(V, σ) = C(kerσ, 0)⊗ C(V ′, σ′).

Let f : V → R be a linear functional. Then eix 7→ eif(x)eix gives a
*-automorphism of C(V, σ), which is referred to as a gauge automor-
phism.

Proposition 3.6. Given a continuous positive functional φ : C(V, σ)→
C, its characteristic function φ̂(x) = φ(eix) (x ∈ V ) is characterized by
the (finite-dimensional) continuity and the positivity condition that∑

1≤j,k≤n

zjzkφ̂(xk − xj)eiσ(xj ,xk)/2 ≥ 0
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for any finite sequences {xj}1≤j≤n in V and {zj}1≤j≤n in C.

Exercise 22. Check this tautological claim.

Let (π,H) be a continuous *-representation of C(V, σ) with H a
Hilbert space. A vector ξ ∈ H is said to be entirely analytic if
W ∋ x 7→ π(eix)ξ ∈ H is analytically continued to WC for any finite-
dimensional subspace W of V .

LetD be the set of entirely analytic vectors inH, which is a subspace
of H. For ξ ∈ D and v ∈ V C, the vector π(ev)ξ is well-defined as an
analytic continuation and it belongs to D and satisfies

π(ev)(π(ew)ξ) = eiσ(v,w)/2π(ev+w)ξ, ξ ∈ D, v, w ∈ V C

in view of the analytic extension of the identity π(eix)π(eiy)ξ = e−iσ(x,y)/2π(ei(x+y)ξ
for x, y ∈ V .

Thus,if we set π(v)ξ = d
dt
π(etv)ξ|t=0, it again belongs to D. De-

fine linear operators πD(e
v) and πD(v) on D by πD(e

v)ξ = π(ev)ξ and
πD(v)ξ = π(v)ξ.

Lemma 3.7. These operators belong to L(D) with πD(e
v)∗ = πD(e

v∗),
πD(v)

∗ = πD(v
∗) and

πD(e
v)πD(e

w) = eiσ(v,w)/2πD(e
v+w), πD(v)πD(w)−πD(w)πD(v) = iσ(v, w)1.

Thus V ∋ v 7→ πD(v) ∈ L(D) is extended to a *-representation of
A(V, σ) on D.

Exercise 23. Compute πD(e
v)πD(w)πD(e

−v) for v, w ∈ V C.

4. Covariance Forms

Assume that we are given a state φ of a CCR algebra A(V, σ). Let

S be a positive form on V C defined by S(x, y) = φ(x∗y) for x, y ∈ V C.
Evaluating the commutation relation x∗y − yx∗ = iσ(x∗, y)1 by the

functional φ, we have

(1) S(x, y)− S(y∗, x∗) = iσ(x∗, y) for x, y ∈ V C.

Conversely, any positive form S on V C induces a presymplectic form
σ by the formula iσ(x, y) = S(x, y)− S(y, x) (x, y ∈ V ).

Definition 4.1. A positive form S on V C is called a covariance form
on a presymplectic vector space (V, σ) if it satisfies the equation (1).
Let Cov(V, σ) be the set of covariance froms on (V, σ), which is a convex
set with an obvious action of Aut(V, σ).
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If a presymplectic vector space (V, σ) admits one covariance form S,
then there exists plenty of them by adding any non-degenerate inner
product on V to S.

Remark 1. If a symplectic vector space (V, σ) has a countable basis,
then we can find a canonical basis {en, fn}n≥1 satisfying

σ(ek, el) = 0 = σ(fk, fl), σ(ek, fl) = δk,l,

whence it admits a covariance form.
Related to the existence of covariance forms, the following question

seems to be open even for hermitian matrices: Given a hermitian form θ
on a complex vector space K, can we find a positive form ( | ) satisfying
|θ(x, y)|2 ≤ (x|x) (y|y) for x, y ∈ K?

Example 4.2. If σ ≡ 0, Cov(V, σ) is identified with the set of positive
(semidefinite) bilinear forms on V .

Example 4.3. For V = R2, possible presymplectic forms are parametrized
up to choices of bases by the matrix(

0 2µ
−2µ 0

)
, µ ∈ R.

Then S ∈ Cov(V, σ) is described by a matrix of the form(
z + x y + iµ
y − iµ z − x

)
, x2 + y2 + µ2 ≤ z2, z ≥ 0,

whence Cov(V, σ) is identified with the region bounded by a half of a
two-sheeted hyperboloid (µ ̸= 0) or by a cone (µ = 0). Since

Aut(V, σ) =

{
GL(2,R) if µ = 0,

SL(2,R) otherwise,

orbits in Cov(V, σ) constitute two or three parts according to µ ̸= 0 or
µ = 0.

Example 4.4. Consider the symplectic vector space V C = K ⊕K in
Example 3.3. Let S : V C × V C → C be a sesquilinear form. Then S
satisfies the equation (1) if and only if

S(ξ ⊕ η, ξ ⊕ η) =
(
ξ
η

)∗(
1 +D B
B∗ D

)(
ξ
η

)
= (ξ|(1 + A)ξ) + (η|Aη) + (ξ|Bη) + (η|B∗ξ),

where D : K → K and B : K → K are bounded maps satisfying
B = B∗. Remark that

(ξ|Dη) = S(0⊕ ξ, 0⊕ η), (ξ|Bη) = S(ξ ⊕ 0, 0⊕ η).
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Thus bounded operators D : K → K and B : K → K with B = B∗

correspond to a covariance form if and only if the operator of matrix
form (

1 +D B
B∗ D

)
is positive. In particular, the obvious choice D = B = 0 gives a
covariance form.

Note that a right action of

(
A C
C A

)
∈ Aut(V, σ) on

(
1 +D B
B∗ D

)
∈

Cov(V, σ) is given by(
A C
C A

)∗(
1 +D B
B∗ D

)(
A C
C A

)
.

For the choice K = C, let e = (1 ⊕ 1)/
√
2 and f = (i ⊕ −i)/

√
2

as basis vectors in V . Then σ(e, f) = 1, which corresponds to the
parameter µ = 1/2 in the previous example. From the identification

S(e, e) = z + x, S(f, f) = z − x, S(e, f) = y + i/2,

we have the correspondence of parameters

d = z − 1

2
, b = x+ iy.

Notice that d = b = 0 corresponds to a boundary point (x, y, z) =
(0, 0, 1/2).

Proposition 4.5. Let (V, σ) be a finite-dimensional presymplectic vec-
tor space and S be a covariance form on (V, σ). Then we can find a
basis {dj, ek, fk} of V and sequences {λj}1≤j≤m (λj ≥ 0), {µk}1≤k≤n
(0 < µk ≤ 1/2) such that subspaces Cdj, C(ek + ifk), C(ek − ifk) are
mutually (S + S)-orthogonal with dj ∈ kerσ and

S(dj, dj) = λj, S(ek ± ifk, ek ± ifk) = 1∓ 2µk, σ(ek, fl) = 2µkδk,l.

