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f(:)s)':,§ao+a1 cos z + by sin & + ag cos(2x) + b sin(2x) + - - - + ay, cos(nx) + by, sin(nx)
0000000000000000000000000 ag,a1,b1,...,a,,b, 00000
00ob0Dooooboooood2n+10000000000O00000O0DO0O00O0O 2n+1
000 xo,21,...,240, (00002, =27j/(2n+1)) 00 f000000000000
oo ooooobo bbb oooooooo
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000000o0o0o0ooo0o0oooo0ooooooooog {ag,...,b,) 0000000
0000o0oooooOooooOoooooooooooon f,gODOOOODOOO

/0 i) - 9(@) da

gooooobbobboooooooooooooooooon

1 27 1 27

ar = — ; (x) cos(kx) dx, bk:; i (x) sin(kx) dx
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oo ooooob b b oo oooooooo
oo oooooon
doooooooooobbooooooooogoooooooboooooooog
doddoogoobooboooooooobooooouooooboooooon
goooobbbbboooooooooooobobob bbb oooooooo
dooooooooooooooooooooooobobooooooooooooon
0000000000000 D000D000000H. WeylODOOODOODODOODOODO
00000000 E00D000O00O0OD (Euclidean space) 000000000000
oooooDooooooon o000

ExEB(m,y)Hﬁ/GE

goooobbbbbooboooooooooooon

(i) yt = -z

(il) 7§+ y% = 2.

(iii) 0000000 xe EODODOOO UegDDDDDv:@DDD ye FODOO
0oooooo
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gogooboboooobobbooobobboooobobbuoooobbbooobLbbUoog
ggoboboooobobbooooboboooboboboooobobboooobbooog
gooboboooobobboooobbooooboboooobobboooobobooog
ggoboboooobobuoooobbboooobbbooobbbuooobboo



000000 00000000000000000E>P—0OPe£0000000
O00DEO0OODOODOO000 £000000000000000000000000000
00000000000000000 £0000000000 (e) 0000000000
£00000000000000000000000000000 E0O0OODOOO00
00000000000*0000000000000000000000000000
0oo00 (O,(e)) 00000000000

000000 000 d0000000000000000000000000000
000 E0O00DO00000000OO0O000000000000000000000
O0000ORY0000000000000000000O0O000000000000O0
RY000000000000000000

D00R{O000000000000000000000000000000000

QU:(iCl,...,zd)ERd, ‘x|: x%_|__|_1-3

00000000 z,y e RY0O0O0O0OD |z—y|0000000000D0000DODO0O
OROOOOOOO

01.1. RY00000 SO0000000000000O0000SO0000000000

012 REO0DDO0D0O0 {zeR40<2; <1}000 {reR%|z| <1} 00000
000000 {xeR450<Y 2, <1,z; >0} 0000000000d—oc00000
Ooooooo00

gobbogoobobbooobbboooobbobooooboboooobboood
gooboboooobbbooobobbooobb bbb bbb bbUoog
gogooobboboboboboboodoooooouooooobobobobbo s OO
ggobobbodooobobbeboooobbbuoooobbboooobbbooog
gooboboooobbtboooobbdooobobbuoooub bbb bboog
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gogoboboooobobbooobobbooobobbuoooobbbooobbboog
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*1 Cartesian coordinates



oo ooobobobobobbbobbbobbbbbbbbboogugg
ggooboboooobbbooobbbooobobbuoooobooboo

0 1.3. 0000 (X,d)DDDDDDDDDDDDDDD 7>0DDDDD(X,CZ)|:||:|
O00000d(z,y) <y000 z,ye X0 x=y0000000OO

00 1.1 (Bolzano-Cauchy). 00000000 R*O0000000O0O0OOOO R, C
gooooog

goboboodoobobboooobboooobobboooobbboooobLboooa
ggobboooobobbooooobobooobobobooooboboooobbooog
000000 A0O0DMm

00 1.2. 0000 XOOOOOOoOOobOoooooooo

() X00DDO0ODDOooOooooooDooQd
(ii) Heine-Borel 000000000000
(iii) X 000O0*200000

01.4. RI0O0000 SO0000O000000O0O0O0OOO0OO000000000

() S0ODO00O0DO00OO0
(i) SOOD0D0O0D0O0D0O0D0O0OD0OO0OOO0OOO
(iii) Heine-Borel 000000000000

0000 (X,d) 000000 T:X - X 00
d(T(x), T(y)) < pd(z,y), Vz,yeX
000 0<p<10000000000*3(contraction) 0000
00 1.3 (0000000000). 00 T: X—>X00000
T(z)==x

0000 zeXO0TOOOO fized point 0000000000000 0OOO

20000 X 0000 (totally bounded) 000 OO0OVe >0, 30000 F C X, Vo € X,
Jy e F,d(z,y) <e000D00ODO
* O0pooD0O0O00000000000000000o



Proof. 10000000000O0OOOO

()00 7T00000000000000000

(i) 0000000 € X 00000z, =7"(x) (n>1)00000{z,} 0 Cauchy
0000000047 (2), T(x)) < p"d(T(z),z) 0000000

d(T" (), T™ (x)) < d(T" (), T""H(2)) + - - + (T (2), T™ (z))
< (P "+ M A(T (), ).

(i) 000000X 0000000 y=lim, 02, 0000 y 000000
(iv)y 0 TOOOOOOOO O

oo 1. 0o00ooo

0000 CO000000O000O0 QUOODDO0OUDO0OUOO f(:) 0 QOO C
00000000000000 a€eQ0 flla)2000000e 000000 UCCO
b=f(e) DODODDOODD VODOODODODODODDODDODOOOOO

(i) fOUODO0OO0OO0O0ODODOOUOOUDOOO VOODOOOO
i) f:U >V 0O0OO0O0O ¢g0O000000 VOIODODODODODODODODOODOOOoOOO
gooboooooood

O000000O00DO00DOO00DbO0OO000bOoO0bOoUv o000 DOoOoDOon
ogan

Proof. 00000000 wOOOOODODO ¢ : Q2—CO

1

Pu(z) =2+ /() (w — f(2))
D0000w= f(2) < ¢u(2)=20000
(JeODDOOOOOO UcCQOO
|f'(z) = f'(a)] < (@) for z e U

0ooo0o0o0ooooo
(i) U 0000 29,20 0000

1
bu(z0) = dule)] = | [ Foultzs+ (1 = D) ] < G0 =




ogn

2
[F(@)]
0000000000 fO0UDODODO0ODDOOODOOOOOOO

(iii) fO000 U OO V=fU)00O0O0O0O0D0O0O0OD0O0O0DO0O0OO0DO0OOO0O0OO

VOO0 wo= f(20) (20 €U) 000007 >00 B(20) CUDDDDOODODD
0000 jw—wo <|f(a)lr/20000 wOOOODO

| (20) = f(z1)

|20 — z1] <

$u(Br(20)) C Br(z0)

000000000000O00¢, 0 0000000 Be(2) 0000000000
0000000000000000¢u(2) =20000 z€ B(z) cU 00000
Bip(ayr2(wo) C f(U)DODOODOO f(U)D000O00O0O

(iv) 000 ¢:V—UDO0DO0O0000g (w)=1/f(2) 000000000 O

Remark 1. 000D000000D000000O00000000000000000000000O
000000000000000000000000000000000000000000000
0000 Dieudonne [1, 000] 0000

00 2. 00000000000000 (X,d)0000007T:X —»X000000
0D0000z#yeX 000 d(T(z),T(y) <d(z,y) 000000000007 000
0000000000000

() 000 TOOOODOODOODODOO0O00O000

(i) 000 d(T(z),T(y)) <d(z,y) (z,y e X)DODOODDDOOOO z—T2x 0000
000

(iii) 0000 X 22— d(T(r),z) 0000000000 «a00000Ta=a0000
0D00d(T*(x),T(z)) <d(T(z),z) 000000000000 d(T?(a),T(a)) =
d(T(a),a) 000000000000000 T(e)=a000000

goboboodoobobboooobbboooobobboooobbboooobbbooon
ggoboboooobbboooobobboooobobobuooooboboooooo



2 OJOooood

0000 (X,d)(0000000000)00000X 00000000000 C(X)
0000000000000000000000000000000000000000
0000000000000000feC(X)00000

1f]l = sup{|f(z)[;x € X} € [0, oc]
00000000000000()|fj=000000 f=00000

@) [[fl=00000
(ii) f,gecX)ooooo|f+gll <IfI+lgll-
(i) feC(X)D AeCOOOOO|Af]=|A|f|l. (00000-cc=0000000)

000 Cy(X) ={feCX);|lf|| <ol DODDODOC,(X)O C(X)000000000
|| D0C,(X) 00000000000 0X 0000000000000C(X)=C(X)
ubooboooboabood

0000000000 VOOOOOOOOO0O00O0 || (weV)OO0ODO0OOO (i),
(ii), (iii) 0000000 VODODOOO (seminorm)0(0) 0000000000 (norm™)
000000000000000000000O0O000 (normed vector space) O OO
0000000G(X)0ooooooooo

0 21. 000000 VOOOOO |-|o0000W={veV;|v]|=0}0 VOO
0000000 -| 00000000 V/WO0OOooooooooo

00000000000000 d(z,y)=|le—y|0000000000000000
000000000000000

0 22 00000000000

gobobooobbbuoooobbuoooobbood

lim v, =v < lim |v, —v|]| =0
n—oo n— oo

000000000 C(X)0000000000000000000000 {fu(2)}n>1
00000 f(z) 0000000000000000

* 00000 normad 0000000000



0 23. 0000bobboooobbboooobobooon

N000000000000000000000000000000000
By(z) ={y € Vilz—yll <r}, Br(x)={yeVilz—yll<r}
nfalufalufaln

0 24. 0000000000000000000000O000000O00O00O0
[l = lw|l| <|lv—w|| 0000000000000000O

0 2.5. 00 B,(z) 0000 B(z) 000000000000000000O0OOO0
000O0000000O0o0O0

026. 00000 VOOOOODODOD WOOOOOOODOODO WOoOoOooooooooao

0 27. 000000 VOOOOOOOOODO |||, /0c0o000000000000
00 «>0,>000000000

loll < alloll’, lol” < Blloll, veV.

gobbobooooooobodooobbodoooooouoobbbooooboboobog
ggobbooooooooogn

00 21. 00000000 V,WOoOUOOooOOO (isomorphism) 000000000
oooooooo ¢o:Vv—--WwWOoooo

[@)w = llvllv, veV

0000000000000000000000000D00000 (isometric isomor-
phism) 00000

028 0000000 K, K OOODDODODODOC(K)DO C(K)oOoooooooo

00000000 {v,} 00000 v 000000000 ||vm — vl < |om — 2| +

|lv, —v|| OO0

lim ||vy, — v =0
m,n— o0

0000000000oooo0o0ooo000) 000000 UDOOOoDOLDOoOOO
O (complete) 000000000000 O00D0O00O0O0ODOD™0000000000

*SStefanBanach(189271945)I:IDDDDDDDDDDDDDDDDDDDDDDDD
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(Banach space) 000000
00 2.2. 00000 Cp(X)OUOOUOOUOODDODOUDOOOUOOOODOOO
Proof. 00000 Cy(X) O Cauchy O {f,} 00000000 z€ X 00000

lim |fm(z) = fu(@)| < lim_|[fm = full =0

m,n— 00 m,n

0000000000000000f(z):= lim f,(x) 0000000000000 {f.}
n—oo
0 f0000000000fO00000000000C000000000000 O

0 29. 0000000000DOO

0 2.10. Cy(a,b) = {f € C([a,b)); f(a) = f(b) =0} DDDOO0O0O C([a,b]) 00O
0000000000 000000 Banach OOQOQOQOGOQ

goboboodoobobtoooobooooobobobuooooobooon

00 2.3 (Banach ODOOD). 00000 VOOOODOY 2, |lw, <coODODODOO
n

0000 {we}e> 00OODOOOO MHE:wM]VDDDDDDDDDVDDDDD
- n—o00 1

goooog

Proof VODODOOODOOOO (v,) 000000000000 (ng) (k>1)0 JJoj—v;]| <
1/2 (3,7 >n,) 000000000 0wy, =vp,,, — v, 000000000000000

k
lim vy, =w; + lim E w;
k—o0 k—o00 -

DUEVDDDDD(vn)DDDDDDDDDDDDDDHILIEOUTL:UDDDD O
0 2.11. *000000 VOoOoooo woooooooooao V/WDDDDD
lo+ Wiy = inf{llo + wl;w e W)

000000 oo om@ooooooooooooo

OO00bO0o000OX OOobhoobooooboboooboooobooboooo
0000000000X 000000000000X 000000000000 Cy(X)
0000000000000 00000D00D0OD000ee X ODOOODDOODODOODOO
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0zeX00000f €Cy(X)D folt) =d(x,t) —d(a,t) DODO0D f,=0000
00000mOo0o

o (t) = fy ()] = d(x, 1) — d(y, t)] < d(,y)