Exercise 24. Prove this.

Remark 2. The system {ek, fk} is (S + S)-orthonomal and S is repre-
sented on Cek + Cfk by the matrix(

S(ek, ek) S(ek, fk)
S(fk, ek) S(fk, fk)

)
=

(
1/2 iµk
−iµk 1/2

)
.

Lemma 4.6. Given a covariance form S on (V, σ), set (x, y)S = S(x, y)+

S(y∗, x∗) for x, y ∈ V C. Then ( , )S is a positive form on V C satisfying

(i) (y∗, x∗)S = (x, y)S and (ii) |σ(x∗, y)|2 ≤ (x, x)S (y, y)S for x, y ∈ V C.
Conversely, any positive form fulfilling these conditions comes from

a covariance form.
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Proof. We shall work with the completion V C
S of V C with respect to the

(possibly degenerate) inner product ( , )S. From the obvious inequality

S(x, x) ≤ (x, x)S, we can find a positive operator S ∈ B(V C
S ) such

that S(x, y) = (x, Sy)S. The relation (x, y)S = S(x, y) + S(y∗, x∗)
is then equivalent to S + S = 1 (Sx = (Sx∗)∗). Moreover, we have
iσ(x∗, y) = (x, (S − S)y)S and the operator inequality −1 ≤ S − S ≤ 1
gives

|σ(x∗, y)| ≤ ∥x∥S ∥(S− S)y∥S ≤ ∥x∥S∥y∥S.
Conversely, assume that a positive form ( , ) on V C satisfies (i) and

(ii) in place of ( , )S. The inequality (ii) gives rise to a hermitian
operator −1 ≤ H ≤ 1 so that iσ(x∗, y) = (x,Hy)S, whereas the in-
variance (i) and the alternating property of σ implies H = −H. Now

set S(x, y) = (x, H+1
2
y). Then the identity S(y∗, x∗) = (x, H+1

2
y) shows

that S is a covariance form satisfying (x, y) = (x, y)S. □
Corollary 4.7. Let VS be the real Hilbert space with respect to the
positive form S + S, i.e., VS is the completion of V/ ker(S + S) with
respect to the induced inner product. Then VS is a presymplectic vector
space by the presymplectic form σS induced from σ and the natural
map V → VS is presymplectic.

Proposition 4.8. A covariance form S is extremal in Cov(V, σ) if

and only if S2 = S. Here S is a positive operator on V C
S defined by

S(x, y) = (x, Sy)S (x, y ∈ V C
S ).

Exercise 25. Prove this.

Example 4.9. The covariance form

S(ξ ⊕ η, ξ ⊕ η) =
(
ξ
η

)∗(
1 0
0 0

)(
ξ
η

)
appeared in Example 4.4 is extremal.

Remark 3. Even if we start with a symplectic vector space (V, σ), the
completed one (VS, σS) with respect to a covariance form S may have
a degenerate σS.

Exercise 26. Construct an example supporting the above remark.

As a final remark of this section, we record here the following.

Proposition 4.10. Given covariance forms S, T on a presymplectic
vector space (V, σ) and a non-degenerate real inner product R on V C

which majorizes S and T , we can find a family of closed separable
subspaces {Vi}i∈I in the completion V ′ of V such that S ′(Vi, Vj) = 0 =
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T ′(Vi, Vj) if i ̸= j and V ′ = ⊕i∈IVi. Here S ′ and T ′ are continuous

extensions of S and T to V ′C.

Exercise 27. Prove this.

In view of this fact, we may restrict ourselves to separable V ’s to
look into mutual relations between free states.

5. Free States

From here on, a presymplectic form σ is supposed to satisfy Cov(V, σ) ̸=
∅. With this assumption, there exists a covariance form S having a
trivial kernel; for v ∈ V C, S(v, v) = 0 implies v = 0.

Lemma 5.1 (Hadamard-Schur product). Let (ajk) and (bjk) be pos-
itive semidefinite matrices of size n. Then the matrix with entries of
component-wise multiplication (ajkbjk))1≤j,k≤n is positive semidefinite.

Proof. Express positive matrices as convex combinations of positive
matrices of rank one. □
Corollary 5.2. For a positive semidefinite matrix (ajk), the matrix
(eajk) is positive semidefinite.

Exercise 28. Check these assertions.

Given a covariance form S and a linear functional α : V → R, the
following formula defines a state (called a free state) on the C*-algebra
C(V, σ).

φ(eix) = e−S(x,x)/2+iα(x), x ∈ V.
The positivity of φ is an easy consequence of the above corollary.

When α = 0, we simply write φS. Note that φS and φα,S are related
by a gauge automorphism θ(eix) = eiα(x)eix (x ∈ V ): φα,S = φS ◦ θ.

Lemma 5.3. The GNS-vector φ
1/2
α,S is entirely analytic, whence

π(C(V, σ))φ
1/2
α,S ⊂ D, πD(A(V, σ))φ

1/2
α,S ⊂ D.

Proof. To this end, we introduce a *-algebra C(V C, σ) generated by the

symbols ev (v ∈ V C) with relations

evew = eiσ(v,w)/2ev+w, (ev)∗ = ev
∗
.

Then a state φ on C(V C, σ) is defined by

φ(ev) = eS(v
∗,v)/2+α(v), v ∈ V C

and we can see that V C ∋ v 7→ evφ1/2 is entirely analytic. Since

the restriction eixφ1/2 is naturally identified with eixφ
1/2
α,S, we have
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C(V C, σ)φ1/2 = C(V, σ)φ
1/2
α,S and evφ1/2 is an analytic extension of

eixφ
1/2
α,S. □

Exercise 29. Let φα,S be a free state on C(V, σ) and denote by φ the
analytic extension of φα,S to the *-algebra E(V, σ). Then

φ(x∗y) = S(x, y) + α(x)α(y) for x, y ∈ V C.

Proposition 5.4. In the situation of Proposition 4.5, if the covariance
form S is decomposed according to the decomposition of presymplectic
vector space V =

∑m
j=1 Rdj +

∑n
k=1(Rek + Rfk), then the free state φS

is factorized into the product of one-dimensional gaussian measures

φj(e
itdj) = e−λjt

2/2

and two-dimensional free states

φk(e
i(xek+yfk)) = e−(x2+y2)/2

with [ek, fk] = −2µk.

Definition 5.5. A free state φS is called a Fock state if the covariance
form S is extremal in Cov(V, σ).

Fock states are basic ones among free states. Let φS be a Fock
state with the associated GNS representation denoted by π. In view
of Proposition 4.8, we may assume that V = VS and σ = σS from the
outset. Then S is of the form S(x, y) = (x, Py)S with P a projection

in B(V C) satisfying P + P = 1 and V C = K ⊕K if we set K = PV C,
i.e., (V, σ) is the one in Example 3.3.

The following is a key in the analysis of Fock states.

Lemma 5.6. For a ∈ K ⊂ A(V, σ), aφ
1/2
S = 0.

Proof. For a ∈ K = PV C,

(aφ
1/2
S |aφ

1/2
S ) = φS(a

∗a) = S(a, a) = (a, Pa)S = 0.

□
Remark 4. In quantum physics, φ

1/2
S represents a vacuum and a (resp. a∗)

is interpreted as an operator annihilating (resp. creating) a quantum.

For a, b ∈ K, we have

[a, b∗] = ab∗ − b∗a = iσ(a, b∗)1 = (a∗, (P − P )b∗)S1 = S(a∗, b∗)1,

which is used repeatedly to see

A(VS, σS) =
∑
m,n≥0

Km(K)n
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and then

A(VS, σS)φ
1/2
S =

∑
n≥0

Knφ
1/2
S

thanks to Kφ
1/2
S = 0.

Now we present a typical computation for a, aj ∈ K (j = 1, . . . , n):

aa∗1 · · · a∗nφ
1/2
S = [a, a∗1 · · · a∗n]φ

1/2
S

=
n∑
k=1

a∗1 · · · a∗k−1[a, a
∗
k]a

∗
k+1 · · · a∗nφ

1/2
S

=
n∑
k=1

S(a∗, a∗k)a
∗
1 · · · a∗k−1a

∗
k+1 · · · a∗nφ

1/2
S

As a result, aKnφ
1/2
S = Kn−1φ

1/2
S (0 ̸= a ∈ K), which is used repeat-

edly to get for m,n ≥ 1

K
m
Knφ

1/2
S =


Kn−mφ

1/2
S if m < n,

Cφ1/2
S if m = n,

{0} otherwise.

In particular, we have

bn · · · b1a∗1 · · · a∗nφ
1/2
S = (b∗1 · · · b∗nφ

1/2
S |a

∗
1 · · · a∗nφ

1/2
S )φ

1/2
S

for a1, . . . , an, b1, . . . , bn ∈ K.

Exercise 30. Let {aj}1≤j≤n be an orthonormal system in K and k =
(k1, · · · , kn) and l = (l1, . . . , ln) be multiindices in Zn+. Then

((a∗1)
k1 · · · (a∗n)knφ

1/2
S |(a

∗
1)
l1 · · · (a∗n)lnφ

1/2
S ) = δk,lk!.

Theorem 5.7. A free state φα,S is pure if and only if the covariance
form S is extremal.

Proof. Since a state φ of a C*-algebra A is pure if and only if φ ◦ θ
is pure for any *-automorphism θ of A, the problem is reduced to the
case of free states of trivial means. We here prove the if part and refer
to [16, Theorem 6.10] for the only if part.

Assume that S is extremal and show that the GNS representation π
is irreducible.

For a unitary U ∈ π(C(V, σ))′, we have UD = D and UπD(a)U
∗ =

πD(a) for a ∈ A(V, σ).
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Let a1, · · · , am, b1, · · · , bn ∈ K. Then,

(a∗1 · · · a∗mφ
1/2
S |U(b

∗
1 · · · b∗nφ

1/2
S )) = (a∗1 · · · a∗mφ

1/2
S |U(π(b

∗
1) · · · π(b∗n)φ

1/2
S ))

= (π(bn) · · · π(b1)a∗1 · · · a∗mφ
1/2
S |Uφ

1/2
S )

= (bn · · · b1a∗1 · · · a∗mφ
1/2
S |Uφ

1/2
S )

= (φ
1/2
S |U(am · · · a1b

∗
1 · · · b∗nφ

1/2
S ))

vanishes if m ̸= n and, for m = n,

(a∗1 · · · a∗nφ
1/2
S |U(b

∗
1 · · · b∗nφ

1/2
S )) = (bn · · · b1a∗1 · · · a∗nφ

1/2
S |Uφ

1/2
S ))

= (φ
1/2
S |Uφ

1/2
S )(a∗1 · · · a∗nφ

1/2
S |b

∗
1 · · · b∗nφ

1/2
S ).

Consequently

(a∗1 · · · a∗mφ
1/2
S |U(b

∗
1 · · · b∗nφ

1/2
S )) = (φ

1/2
S |Uφ

1/2
S )(a∗1 · · · a∗mφ

1/2
S |b

∗
1 · · · b∗nφ

1/2
S )

for any m,n. Since ∪nKnφ
1/2
S is dense in the representation space, this

implies U = (φ
1/2
S |Uφ

1/2
S )1. □

6. Transition Probability and Universal Hilbert Spaces

Given a pair {α, β} of positive sesquilinear forms on a complex vector
space D, its commuting representation is an operator relization (ι :
D → H, A,B) of them, where ι : D → H is a linear map into a Hilbert
spaceH with a dense range, A and B are commuting positive operators
on H satisfying α(x, y) = (ι(x)|Aι(y)) and β(x, y) = (ι(x)|Bι(y)).

Theorem 6.1 (Pusz-Woronowicz). The sesquilinear form
√
αβ(x, y) =

(ι(x)|
√
ABι(y)) is irrelevant of the choice of commuting representations

and characterized by the variational expression√
αβ(x, x) = sup{γ(x, x); γ is a positive form majorized by {α, β}}.

Here majorization means |γ(x, y)|2 ≤ α(x, x)β(y, y) for x, y ∈ D.

Given a C*-algebra A, we shall put all the left and right GNS-
represntations together to construct a single *-bimodule L2(A) over
A. More precisely, we require that L2(A) is linearly spanned by symbols
φ1/2 = (φ1/2)∗ (φ ∈ A∗

+) so that (φ
1/2|aφ1/2) = φ(a) and (ψ1/2a|aφ1/2) =

(ψ1/2|aφ1/2a∗) ≥ 0 for any φ, ψ ∈ A∗
+ and a ∈ A.

To get a hint for the construction, assume Aφ1/2 = ψ1/2A addition-
ally and think of a (possibly unbounded) operator ∆1/2 defined formally
by ∆1/2(aφ1/2) = ψ1/2a, which is positive by our requirement.
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Thus, if we introduce a pair {φL, ψR} of positive sesquilinear forms
on A by

φL(x, y) = φ(x∗y), ψR(x, y) = ψ(yx∗),

it is represented on the GNS-space Aφ1/2 by the identity operator for
φL and by the positive operator ∆ for ψR.

Now their geometric mean
√
φLψR is related to the structures in

L2(A) as√
φLψR(x, y) = (xφ1/2|∆1/2(yφ1/2)) = (xφ1/2|ψ1/2y)

for x, y ∈ A.

Theorem 6.2. Let A be a C*-algebra. Then√
φLψR(x

∗x, yy∗) ≥ 0

for x, y ∈ A, and the formal algebraic sum
∑

φ∈A∗
+
Aφ1/2A, which is a *-

bimodule by (aφ1/2b)∗ = b∗φ1/2a∗, is made into a hilbertian *-bimodule
L2(A) with respect to the inner product defined by(∑

j

x′jφ
1/2
j xj

∣∣∣∣∣∑
k

ykφ
1/2
k y′k

)
=
∑
j,k

√
(φj)L(φk)R(y

∗
kx

′
j, y

′
kx

∗
j).