000000t=2,y0000000000000]f,—f,|=d(z,y) 00000
000000000000000 X 0000 (completion) 000000000X O
00000000000 X 000000000000 000000X0 X00000
0000000000 Z={z,},j={y,} 000000000

d(Z,9) = lim d(zn,yn)

n—oo

gofd0oocXOOoOoooooooooobooobooogooooo
0 2.12. 000000000 OO0oO0obOoOobOo

0000X 000000000

inrg <= d775) =0
00000040000 X=X/~00004d0000000000 X—>X—X0
00000000X0 X0000000000000000X0 X00000000
X 0o00o0oo0o0o0000000000000000 (X,d 000000000000
0000000000000000000000000000000000000000
000000000000 00000000000000000X 000000000
i={r,)00000{f.}0 C(X)0ODD00000000000C,(X)0000

ooOooooo

oo000DO0oooooooo0oo0 g={y,) 00000 fF €C(X)ODDOODOO
ogan

”fi - f?}H = nh_{%o Hf:rn - fynH = nh_EI;O d(xmyn) = d($,y)

00000000 X23&— fe€C(X)00X 00 Cp(X)000000 2 f300
000D00000X O G(X)0000000X 0 C(X)000000 X00000
000X 0000000000

0 213. 000O0O0OoOooooo f:X%YDDDDYDDDDDDDDfD)?DD
Yy Ooooooooooooooooboooooobooobooooo
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gooo
000000 (z,),>1 0000000000 ¢ 00000000000

[2]loo = sup{|zn[;n > 1}

0000ob0o0obOobooobOg 1<p<ooonoonm

oo
Z |z, [P < 0o
n=1

0000000 {2,}) 000 200000/ C (p<q)00 L £ (p#£q) 000D
0 2.14. 00000000000
00 2.4.

(i) Holder 00001<p,g<occ0 1/p+1/¢g=10000000
> w5 < lelplivl:
J

(ii) Minkowsk: 00 00z,ye? (1<p<oo)0000O0
1z +yllp < 2o + lyllp-

Proof. 0O00O0OO0O0O0O0DODO 1<p,gq<oo000O0O0OOOOOOOODBODO
()00 logt 0000000 D0OO0OO @,b>000000

al/Pbl/q < a + 9
D q

D0000000a=|zP/zl5, b=y;|%/ly|¢ DO0D00; 0000000000
> iyl < lellpllyllg-
i
(ii) Minkowski 0000 O
S i+ yl? < gl g P Yyl + oyl
i i i

O000000 Holder OODOOOODDOOODO
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OO0 25. ¢/ 00/ 00000000000

00 1/p
z][p = (Z |:rn|p>
n=1

ggooboooooboooooo

Proof. 000000000000 OD0ODODODODOMinkowski OOODODOODOO
o0o0OoDoDOoooOOooOobOob 2vy0ooOooDOon |

0 26. 0000000 R?200000p=100 p=00o00000000000000

0 215. p<qO0000|z|, < |z, 0000000000 00O0p<qO000
lznlly =000 ||z,], =100000000000000000000%+1< (¢t+1)A
(A\>1,t>0)00000000000

d =00 0O ) t<oo
k k

000000 {4}00000

0 2.16. 0000000000004 = {z=(z,) €¢®; lim z, =0} 000004
n—oo
0/ 0000000000

0000 (Qu) 0000000000 f:Q—-CO000 1<p<oco0O0O00O

171 ={<f9\f<w>|pu<dw>>”p if p < o0
U \inf{M > 0; (| f| > M]) =0} if p= o0
ODo0d|fll,<co000000O0O0DDOODO
fr~g <<= f(w)=gw) for p-ae. weN

00ooo0oooooooooo Lr(Quu) D000000og
Q0 RODODOOODOOOOODOOODODODOODODODDODD QOOO0O0O0O0CO
0ooooooLr(Q)oooooo

0 2.17. Q=NOpu(A)=|A| (0000)00000LP(Q,u) = 000000000

0 2.18. LY(Q,u) N L®(Q,pu) C LP(Q,u) (p>1) 0000
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0 2.19. 000000oOond

firesennan < (f1s (”)'p“(d‘”))l/p (/ |g(w)|qﬂ(dx))l/q

oooooo ||-|, 00000000000/ 00000000000O0p=¢=200
ggoboboooooobooooobobod

0 2.20. u(Q) <ocoDOOD

i) Ifllee > M 0DOOOliminf, o |||, >M DOD0O
(i) 1<p<g<ooDOODO|fl, < flqu@P/Peo000
(ifi) limpoo || fllp = lfllee DO DO

0 221. |Q>0000000Q0000000000000

00 2.7 (Riesz-Fischer). 000000 LP(Q,u) 00| |, 000000000000
00000000 lm [[fy—fllp=0 (fu, f € LP(Qu) 0000
n—oo

kli_)m fri () = f(z) for p-a.e. z € Q

000000000 {mete> 00000

Proof. p£00c 00000000 LP(Q, ) 000000000 {f,} 000000000
000000000000000000000%0||fm—fal,<1/2"0000000

gpood
( / (Z () - fk<x>|) u(d:ﬂ))
2 \k=1

Un—o0000000

1/p

<Y frrr = fullp <1

k=1

/Q (Z frpa () - fk<x>r> u(de) < 1

goooood

Z | fre1(x) — fr(x)| < 00 for p-a.e. .
k=1

*6 000 {Ngte>1 OD0myn> Ny = ||fm — fullp < 1/2° 00000O00OC0
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oooo
f(x) )+ (frr1(@) = ful@))
k=1

O0ooo0oO0dd zeQOOOOOOO

S (fera() — fr(z)) € LP(2, )
k=1

000felP(Qu) 00000000

(@) = fa@) <D [ fura (@) = fil2)]
k=n

O pO000000OMinkowskiODOODODOOO

||f—fn||p§2||fk+1 fk||p<z_—>0 as n — 00.

k=n

0 2.22. L*(Q,u) 000000000000 OOOO

0223 1<p<oo0000LP(0,1) 0000000 f,, O0limy, o0 ||full, =00
000000 tef0,1]0 lim, f,(t) 000000000000

0 2.24. J0000O0ODOOOOLPOO0ODOODOOOODODOOO

00 2.8. 0000 (X,d) 00000 DOOX OO0 (dense) J00000D =X O
0000000000000000D0000000000" (separable) 0000000
000000000000 00000000000000000

0225 . (1<p<oo)000000DOODOOO
gobobooooboboooobbooooobooog

0 2.26. 00o0ooooootbdddddddUUUUUUOod@
o000o0O0obO0o00O0bO0b0o XOobhoooboooboooob vycocXoooo

*7DDDDDDDDDDDDDDdenSityDDD[ll:ll:ll:ll]DDDDD]DDDDDDDDDDDDDDDD
*¥ 000000 (countably separable) 000000000000
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Remark 2. LP(Q) 0000000 (Lebesgue space) D0 DOODOOO/ 00DO0DOOODOODO
F. Riesz (1910) 00D D0OO00OO

00 3. 000000000 KOOUOOODOOOOOO C(K)ooooooo

ooooOoOoooooooooog™
goboboooobobboooobbooooboooboooobobooooboboood
goobooood

0000000V 00000000000 o*'0000000000o0oooon
000 {v,}n> 00000000000 00O0

{up} ~{v,} <= li_>m |ty — v || =0

000000000000000 VODOOO{v,} 00000000 »0000000
veV O00000v,=0v00000000 {v,} 00000000 ¢(v) 0000

00 VODOOODOOODO0O0a+o=u+v, = 0000000000V O
DDDDDDDDDDDDDDDDDDDVDDDDDDDDWWzﬁﬂJ%HDDD
0000000

00 ¢:V—=V0OO00OO|¢)|=|v|000000000VOODOO00DO00OO
VOo0oooo00o000 voooooooooooooooooo

00000000000 00000000000000000 VOoOooooog W
0000000000000000 @:V WO ||[®0)|=|v|(®eV)oooon
0000000000000 000000000000000000000000000
000000000OoOoOoO

000000000000000000000000000 ¢':V -V 000000
0000000000 :V -V 00do¢p=¢ 0000000000000000
oooo

0 227. 000000000000 0ODOOOODOD

0 228. 0000000000 ¢:V-WODODOOOOOODDODODODODODOOV -WOO
ggobobbooooboobouoooooon

000000000000 0000000000000000000000000000000000
gogoooooooobooboobobobobobooboooooo
10 JQgpDooDO000000OvV 00000 (second dual) V** 0000000000 OOOOO
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0 2.29. 000000 VOOOOOOOOOODODOODOODODODOOOOODOODOO
ggoboboooooboooooo

O0D000 WioOoDhoooo vioooooooooooooopoovoooood
Vowiodooooooooooooo

00000000000 00D0000D00O00D00O0000OOSobolev0OOOOODO
0000000 nODO0O0ODO0OOC™2) 00000 QcROO0OO0O0O0ODOOOO CMO
goobooood

CP(Q) = {f € C™(Q); > [ |0°f(2)]" dx < oo}
X

OO0O0O0O00O0Qg Sobolev OOO

1/p

/]

= /Q 0° F ()P de

lo|<m

0000000000000000000000 (Sobolev space) D00 W™P(2) OO
000000000000 WoP(Q)c LP(Q) 0000000000000000000
00000000000000000000000000000

3 doooooooon

goboboooobobboooobboooobobboooobbboooobLboooa
ggodouoooooog Lp(Rd)DDDDDDDDDDDp:ooDDDDDDDDD
DDDDDDDDDDDDLO"(Rd)DDDDDDDDDDDDDDDDDDDDDDDD
ggobboooboboobooon C’b(Rd)DDDDDDDDDDDDDDDDDDDDDD

Doooo
Co(R?) = {f € C(R?); lim |f(x)| =0}

|z|—o00
oooooooon Ob(Rd)DDDDDDDDDD

0 3.1. 00000 feCo®)ODDOODODO ||f] =max{|f(x);z€eR‘} 000000
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D000 X 0000000000 f000*! (support) O

[f] =A{z € X; f(z) # 0}
0000000000000 REODOD QOUO0OOO
Ce(Q2) = {f € C(Q); [f] is compact }
0000C(Q) CLP(Q) (1<p<oo)00DO0D0

0 3.2. 0000 feC(Q) D [{zeQflx)#£0=0000000f(z)=0 (VzeQ)
oooo

0 3.1. C.(RY) O Co(RY) OO (dense) 00D OO0DO0DOOCH(RY) 00OC.(RY) O
O0000000000000000000000000000 0<6,(z)<100

0,.(t) = 1 if x| <n,
o if x| >n4+1

000000000 fu(z) = 6a(x)f(2) € Co(RY) DO0DO lim |f,—f|=00000

0000000000000000000*?0000000000000000000
ooboomm

00 3.2. 000 QCcRYO00O00000000 C(Q) 0 LP(Q) (1<p<oo)OD
0000000000LP(Q) 00C.(Q) 0000 |||,0000000000000

0 33.C.(QD0O00 ||l 0000D0O0DDODDOOOOOOOODOODOOO

O0000000 REOOOOOD f,g00000

(f*g)(z) = y flx —y)g(y)dy

0000f0 ¢gO00O000O0*3 (convolution) 000000000000000000O
00000 zeRYO000000000O0O00O0O0O0O0OOOO0OOOOO0OO0O00O0O
0000000000 fxg=g+f000000000

“11 qupport 0000000000000 O0OO0DOODOOODODOOODOOODOOODOODOODOOODO
O0D00@M0O0000MO0000O00N0000000N0D00N0nooonooonoon

*12 0ppNopoD00000000000000000000000000000000

*13 convolution 0000000000000 OOOOOOOO
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0 33. f,¢g0000000 A BODOOD™ 14,15 000000(f%*g)(z) =
(x—A)NB| (xeRYH)OO0DO

0 34. 00 fy(z) = f(e—y) 0O0OO0OO [fy] =[fl+y 00000000000

f+g) I +1) 00000000 +[g={a+baclflbelg) 000D

0000000000000 f:Q—-RO0Oz=e¢00000000000000
f(a)eR" 000000

fla+y)=f(a)+ f'(a) -y +o(ly])

00000000000 f0 x2=e0000000000O

f'(a) = (D1 f(a), Daf(a),...,Dnf(a)), Dy= 0

oxy
oood
00 3.4.
(i) f,g € L*RYH) 0O0DOOOfxge LY(RY) 0000
1 glle < [Lf11llgll-

D00D0Re LNRY) DO0DOODOOO (fxg)xh=fx(¢gxh) 000000
(ii) f € Cy(RY), g e LY(RY) 00D DOOfxge Cp(RY) ODDOOO

1f * glloo < 1 Fllscllglls-

000 feCy(RYH) OO frxge Co(RY) ODDOO
(i) 000000 f€CRY) ODDEDODODDOOO0DOOO0ODOOD,Sf € Cy(RY),
geELMRYHY DDOO00D0fxg 0 kOODDDOODODOOODDOOO

Dy (f xg) = (Dr.f) x g.