Here highly non-trivial is the positivity of the inner product, which
turns out to be equivalent to the celebrated Tomita-Takesaki theorem
(see [15, §7-§8]).

When φ and ψ are states, 0 ≤ (φ1/2|ψ1/2) ≤ 1 and it is referred to
as a transition probability9 between them.

Example 6.3. When A = C(H) (the compact operator algebra),
L2(A) is identified with H⊗H∗ ∼= C2(H) so that each φ1/2 corresponds

to ρ
1/2
φ ∈ C2(H), where ρφ ∈ C1(H) denotes the density operator of

φ ∈ A∗
+, i.e., φ(a) = tr(ρa) for a ∈ C(H).

If ψ is another positive functional, (φ1/2x|yψ1/2) = tr(x∗ρ
1/2
φ yρ

1/2
ψ )

for x, y ∈ C(H). Note that x∗ρ
1/2
φ yρ

1/2
ψ is in the trace class.

The following is a simple consequence of the variational expression
of geometric meanss.

Theorem 6.4 (Coarse-Graining Inequality). Let ϕ : A→ B be a unit-
preserving *-homomorphism of unital *-algebras. Then, for bounded
positive functionals φ, ψ of B,

(φ1/2|ψ1/2) ≤ ((φ ◦ ϕ)1/2|(ψ ◦ ϕ)1/2).
9This is different from the one introduced by A. Uhlmann.



FREE STATES ON CCR ALGEBRAS 25

Exercise 31. For hermitian matrices a1, . . . , am and b1, . . . , bm inMn(C),
we have the inequality

tr(a1b1 + · · ·+ ambm) ≤ tr
(
(a21 + · · ·+ a2m)

1/2(b21 + · · ·+ b2m)
1/2
)
.

Hint: Consider the diagonal imbedding Mn(C)→Mmn(C).

Theorem 6.5 (Approximation[15, Appendix]). Let φ and ψ be pos-
itive functionals on a C*-algebra A with unit 1A. Let {An}n≥1 be an
increasing sequence of C*-subalgebras of A containing 1A in common
and assume that, given any a ∈ A, we can find a sequence {an ∈ An}n≥1

satisfying

lim
n→∞

∥anφ1/2 − aφ1/2∥ = 0 = lim
n→∞

∥ψ1/2an − ψ1/2a∥.

Set φn = φ|An , ψn = ψ|An ∈ A∗
n. Then the sequence {(φ1/2

n |ψ1/2
n )}n≥1

is decreasing and converges to (φ1/2|ψ1/2).

The *-bimodule L2(A) bears the following universal character of *-
representations.

Theorem 6.6 ([15, Theorem 8.1]). Let φ and ψ be positive functionals
on a C*-algebra A.

(i) φ and ψ are disjoint if and only if Aφ1/2A and Aψ1/2A are

orthogonal. When Aφ1/2 = φ1/2A, this is further equivalent to
(φ1/2|ψ1/2) = 0.

(ii) φ and ψ are quasi-equivalent if and only if Aφ1/2A = Aψ1/2A.

(iii) φ is pure if and only if Aφ1/2 ∩ φ1/2A = Cφ1/2.

Exercise 32. Check the statements of the theorem for A =Mm(C)⊕
Mn(C).

7. Finite-Dimensional Analysis

For the CCR algebra associated to a finite-dimensional presymplectic
vector space, which is assumed throughout this section unless otherwise
stated, fundamental is the following (see [15, Appendix D] for a proof).

Theorem 7.1 (Stone-von Neumann). Let (V, σ) be a finite-dimensional
symplectic vector space. Then all the continuous irreducible represen-
tations of C(V, σ) are unitarily equivalent.

In the following, we shall fix a Lebesgue measure on V once for all.
Let π be a continuous *-representation of C(V, σ) on a Hilbert space
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H. For an integrable function f ∈ L1(V ), let π(f) ∈ B(H) be defined
by the integral ∫

V

f(x)π(eix) dx

and introduce a *-algebra structure on L1(V ) so that the above inte-
gration gives a *-homomorphism into B(H):∫

V

f(x)π(eix) dx

∫
V

g(y)π(eiy) dy

=

∫
V

dy

∫
V

dxf(x)g(y − x)e−iσ(x,y)/2π(eiy)

indicates to define10

(f ⋆ g)(y) =

∫
V

f(x)g(y − x)e−iσ(x,y)/2 dx,

while (∫
V

f(x)π(eix) dx

)∗

=

∫
V

f(−x)π(eix) dx

to set f ∗(x) = f(−x).
It is immediate to check that these operations in fact make L1(V )

into a Banach *-algebra, which is denoted by L1(V, σ). Let C∗(V, σ)
be the C*-algebra associated to L1(V ). The image of f ∈ L1(V, σ) in
C∗(V, σ) is reasonably denoted by∫

V

f(x)eix dx.

A gauge automorphism θ(eix) = eiα(x)eix of C(V, σ) with α ∈ V ∗

then induces a *-automorphism of C∗(V, σ) by

θ

(∫
V

f(x)eix dx

)
=

∫
V

eiα(x)f(x)eix dx

for f ∈ L1(V ).
By our way of definition, any continuous *-representation π(eix) of

C(V, σ) gives rise to a bounded *-representation of C∗(V, σ) so that

π

(∫
V

f(x)eix dx

)
=

∫
V

f(x)π(eix) dx.

Conversely, any bounded *-representation of C∗(V, σ) is of this form.
To see this, we realize C(V, σ) as a multiplier algebra of C∗(V, σ): For

10It is customary to use the convolution notation to avoid confusions with the
pointwise multiplication.
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f ∈ L1(V ) and x ∈ V , define eixf, feix ∈ L1(V ) so that π(eixf) =
π(eix)π(f), π(feix) = π(f)π(eix):

(eixf)(y) = e−iσ(x,y)/2f(y − x), (feix)(y) = eiσ(x,y)/2f(y − x).
The following are also immediate to check.

Lemma 7.2. Let x, y ∈ V and f, g ∈ L1(V ). Then

(i) (eixf)∗ = f ∗e−ix.
(ii) eix(eiyf) = e−iσ(x,y)/2(ei(x+y)f)
(iii) (feix) ⋆ g = f ⋆ (eixg).
(iv) (eixf)eiy = eix(feiy).

From here on, the star symbols to designate the product on L1(V, σ)
are often dropped off to appreciate the associativity maximally. Thus
the element in (iii) for example is simply expressed as feixg.

Proposition 7.3. Given a non-degenerate bounded *-representation
π of L1(V, σ) on a Hilbert space H, we have a continuous unitary
representation π(eix) of C(V, σ) such that

π(eix)π(f) = π(eixf), π(f)π(eix) = π(feix).

Consequently there is one-to-one correspondence between non-degenerate
bounded *-representations of C∗(V, σ) and continuous *-representations
of C(V, σ).