000 ()00 Di(f*g) € Cy(RY) DOOO
(iv) f,g € L2(RH) 0000 f*xgc Co(RY) DOODO

1S * gllsc < 1112 ll9]l2-

*14 indicator (00D D0DO0)000014(x) =1 if x € A and = 0 otherwise.
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Proof. (i)

/(/ Fe=3) >|dy) dm:/(/ifw— |dw) dy = [ £l lgll1 < o0

00000000000 zeR0000 flz—y)gly) 00DODDOOOOOO0OOO
0 fx¢gO0O0OO0OO0O() 0000000000000000000000000000
0 (Fubini D00)000000

(1)) 00000000000000000000000* 000 f+¢0000000O
D0feCy(RY) 00D fxgO0O0OODDO0OODOOOOOOOONOOOOOOOODO

(i) O O

(f *g)(@ +tex) — (f * g)(w)

t

— (Dif % g)(x)
_ / ((f(x—yﬂek) ~ fa—y)

t

—(Def) (o — y>) o(y) dy
goddooodono

1
f(ac—y+tek)—f(w—y):t/0 Dy f(x — y + utey) du.

goooooooo

/ dy () / du (D f(x — y + utey) — Dif(x —y))

000000000 Dpyf 0000000000000 OD00O0ODODOO0ODOOO0n

1
lim dyg(y)/O du (Dyf(z —y +utey) — Dy f(x —y)) =0

t—0

ggooooooooo
(ivyDDODO0O0O00O0ooooo

[t = vawldy < ( [ 156 =P ay) - (/|g<y>|dy)1/2 = 1£s gl

*15 0QOO00000000 {f} 0000000 g0 |fi(z)|<g(zx) 0000000000000

lim / Firo(z) do = / lim fi(z) dr.
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DO000fxg e CoRY) 00000000000 fo,gc € Co(RY) O ||f = fell2 < e
lg—gelo <eDDDOOOOOO

[f*g— fe* gelloo < |f = fellzllgll2 + I fell2 llg — gell2 < llgll2e + ([ fl]2 + €)e
O0D000000f+xg €C.(R) 0000000000000 DOO0Sf xg€ Co(RY)
oooooooooo O

0 3.5. (i) 000000000000 0000U0O0O(Giv)yD0000O000OD00UDOO0OOO
ggobboboooooobuoooooboooooo

Remark 3. p,q,r € [0,00] 0 1/p+1/qg=14+1/r00000000 f € LP(R?Y), g € LY(RY) O
0000fxge L' (RY) O0000Young DO DO ||f*gllr < || f]lp llgll, 00000 (Reed-Simon
11§9.4000)

00000 {0<4, € Co(RY)},>1 OO

(i) on(z)dr =1,
Rd
(ii) Ve >0, lim On(x)dx =0

n—oo |$|Z€

0000000000000 (approximate delta function) 00 OO
O00000000000000000

1 (1 112\ <
5n<x>={f"(1 P At Ja] < 1

0 otherwise

goobooboood CDDEDDDDDInzf

wj<i (1= [2[*)"dz 00000
0000

dn(x) = n?p(nz),
00000<peCoRN O [puplz)de=100000000
0 3.6. 0000000000000 00O00O00O00OOD (0000)0
03.7. d=100000

(i) Dooooooo

gooo
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(ii) Stirling 000 n! ~+27n(n/e)" 00000

2 s
I Y w/ avl —
" 2n+1 m \/ n

gooo
0 3.5. 00000 pdboonbO

(i) p(z) = 7212 (2 € RY).
(i) plz) = 122 (¢ € R).

T2

0 3.8.00 f=1_,,00000000000002000 pO00000 10000
goooo

0 3.9. 00

h(z) = exp(W%l) if x| < 1,
0 otherwise

D0CXRY) 0000000000000 0O0DO00OO000D0O0DO0O00D00DO0O0DO0O
0000000 CXRY)O0OOO0

00 8.6. feCy(RY) 00000OOOOOOOOOO

Ve > 0,36 >0, |z —y| <§d = |f(z) — f(y)| <e.

Proof. 0000000 e>0000000r>000000000|z]>r= |f(z)]<e¢
000000000 f(z)0 |z|<r+e¢000000000000<6<e000000

oooooo,
lz—yl <o, |z| <r+ely <r+e=|f(z) - fly) <e

000000z —y <d<e000000z>r+e00000(y> |z|—|z—y|>r

000000
[f(@) = fW)I < [f (@) + | f(y)] < 2€

O00O00dy|>r+e0000000 O
0 3.7. feCoRYH DO yeRIODODOO fy(x)=f(z—y) 00000

R% 5y~ f, € Cop(RY)
ooooooo
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00 3.8. 0000000 {4,} 000000
(i) fECHRYH OODOOS,*feCo(RY)ODDODO
Hm |6, * f — f]leo = 0.
n— oo
(i) fe LYRY) 000006, xfe LYRY) OO0ODO
lim ||6, * f — f]l1 =0.
n—oo

Proof. () 00000 3.4 (i) 00000000feCy(RY) 00000000000

G D) = )| < [ Enwl (o~ 9) ~ Fl@)ldy
= [ awlse ) =@l [ @l

ly|<r

<2 fc /| | onlo)dy+e / 5. (y)dy
y_’l"

ly|<r

<2 flls / 5 (y)dy + ¢
ly|>r

oooood

(i) 00000000 34 () 00O0O0LYRYH O C.(RY) OO0DODOOOOOOOOO
000 |6, fllh < [ulli Ifllh=1flh DODfeC(RY) DOO0DOOOODOOOOD
e>000000

fle={y eRLEIx R, f(2) #0, [z —y[< e} = |J Be(w)
f(z)#0

00000000 f000 [f]0 e00000000ODODODOODOOOOOOODOO
fECC(Rd)DDDD[f]eDDDDDDDDDDDDDDDDDDDDDDDDDD fO
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ogddogoooo
/ (6o % f)(@) — f(2)] dz < / 5. (y) / @ —y) — f(z)| dedy
_ /Mze 5.(y) dy / dz|f(z —y) — f(@)
on(y)d dr|f(x —vy) — f(x
+ /yge (v) dy / @ —y) - ()]
<2 1 On, d
<2/ /y|26 (v) dy