Moreover, left and right multiplications of eix on L1(V ) are extended
to C∗(V, σ) so that, for a ∈ C∗(V, σ), eixa and aeix belong to C∗(V, σ)
and they are norm-continuous in x ∈ V .

Corollary 7.4. Bounded positive functionals on C∗(V, σ) are identified
with continuous positive functionals on C(V, σ): Given a continuous
positive functional φ on C(V, σ),

C∗(V, σ) ∋
∫
V

f(x)eix dx 7→
∫
V

f(x)φ(eix) for f ∈ f ∈ L1(V )

defines a bounded positive functional on C∗(V, σ) and any bounded
positive functional on C∗(V, σ) arises this way. The identification is
extended to universal Hilbert spaces in such a way that

C(V, σ)φ1/2C(V, σ) = C∗(V, σ)φ1/2C∗(V, σ)

and∫
V×V

f(x)g(y)(eixφ1/2eiy) dxdy =

(∫
V

f(x)eix dx

)
φ1/2

(∫
V

g(y)eiy dy

)
for φ ∈ C∗(V, σ)∗+ and f, g ∈ L1(V ).
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Proposition 7.5. When σ ≡ 0, the Gelfand spectrum of C∗(V, σ) =
C∗(V ) is identified with the dual vector space V ∗ in such a way that
each v∗ ∈ V ∗ gives a continuous one-dimensional *-representation of
C(V, σ) defined by eix 7→ ei⟨x,v

∗⟩. Bounded positive functionals φ on
C∗(V, σ) are in one-to-one correspondence with finite positive Radon
measures µ on V ∗ by the relation

φ(eix) =

∫
V ∗
ei⟨x,v

∗⟩µ(dv∗).

Corollary 7.6. Let ν be the Radon measure associated to another
ψ ∈ C∗(V )∗+. Then

(φ1/2|eixψ1/2) =

∫
V ∗
ei⟨x,v

∗⟩
√
µ(dv∗)ν(dv∗) for x ∈ V .

Example 7.7. Let V = R and set φ = φα,S with S(x, x) = sx2 (s ≥ 0)
and α ∈ R∗ = R. The correspondent Radon measure µα,S is then given
by

µα,S(dy) =

{
1√
2πs
e−(y−α)2/2s dy if s > 0,

δ(y − α)dy if s = 0,

which is used to see that

(φ
1/2
α,S|e

ixφ
1/2
β,T ) =

1

(4π2st)1/4

∫
R
eixy exp

(
−(y − α)2

4s
− (y − β)2

4t

)
dy

=

√
2
√
st

s+ t
exp

(
− st

s+ t
x2 + i

αt+ βs

s+ t
x− (α− β)2

4(s+ t)

)
for st > 0. If (s, α) ̸= (t, β) and st = 0, the measures µα,S and µβ,T
have disjoint supports, whence (φ

1/2
α,S|eixφ

1/2
β,T ) = 0 for x ∈ V .

Lemma 7.8. Let S and T be covariance forms on a not necessarily
finite-dimensional presymplectic vector space (V, σ). Assume that x ∈
V satisfies T (x, x) > 0. Then, for any linear functionals α, β on V ,

(φ
1/2
α,S|φ

1/2
β,T )

2 ≤ 2√
S(x, x)/T (x, x) +

√
T (x, x)/S(x, x)

.

Proof. Let ϕ : C(R, 0) → C(V, σ) be a *-homomorphism associated

with a presymplectic map R ∋ λ 7→ λx ∈ V and set r =
√
S(x, x)/T (x, x) =√

s/t. Then

(φ
1/2
S,α|φ

1/2
T,β) ≤ ((φS,α ◦ ϕ)1/2|(φT,β ◦ ϕ)1/2)

=

√
2
√
st

s+ t
exp

(
−(α(x)− β(x))2

s+ t

)
≤
√

2

r + r−1
.



FREE STATES ON CCR ALGEBRAS 29

□
Corollary 7.9. Let S, T ∈ Cov(V, σ) and α, β be linear functionals on
V . Then

(φ
1/2
α,S|φ

1/2
β,T ) = 0

unless positive forms S + S and T + T on V C are topologically equiv-
alent.

Remark 5. The topological inequivalence of S + S and T + T in fact
implies the disjointness of φα,S and φβ,T .

We return to the finite-dimensional case. To describe free states
on C∗(V, σ) and the associated W*-algebraic stuffs, it is convenient to
work with a dense *-algebra of L1(V ). We shall adopt here the Schwartz
space S(V ) of V as such a *-algebra 11, which admits a special trace
functional defined by

τ : S(V ) ∋ g 7→ g(0) ∈ C.

Formally this is equivalent to requiring τ(eix) = δ(x) for x ∈ V (δ(x)
being the delta function with respect to the preassigned Lebesgue mea-
sure).

Let H = S(V, σ)τ 1/2, which is identified with L2(V ) by the relation

(gτ 1/2|gτ 1/2) = (g∗ ⋆ g)(0) =

∫
V

|g(v)|2 dv

and a *-representation {π(eix)} of C(V, σ) is defined on H by the for-
mula π(eix)(gτ 1/2) = (eixg)τ 1/2 (g ∈ S(V, σ)), which is continuous by
the continuity of

τ(g∗eixh) =

∫
V

g(y)h(y − x)e−iσ(x,y)/2 dy

in x ∈ V .
The identity

(g ⋆ h)τ 1/2 =

∫
V

g(x)(eixh)τ 1/2 dx.

for g, h ∈ S(V ) shows that the GNS-representation S(V, σ), which is
also denoted by π, is boundend as an integration of g(x)π(eix) and
non-degenerate because of

lim
n→∞

π(δn) = 1H in the strong operator topology

for an approximate delta function {δn}n≥1 in S(V ).

11The *-subalgebra is denoted by S(V, σ) to indicate the dependence on σ.
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Let α : V → R be a linear functional of V and consider a covariance
form S such that S + S is non-degenerate for the moment. Since the
free state φα,S is continous in the sense that φα,S(e

ix) is continuous
in x ∈ V (see §3), it gives rise to the bounded positive functional of
C∗(V, σ) specified by∫

V

f(x)eix dx 7→
∫
V

f(x)e−S(x,x)/2+iα(x) dx, f ∈ S(V ),

which turns out to split via π(C∗(V, σ)) from the relation∫
V

f(x)e−S(x,x)/2+iα(x) dx = τ(ρα,S ⋆ f).

Here the density operator ρα,S relative to the trace τ is given by a
function ρα,S(x) = e−S(x,x)/2−iα(x) in S(V ) which satisfies π(ρα,S) ≥ 0
because (fτ 1/2|π(ρα,S)fτ 1/2) is equal to

τ(ρα,S ⋆ f ⋆ f
∗) =

∫∫
f(x)f(y)φα,S(e

ixe−iy) dxdy ≥ 0.

(The last integration is positive as a limit of positive definite sums.)
Since ρα,S = θ(ρS) with θ a gauge automorphism given by θ(eix) =

e−iα(x)eix (x ∈ V ), the problem of finding the square root of ρα,S is

reduced to the case α = 0: ρ
1/2
α,S = θ(ρ

1/2
S ).

To get a formula for the square root of ρS in C∗(V, σ), we try to find

it as a ‘function’ h : V → C satisfying h(−x) = h(x) and

e−S(x,x)/2 =

∫
V

h(y)h(x− y)eiσ(x,y)/2 dy = (h ⋆ h)(x)

for x ∈ V .

7.1. Square Roots of Density Operators. From here on σ is as-
sumed to be non-degenerate for the time being. Let S be the operator
representing the covariance form S with respect to the inner product
( , )S. From the relation S + S = 1, we can read off the following
spectral property of S: If ξ is an eigenvector of eigenvalue λ, then so is
ξ with eigenvalue replaced by 1− λ, i.e., Sξ = (1− λ)ξ. Moreover, by
the non-degeneracy condition on σ, λ = 1/2 is not an eigenvalue.

To do the spectral decomposition within real subspaces of V , we re-
strict eigenvalues to the range 0 ≤ λ < 1/2 and normalize eigenvectors
ξ so that (S + S)-orthonormal vectors in V are obtained by

e =
ξ + ξ√

2
, f =

ξ − ξ√
2i
, ξ =

e+ if√
2
.
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Relative to the basis {e, f}, S is represented on the two dimensional
subspace Ce+ Cf = Cξ + Cξ by the matrix

S =

(
1/2 iµ
−iµ 1/2

)
with S =

(
1/2 −iµ
iµ 1/2

)
and

S− S = i

(
0 2µ
−2µ 0

)
,

where 2µ ≡ 1− 2λ.
Consequently the canonical (Liouville) measure is of the form 2µdsdt

with respect to the (partial) coordinates (s, t) ∈ R2 representing the
vector se+ tf in a two-dimensional subspace of V , whereas the preas-
signed reference measure is of the form 2mdsdt with m > 0.

In terms of this basis, the relevant forms are expressed by

S(se+ tf, se+ tf) =
1

2
(s2 + t2), iσ(se+ tf, s′e+ t′f) = 2iµ(st′− s′t)

and the equation to determine h takes the form

e−(s2+t2)/4 = 2m

∫
R2
h(s′, t′)h(s− s′, t− t′)eiµ(st′−s′t) ds′dt′

with the hermiticity condition given by h(−s,−t) = h(s, t). We shall
deal with a slightly more general situation: for g, h ∈ L1(Re + Rf),
consider

(g ⋆ h)(se+ tf) = 2m

∫
R2
g(s′, t′)h(s− s′, t− t′)eiµ(st′−s′t) ds′dt′.

If we write

g(s, t) =
1

(2π)2

∫
R2
ĝ(ξ, η)eisξ+itη dξdη

with the Fourier transform ĝ defined by

ĝ(ξ, η) =

∫
R2
g(s, t)e−isξ−itη dsdt

and similarly for h, then

(g ⋆ h)(s, t) =
2m

(2π)2

∫
R2
ĝ(ξ, η)ĥ(ξ − µt, η + µs)eisξ+itη dξdη.

For the choice

ĝ(ξ, η) = Ae−a(ξ
2+η2)/2µ, ĥ(ξ, η) = Be−b(ξ

2+η2)/2µ

with A,B, a, b positive reals, explicit computations are worked out by
Gaussian integrals: The results are

g(s, t) =
µA

2πa
e−µ(s

2+t2)/2a, h(s, t) =
µB

2πb
e−µ(s

2+t2)/2b
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and

(g ⋆ h)(s, t) =
ABmµ

π(a+ b)
e−µ(s

2+t2)/2(a∗b),

where

a ∗ b = a+ b

ab+ 1
.

Recall here that the function h(s, t) = exp(−µ(s2+t2)/2c) with c > 0
gives a positive element

2m

∫
R2
h(s, t)ei(se+tf) dsdt

in C∗(Re+Rf, σ) if and only if the associated positive functional τ(h·)
is a free state12, which means that

µ

c
(s2 + t2) =

(
s t

)( z iµ
−iµ z

)(
s
t

)
with z = µ/c > 0 satisfying µ2 ≤ z2, namely c ≤ 1.

In particular, for the choice a = b = c > 0 and A = B = C > 0,

(h ⋆ h)(se+ tf) =
C2mµ

2πc
e−µ(s

2+t2)/2(c∗c),

where c ∗ c = 2c/(c2 + 1) ≤ 1 for any c > 0 as being expected (the
square of a hermitian element being positive). Thus, equating this with

e−(s2+t2)/4, we reach the solution

h(s, t) =

√
µ

2πcm
e−µ(s

2+t2)/2c

satisfying 0 < c ≤ 1 (recall 0 < 2µ ≤ 1) by the choice

c =
2µ

1 +
√
1− 4µ2

, C =

√
2πc
√
mµ

.

From the local expression

S+ S+ 2
√
SS =

(
1 +

√
1− 4µ2 0

0 1 +
√
1− 4µ2

)
,

we see that

µ

2c
(s2 + t2) =

1

4

(
s t

) (
S+ S+ 2

√
SS
)(

s
t

)
.

12cf. the uniqueness of *-representations of C∗(V, σ).
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The last relation immediately gives a coordinates-free expression for

ρ
1/2
S (=

∫
V
ρ
1/2
S (x)eix dx):

ρ
1/2
S (x) =

1√
NS

exp

(
−1

2
A(x)

)
, A =

1

2

(
S + S + 2

√
SS

)
with the normalization constant NS =

∫
V
e−A(x) dx determined by the

requirement

1 = ρS(0) =

∫
V

ρ
1/2
S (x)ρ

1/2
S (x) dx

It is then immediate to check that the expression is valid for degen-

erate σ as long as S + S is non-degenerate. Note that ρ
1/2
S ∈ S(V, σ)

by the non-degeneracy of S + S. As a gauge shift of φ
1/2
S , we obtain

ρ
1/2
α,S(x) = e−iα(x)ρ

1/2
S (x) in view of

ρ
1/2
α,S = θ(ρ

1/2
S ) =

∫
V

ρ
1/2
S (x)θ(eix) dx =

∫
V

ρ
1/2
S (x)e−iα(x)eix dx.

Now the transition probability is calculated,in view of Theorem 6.5,
by

(φ
1/2
α,S|φ

1/2
β,T ) = τ(ρ

1/2
α,Sρ

1/2
β,T ) =

1√
NSNT

∫
V

e−
1
2
A(x)−iα(x)e−

1
2
B(x)−iβ(x) dx,

where B = 1
2
(T 1/2 + T

1/2
)2.