+][f1e] Sup {Ify = fllo} ‘ on(y) dy

y|<e

< 2Hf|!1/ 50(y) dy + |[71e] sup {11y — Flloo}-
ly|>e ly|<e

O

Remark 4. 0000000000000 0OOOOFriedrichs O mollifier 0000000000
O0000OO0ODOD0O0OO0OO0000OOSoboley 000000000 DOOODODODODODODOOODOO Dirac
ooooooooooooooboboboboboooooooobobobooooooooo
00000000000 00000000000D00000 approximate identity 000000
0000000000000 approximate delta function 00 0000000000000 0OO0O
OO00Dirac00COO0O0OO0OOOOODOOO0ODOOODOOOOOOOUODOOUODOOODO
O000O0Gibbs DOO0DDOOODOOOO0OOOOO0OOOOOOODOOODOOODODODODOODOOOO
oooOoooooooon

P.M.A. Dirac, Principles of Quantum Mechanics (1930).

S. Sobolev (1938), K.O. Friedrichs (1944).
0 3.10. 00000 LY(RY) 00D0D00O0000000000

0 3.11. 000000 ¢(zZ4)00000000000000000000000000
ggoboboooobobooooobod

0 3.12 (F. Riesz). 0000 (X,d) 0ODOUODDOOO0ODO0O KOOODOOOoOoooO
h:K —[0,00) 00000

h(x) ifr e K,
9(@) = d(x,K)max{%;yeK} ifed K

0 X00000000000000d(x,K)=min{d(z,y);yecK}O0000
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00 3.9 (Weierstrass 00 000). 0000 feCoRY) DDO0O00 KCRIOO
D00z = (21,...,24) ERC 00000000 {fu(2) ks OO

lim |[fn — fllx =0
n—oo
000000000000000|f]x =max{|f(z);zc K} O0OOO

Proof. 0000000 e>0000000000 p(z)0 ||f—pllxk <eDDDD0DOODO

000000000r>000000000000 |f(z) <e(jz|>7) 00 K C B,(0)

Dooooooo0f=g+h(|g] <e[h]CB.(0) 00000000
0000000z <2-000000000000 6,0

_ =

)= 1 (1 (W)n (12| < 2r)

0000000 n0000000 |6pxh—h|<e00000z|<r0000

o) = [ ae-pia = [ (1- 5525w ay

0z00000000
1f = 0nx hlle <[ =0 x bl <|[f = Al 4 [[h = 0n x| < 2¢
0ooo O

0 3.10. 0000000 T={2€C;|z|=1} 000000 fO0z0 Laurent OO
000000000000 00O00b000on0 20000000 f(g)DDDDDfD
gooooooogooon

kaezkﬁ

k|<N

goooog
0 3.11. 00000 KcRYOOOOODOOOOOO C(K)Ooooooo
0 3.13. bbb obobuooouobbbooobbououoooo

0 3.12. 00 ft)=v1—¢ () <1)000000000000000000000

Doooooooo
ft)=1—cyt —cot* —---
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00000¢,=—fM™0)/n!>00000000<t<100000
0<) ath <) atf =1-vVi-t<1
k=1 k=1

goooooboooboobooboooD t—=1—-00000

n n

000000000 fo()) =14cit+---+cpt" 0 [-1,1] 00000000 foo OO
000000000 (t)=f(t) (t|<1) 00000000000 [-1,1]000000
0000000 folt) = f(t) (-1 <t<1) 0

0 314. c;+co+ez+---=1000 ¢y +e3+---=1/4/20000
DO000D00D00 C*RY) 0UO0O0O0O0OO0OO0OO0O0
00 3.13. 1<p<oo00D0OO0CXMRY) DOLP(RY) ODDODODO

0 3.15. 00 3200000000000000000CX®RY) 0 LR 00000
D00000@Moo 000000000000 DODOODOMM

gooobbooouooboooboooobbboooooobbooooobobobonn
0,1) 0000000 (zn),>1 00000D00000D00<b<10000

1
lim —#{k e N;k <n,z, <b} =b

n—,oo n

000000000D0ooOobooo<ae<bLl10O0O0D00OO

1
lim —H{keN;k<n,a<zp<bl=b—a

n—,oo n

0oo00o0ooooooonL,2,---,n 000 2 €(a,b) 000000000 nOOO
O000b—e0D0O0O0DOOO0OOOOOODOOOODOOODOOOODODOOO

00 3.14 (Weyl, 1916). 00 [0,1) 000000 (2,),> 00000000000
() Dooooooo
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(i) [0,1] 000000 fO0O0O0OO

1 — 1
lim — ) = da.
Jm =3 @) = [ @y
j=1
(ii)) 00 14000000
: 1 - 2mile;
Jim o 2 e =0
j=1
Proof. (i) 0000000000 0000O00 R,(f) D0OO0O|R.(f)|<|fl0ODOO

gogoboboooobbooooobod
()= (ii): fOD0OD0O0OO0DOOOOOOOO0OD 1<kE<mOO0O0OO

gm(k) = min{f(z);z € [(k=1)/m, k/m]},  hpm(k) = max{f(z);z € [(k—1)/m, k/m]}

00oO00o(0,1)000000

m m

Gm = ng(k)l((k—l)/m,k/m]a B = B (1) 10,1 /m] + Z Pon (B) L ((le=1) /b /]
k=1 =2

000000gn < f<h, 0000
S, (f) <liminf R, (f) < limsup R,,(f) < Sm(f)
O00000Om—oo 0000 (ii) DOO00O0OOOOOS,(f)D0D0D0OO0O0O0OOOO
(ii) = (i): g <1y <h0000D000<g,Ah<100000000
1 1
/g(x)dxgliminfRn(l[o,b])SlimsupRn(l[o,b])S/ h(x) dx
0 0

00000g71 Ly, k1, 000O00lm, R,(1je) =b0000

(ii) = (iil): f(z) =e** 0000

(iii) = (ii): (i) 00 f0000000000O0 (i) 0000000000000
f000000f0000000000O0O0OO pOOO0O0O0O

1 1 1
Ru(f) — / F(2) de| < |Ru(f) — Ru()] + | Ru(p) / p() de| + | / (0(z) — f(2)) dz]