To dispose of the last integral, choose an auxiliary inner product ( | )
on V which meets the following conditions (( , )S+( , )T multiplies by
a positive real can be used for example): (i) A and B are represented by
commuting positive inverible operators A and B respectively (ii) The
reference measure is the Lebesgue measure with respect to the inner
product ( | ). Then

NS =

∫
V

e−(x|Ax) dx =
πn/2√
det(A)

(n = dimV ) and we have

(φ
1/2
α,S|φ

1/2
T ) =

(detAB)1/4

πn/2

∫
V

e−(x|Ax)/2−(x|Bx)/2−iα(x) dx

=
det1/4(AB)√

det(A/2 +B/2)
e−(v|(A+B)−1v)/2

=

√√√√det

(
2
√
AB

A+B

)
e−(v|(A+B)−1v)/2,
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where v ∈ V is defined by (v|x) = α(x) (x ∈ V ).
With the help of Pusz-Woronowicz’ functional calculus, the last for-

mula takes a coordinates-free (independent of the choice of auxiliary
inner products) expression:

(φ
1/2
α,S|φ

1/2
β,T ) =

√√√√det

(
2
√
AB

A+B

)
e−

1
2
(A+B)−1(β−α).

Recall that, given a positive sesquilinear form Q of a vector space K,
the inverse form Q−1 (which is a quadratic form on the algebraic dual
K∗) is defined as follows: Let α : K → C. If we can find a ∈ KQ (the
completion of K relative to Q) satisfying α(x) = Q(a, x) for x ∈ K,
then Q−1(α) is set to be Q(a, a) and otherwise Q−1(α) = +∞. Note
that Q−1 satisfies the paralellelogram law.

By looking into supporting subspaces for degenerate S+S or T +T ,
it turns out out that the last formula remains valid without restrictions
on S and T . Thus we have reached the following.

Theorem 7.10. Let (V, σ) be a finite-dimensional presymplectic vector
space. For covariance forms S and T of (V, σ) and linear functionals
α, β of V , we have

(φ
1/2
α,S|φ

1/2
β,T ) =

√√√√det

(
2
√
AB

A+B

)
e−

1
2
(A+B)−1(α−β),

where positive quadratic forms A, B are defined by

2A = (
√
S +

√
S)2, 2B = (

√
T +

√
T )2.

Notice that 2
√
AB ≤ A+B (geometric mean is majorized by arithmetic

mean).

Example 7.11. Let σ be defined on V = R2 by the matrix

(
0 2µ
−2µ 0

)
with µ ∈ R and consider a covariance form S in the boundary of
Cov(V, σ), i.e., S is represented by a matrix of the form(

z + x y + iµ
y − iµ z − x

)
, z =

√
x2 + y2 + µ2.

From the extremality analysis before, we see that√
SS =

{
0 if µ ̸= 0,

S if µ = 0
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and the associated quadratic form A is given by the matrix(
z + x y
y z − x

)
for µ ̸= 0, whereas it is multiplied by a factor 2 for µ = 0.

Note that the matrix

(
z + x y + iµ
y − iµ z − x

)
(z2 = x2+y2+µ2), does not

commute with its complex conjugate unless (x, y, µ) = (0, 0, 0).
Let S ′ be another boundary covariance form with the associated qua-

dratic form denoted by A′. Then both of A and A′ are non-degenerate
for µ ̸= 0 and we have

(φ
1/2
S |φ

1/2
S′ ) = 2

(z2 − x2 − y2)1/4(z′2 − x′2 − y′2)1/4√
(z + z′)2 − (x+ x′)2 − (y + y′)2

=
2|µ|√

(z + z′)2 − (x+ x′)2 − (y + y′)2
.

It is ready to establish transition probability formula in the commu-
tative case σ ≡ 0.

Theorem 7.12. Let V be an arbitrary (not necessarily finite-dimensional)
real vector space. Let S, T be covariance forms for σ ≡ 0 and α, β :
V → R be linear functionals. Then

(φ
1/2
α,S|φ

1/2
β,T ) =

√√√√det

(
2
√
ST

S + T

)
e−

1
4
(S+T )−1(α−β).

Proof. If tr (S
1/2−T 1/2)2

S+T
=∞, we can find a finite-dimensional subspace

W ⊂ V such that tr

√
S|W−
√
T |W )2

S|W+T |W
is arbitrarily large. Then

(φ
1/2
S,α|φ

1/2
T,β) ≤ (φ

1/2
S|W ,α|W |φ

1/2
T |W ,β|W )

=

√√√√det

(
2
√
S|WT |W

S|W + T |W

)
e−

1
4
(S|W+T |W )−1(α|W−β|W )

≤

√√√√det

(
2
√
S|WT |W

S|W + T |W

)

is arbitrarily small. Thus (φ
1/2
S,α|φ

1/2
T,β) > 0 implies tr (S

1/2−T 1/2)2

S+T
< ∞

and the Gaussian integrals on each eigenspace of the trace class oper-

ator (S1/2−T 1/2)2

S+T
are worked out to get the determinant formula. □
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Remark 6. When σ ≡ 0, S = S and 2A = (S1/2 + S
1/2

)2 = 4S.

Notice here that simple restrictions to finite-dimensional algebras are
not enough to get the probabilistic disjointness for non-trivial σ because

it involves the non-linear transformation such as 2A = (S1/2 + S
1/2

)2.

8. Infinite-Dimensional Analysis

We shall establish the determinant formula for the transition proba-
blity between free states when V is infinite-dimensional.

We first make the meaning clear for the relevant determinants. Let
R and Q be quadratic forms on a real vector space V and assume that
Q(v) ≤ R(v) for v ∈ V . Let VR be the real Hilbert space induced
from R, i.e., VR is a completion of V/ kerR. Let ( | ) be an inner
product on VR which gives the topology of VR and write Q(v) = (v̇|Qv̇),
R(v) = (v̇|Rv̇) with Q, R positive bounded linear operators on VR. By
our assumptions, Q ≤ R and R has a bounded inverse. We set

det

(
Q

R

)
=

{
det(R−1Q) if R−Q is in the trace class,

0 otherwise.

Here det(1 + T ) with T in the trace class is the Fredholm determinant
and we can easily check that this definition does not depend on the
choice of an inner product ( | ).

In view of the structural identity (φ
1/2
α,S|φ

1/2
β,T ) = (φ

1/2
α−β,S|φ

1/2
T ), we

may set β = 0.
Thanks to the coarse-graining inequality and the finite-dimensional

formula, we can show that (φ
1/2
α,S|φ

1/2
T ) = 0 unless S

q∼ T and (A +

B)−1(α) < ∞. Here S
q∼ T means that A and B are equivalent as

quadratic forms and (A+B)\(A1/2 −B1/2)2 is in the trace class.

Thus the problem is reduced to the case that S
q∼ T and (A +

B)−1(α) < ∞. The approximation theorem for transition probability
then allows us to move into the hilbertian space VA = VB, i.e., we may
assume that V = VA = VB and α : V → R is continuous from outset.

Since S + S, T + T , A and B are all equivalent as quadratic forms,
V is decomposed into a direct sum of separable subspaces Vj so that

S(Vj, Vk) = T (Vj, Vk) = 0 for j ̸= k.