1
< 2|7 = pll + [Ralp) ~ | pla)dal
0
goooodoogno O
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0 3.15 (Weyl, 1909). 000 0 e R\QOOOOO (nf—[nf])p> 000000000
000Ond—[nf] D00 nd 00DOOOOOOO

0 3.16. 0O0OODooOOg

Remark 5. 000 #0000 Z+Z6O ROODDDOOO (Kronecker, 1834) 0000000
oooooooDg

4 OQUoooooooon

Oo0O000O0OO0O0 vooooovxvVv ooOoooooooooog vxV s
(v,w) —» (vlw) e CO0ODw OO00ODO0ODUDw 000000000 ODDOODOOODOO
0 *16 (sesquilinear form) 000000000 (vjw) = (wjv) 000000000000
00 (hermitian form), 000000000 (vjp) >00000000000 (positive
semidefinite form)00 00 (vjv) >0 (v#0) 00000000000 (positive definite
form) 0000000000000 O00O00OO0O (inner product) J0OD0OO0O0OOOOO
ggoboboooobobboooooobboooooboobobooooboboooobbooog
0 (inner product space) 00000000000 (pre-Hilbert space) 000000

000000D0000000000000d
00 4.1 (00000*7). 000000 VOOOOO (vjw)O0ODOO
|(v]w)? < (v]v) (w]w).

Proof. 000000000 ODODOODOODDOODOOOODOOOOOODODOOO
gogoboboooobobooa

ogn

O

*16 gesquilinear 00000000000 sesqui= 1+ 1/2000000000000001+10000
00000000000000000000000000000000000000000000000
17 ppoooo0000D0000000NOoooon
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00000000 =+/@p)0ooog|M|]|=|\v| A eCveV)OODOO
000000 |v+w|<|v|+w|C000000000000O0D0O0O0O00OOODOOO
0D0000000000000 (Hilbert space) 0000

0000000000 200000 LAQ,u), W(Q) 0000000 L*(Q,p) O
000000000L%RY), LA(T), L3(S") 00000000000000

0 4.1. 0gooobooboboobuoobobboboobuoobo

lim [|€ =&l =0, lim [lnp=na||=0 = (£ln) = lim (& nn)

n— 0o n— oo n—0o0
o0o0o0obD240000000000000OO
od 4.2. JO00O00OO00o0o0obbo0ooobboooobobbooobbboooooboo
0 4.2. 00000bOO0o0OOO0obOO0oO0bOoOobOobooobOoobobooobooo

000000000 & neXd 00000 (orthogonal) 0D (én) =0000000
000000000000 0000000000000000000000000000
000000000 SCHOOOOO

St ={¢eH;(n) =0Vne S}

000000 $+000000000000000000
0000000 {ej}jes OO

1 ifj =k,
(ejlex) = {

0 otherwise
000000000000 (orthonormal system) 00 0000000000000
{ejij e 3 ={0}

0000000000000 (orthonormal basis) 0000000000000 ({e;} O

gboobobodgboaobd ZCGjD HOODOODOODOOOOODODOOOoDOOoOoOo
JjeJ

gooboboooobbooooboboo

00 4.3. 0000bO00O0O0Oo0obO0oO0oO0OooO0obOobomobooooobobooon

Proof. 000000000 Gram-Schmidt 0000000000000 Zorn OO OO
gogobobooogooo |
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0000000000000000000000 HOOO (dimension) 000 Odim H
ggobobooooboboboooobobooobobboooobLbboooobbobooog
ggoboboooobobooooobobooobobobooooboboooobbooog
goooo

0 44. 0000000 200000000
en =(0,...,0,1,0...)
000000000000000000000000 dim? =X, (0000)0000

0 4.5. 0000000 L%*(—7,7) 00000000

1 . 1
e = ——(cosnt +isinnt), n=0,+1,£2, ...

Var Vo

0000000000000 0DO0b00O00O0n0 Weierstrass 000 00 M

en(t) =

0 4.3.

(i) DO0O0O cosnt, sinnt (n=1,2,...)000000000000000O0
(i) 00O

sint,

{ = ot Josint, J_cos2t, st |

O00L}(—7,7)00000000000000O0
O 4.4. L?0,1] 00000 (Walsh function) {wy, }n>0 O
wy,(t) = sgn(sin(2"7t)), 0<t<1
ooooo

(i) {wntn>o 00D00O0O0O0O0O0ODO

(i) 0000 0#F c{1,2,3,.. }DDDDD/ [[wnt)dt=0D000D
nelF

0000000000000 (Gram-Schmidt orthogonalization)

Q0 p0000000000DDOOOOO0ODOOO LZ(QM)DDDDD,T"DDDD
DQDDDDDDDD{lxm ..}y 0000000000000000DO0OD0O0O0
oooo (orthogonalpolynomlal)DDDDDDDDDDDDDDDDDD
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0000000 Q = (=1,1), p(dt) = 1+8)*(1 —t)fdt (-1 < ¢t < 1)0O0O0
a>-1,>-10000000000000 (Jacobi polynomial) J,(¢)00 O
O0a=p4=00000Legendre 000 Oa = =—1/2 0000 Chebyshev O
gon

000000 pw(dt) =e tdt (t >0). Laguerre 0 000

00000 u(dt) =e*dt (t €R). Hermite 0000

000000000000000000L3(Q,u) 000000000000

0 4.5. 000000000000000000000000 feC(-1,1)00000
f(t)/1—-+*)00000000000000000000

gooobbbodooooobobboooobbboooobobbbboooobboo
ygoboboooobbbooooboobboooobobbouooooooboo

0 4.6. 00000 DOOO0ODODODOOO0ODODODOOOODOO
goboboooobooboooobouooooooboood

00 4.6. 00D0O0O0O0OD0 HOODODODODODOHODODODODODODOODODODODO
goooood

00 4.7. 0000000 HOOOOOOO {eptn> 0000000 EEHD

Pﬂg

(enl&)en

3
I
_

0000000000 (Parseval’s equality)

(€l = 3 (Elen) (ealn)
n=1

gooood

Proof. 00O
oo
§= wrex
k=1

000000000000z, =(exl§) OO0DOODOODODO
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000 n00000&, =37 ,(ex€)e, DOODDO

n

(€l€n) = (erl€)(Eler) = (6nlén)

k=1
000000000000 |6 < ¢ 0000000000000000000C0
n—oo 000000000000 (Bessel’s inequality)

o0

> (el < 1I€N?