The problem is therefore further reduced to the case that V is separable.
For any choice of an increasing sequence of finite-dimensional subspaces
Vn of V such that V = ∪nVn, let Sn, Tn and αn be restrictions of S, T
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and α respectively. Again the approximation theorem is applied to see

(φ
1/2
α,S|φ

1/2
T ) = lim

n→∞
(φ

1/2
αn,Sn
|φ1/2
Tn

)

and the problem boils down to showing

lim
n→∞

det

(
2
√
AnBn

An +Bn

)
= det

(
2
√
AB

A+B

)
,

lim
n→∞

(An +Bn)
−1(αn) = (A+B)−1(α).

These approximation formulae on determinants are, however, not so

obvious. The major difficulty is that An = (S
1/2
n + Sn

1/2
)2/2 is not the

restriction of A to the subspace Vn. Of course A is approximated by
An in the weak sense:

lim
n→∞

An(v) = A(v) for v ∈
∪
n

Vn.

Question: With this weak pproximation property for An and Bn,
is that true or not for the following convergence?

lim
n→∞

det

(
2
√
AnBn

An +Bn

)
= det

(
2
√
AB

A+B

)
.

To circumvent the difficulty, we appeal to the old trick called purifi-
cation: Given a positive functional φ on a C*-algebra A, its purification
is a positive functional Φ on A⊗ A◦ defined by

Φ(a⊗ b◦) = (φ1/2|aφ1/2b).

Here A◦ denotes the opposite algebra: A◦ is a replica of A with the
multiplication reversed in the order as a◦b◦ = (ba)◦ for a, b ∈ A.

We apply this to A = C(V, σ) and φ = φα,S. The result is that
C(V, σ) ⊗ C(V, σ)◦ = C(V ⊕ V, σ ⊕ −σ) and Φ = φα⊕α,P , where the
purified covariance form P is defined by

P =

(
S

√
SS√

SS S

)
Let Q be the purification of T . It turns out that (V ⊕V )P = (V ⊕V )Q
and φα⊕α,P |C , φQ|C are equivalent as Radon measures on the central
C*-subalgebra C = C(ker(σ ⊕−σ), 0) of C(V ⊕ V, σ ⊕−σ). When C

is trivial, life is easy:
√
PP = 0 =

√
QQ (P and Q being extremal)

and the major difficulty disappears.
Thus, to get the maximal benefit from purification, we perform the

direct integral decomposition of φα⊕α,P and φQ over the Gelfand spec-
trum Ω of C. For an explicit description of decomposed components,
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we replace Ω with a Borel subset Ω0
∼= V ∗

0 which supports relevant
measures (cf. discussions in §1).

Now the proof of the determinant formula goes like this (see [16, §11]
for details):

(φ
1/2
α,S|φ

1/2
T ) =

∫
V ∗
0

√
να,SνT (dω) (φ

1/2
α,S,ω|φ

1/2
T,ω)

=

∫
V ∗
0

√
να,SνT (dω)(φ

1/2

α̇+∆ω,Ṡ
|φ1/2

Ṫ
)

=

∫
V ∗
0

√
να,SνT (dω)(φ

1/2

α̇+∆ω⊕α̇+∆ω,Ṗ
|φ1/2

Q̇
)1/2

=

∫
V ∗
0

√
να,SνT (dω) det


(
Q̇+Q̇

Ṗ+Ṗ

)1/2
+
(
Ṗ+Ṗ

Q̇+Q̇

)1/2
2


−1/4

× e−
1
2
Ġ−1(α̇+∆ω⊕α̇+∆ω)

=

∫
V ∗
0

√
να,SνT (dω)

√√√√det

(
2
√
ȦḂ

Ȧ+ Ḃ

)
e−

1
2
(Ȧ+Ḃ)−1(α̇+∆ω)

=

∫
V ∗
0

√
να,SνT (dω) (φ

1/2

α̇+∆ω,Ȧ/2
|φ1/2

Ḃ/2
)

=

∫
V ∗
0

√
να,SνT (dω) (φ

1/2
α,A/2,ω|φ

1/2
B/2,ω)

= (φ
1/2
α,A/2|φ

1/2
B/2) =

√√√√det

(
2
√
AB

A+B

)
e−

1
2
(A+B)−1(α).

Here dots indicate that it concerns the symplectic quotients such as
V̇ = V/ kerσ.

Corollary 8.1. The condition (φ
1/2
α,S|φ

1/2
β,T ) > 0 is an equivalence rela-

tion on V ∗ × Cov(V, σ).

9. Kakutani’s Dichotomy

The method of purification along with the central decomposition is
also useful in the quasi-equivalence analysis. Recall that, two states φ
and ψ on a C*-algebra A are quasi-equivalent or disjoint according to

Aφ1/2A = Aψ1/2A or Aφ1/2A ⊥ Aψ1/2A.
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By utilizing the determinant formula, we see that the condition

(φ
1/2
α,S|φ

1/2
T ) > 0 quarantees (φ

1/2

α̇+∆ω⊕α̇+∆ω,Ṗ
|φ1/2

Q̇
) > 0 for every ω ∈ V ∗

0 .

Since φα̇+∆ω⊕α̇+∆ω,Ṗ and φQ̇ are pure states, non-vanishing of the tran-
sition probability between them implies their unitary equivalence, i.e.,

C(V̇ , σ̇)φ
1/2

α̇+∆ω⊕α̇+∆ω,Ṗ
= C(V̇ , σ̇)φ

1/2

Q̇
,

which are direct-integrated over ω to get

C(V, σ)φ
1/2
α,SC(V, σ) = C(V, σ)φ

1/2
T C(V, σ).

Note here the measures used for integrations are equivalent thanks to

(φ
1/2
α,S|φ

1/2
T ) > 0 again.

Conversely, assume that the transition probality vanishes. For no-
tational simplicity, write A = C(V, σ), φ = φα,S. By a Hilbert-

Schmidt perturbation, we can find T ′ such that (φ
1/2
T |φ

1/2
T ′ ) > 0 and

Aφ
1/2
T ′ A = φ

1/2
T ′ A. Write ψ = φT ′ . Since non-vanishing is an equiv-

alence relation, (φ1/2|φ1/2
T ) = 0 is equivalent to (φ1/2|ψ1/2) = 0. It

implies φ1/4ψ1/4 = 0 and then φ1/2ψ1/2 = 0 as an element in A∗, which
is used to get

(φ1/2|ψ1/2a) = (φ1/2ψ1/2)(a) = 0

for a ∈ A. Since ψ1/2A = Aψ1/2A, this further implies the orthogonal-

ity of φ1/2 with Aψ1/2A, whence

Aφ1/2A ⊥ Aψ1/2A = Aφ
1/2
T A.

Theorem 9.1. Two free states φα,S and φβ,T on a CCR C*-algebra
C(V, σ) are quasi-equivalent or disjoint according to non-vanishing or

vanishing of their transition probability (φ
1/2
α,S|φ

1/2
β,T ).
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