k=1

0000000000 g, — &l =Y r i l(el§)P 0000000000

lim |6~ Eall? < lim|(esl€)]? =

m,n— o0

oo0o0ooooooo {¢}o0o0000000 HOo0000000oooDoooon

000 ¢ = 1lim & OD000000OO00OD0O ¢€=¢ ., 00000000000000
n— oo

(ex|én) = (exl§) forn >k D000 DOOO

(ex]€ = €oo) = lim (ex[§ = &) =0
0000 k>1000000000000000 §—-£6,.0000 {ex}, 000000
00000000000¢=¢§,0000
D000000000peH O n=> (exln)e, 00000

k=1

(€l = lim (&) = lim > (Elex)(exln) = Y (Elex) (exln)
k=1 k=1

goobooboood |

04.8. 000000000000000000000O0 /2 000000%*80

Remark 6. LP(R) 0 /000000000000 00000000O00O0p#2000000
oooooobobooooobobooooo

®:(" - [P(R)0000000000D00000000 {®(,)} 0000000000000
0000O(N.L. Carothers, A Short Course on Banach Space Theory, Cambridge University
Press, 2005.)

*18 QD000 00000000000000000000000000000000000000000
gbogobogoooobooooooo
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0000000 L¥—7,7) 0000000 {e }nez 000000000000000
00000000000000

f(t) = anei”t7 fn L f(t)e ™t dt

o
nez -7

000000 f(t) 0D0oO0O000 (Fourier expansion) 00 000000000000
000000000000000000000000000000DO0UO00OOf(t)OO
goboooboboobboobbuooobooobboobbooobboo™oon
goobooboooonb

0 49. 0000000 H=L%—mn) 000 &) =t(—r<t<m) 000000
0000000000000

T 2mi(—1)"/n if
/ e_mttdt:{ wi(~1)"/n i n 0,

o 0 otherwise

O0O00O00Parseval DO OO

goooogd

0 4.7.00 €t)=t® (—r<t<n)00000Parseval 0000000000000
oooo

0 4.8. 0000 L20,7) OO {cosnaz},>o 000 {sinnz},> 0000000000
000000000000000000000000000

0000000000000000000000000000 {e;j}je; 0000000
00000000000000 Y,.,Ce; 0 HOO0D0D0000000000£eH O
0D000Je={jeJ;(e;6) #0} 0000000000000 OOOOOOOODOONO

D000 ) (gl < (€$)00D0J 000000000000
JeJ;

foo = Y _(e]0)e; €Y Ce;
JjE€Je JjEJ
00000k € J: 00000ex(€ —€e) =000000000 k¢ JeOODOD
(6k|§—§oo)=—(ek‘foo)=0DDDDDDS—&OOG{Bj}J‘DDDDDfoOODDDD
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00 4.10. J0O0OO0OODODOOOD HOODODOOODOOODOOO

(1)) 000000000000000000000000000O0
(i) 000000000 00000000O00O0O0O0OOO

ggoboboooobbbooooobboooobbooo

Proof. (i) = (ii) 0 0 Gram-Schmidt 00000000
(i) = (1): 000000000000000 {e;};> 00000

> (Q+iQ)e;

jz1
gogobobooooooobuooooon

0000HOODO0OO0000 S0000000000000 {e;},e,00000¢ €S
O lle;—¢)<1/200000J35—¢€S0000000000j#k00000

1 1
H@—&M2H%—eM—H&—@H—Mk—%HzV”—§—§= 2—1>0.

0000 (Projection Theorem)
O00000 vooooo co

r,yeC = tr+(1—-thyeC for0<t<1
O000000000000000 (convex set) 0000
0 4.9.

() 0000000000000000000000000000000
(i) 00000 VOOOOOOOoOooooo
(iii) 00000000 R2O00000

{(z,y);2° +y* <1} C C C {(w,y); 2> +y* < 1}
O0O000 cooooo
00 4.11 (0000 Parallelogram Law). 000000000 2,y 00000
lz + ylI* + [l =yl = 2(l[=]* + [lylI*).
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00 4.12 (000000). 0000000 00000 CO00 yeX OOOOOC
0000C>z—|z—y| 0000000 0000000000

Proof. 00000 y¢CO0000
p = inf{|lz —y[j;z € C}

00000C 0000 {zn}n>1 O limy e llz, —y|| = 00000000000
00000{z,}0 XOOOOOOOO0OO0OO0OOOOOOO

[2m — 2l = l(xm —y) — (20— y)|I?
Tm + Tp, 2

= 2l|zm — yl* + 2llzn — ylI* — 4 5

< 2w — yl? + 2] a0 — ylI? — 42
— 0.

O0000000000000000002 = lim 2, 00O0O0ODO

n—oo

O0O0CO00000000O0Oz, €CO000
[Too —yll = lim [lz, —y| = p
n—oo
OOooO0000000O0oooon

00000000000 00000 zeCODbOOOOODOODOOOO

Too + T

2
5 <2u® +2u® —4p? =0

lzoe = 2]|* = 2]z — ylI* + 2l|lz — ylI* — 4

-y

U000 z=2 00000 |

Remark 7. Clarkson 000 0000000000LP(Q,pu) (1<p<oo) 000000000
00000000000

00 4.13 (0D00000). 00D00D00D0 HOOOOOO FOODOODOOO z€eH

O
r=y+z yeE zecEt

ugboooooooooo
Proof. E0ODOO

Esy |y -z
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0ye FOO00O0OO0OD0ODDODODOOOO00OOOz=2—y€E+00000000000
000 ecEO000OD0OODOOODO

R>tw |ly+at —z|?
0+=0000000000000000Y =y+te000
(alz —y)+ (x —yla) =0, Va€E
D000a0 ¢ 00000000000000(alz—y)=000000xz—y€ E+ O
D000D0O00ENEY={0}0000 O

0 4.14. 0000DO000DO0OO00OOD EDOOCOO(BEYH)Y=E0D00O

Proof. B+t = (E)t 00000000 H=E+E-t0000O O

Remark 8. 000000000000 D0O0DO0OODOOOOODOOOOOODOOOOOOOOO
O000D0ODFEDOODODODD (e)ier 000DDOO0ODOOODODOOODODOO

y= Z(€i|$)6i, z=x— Z(ei|x)ei.

iel el
0 4.10. 0000000 L*(—n,7) 0000 {sinnz},>; 0000000000000
0 POO(Pf)(x)=(f(z)— f(-2))/2 (f € L*(-m, 7)) DOOODOD

0 4.11 (Schmidt). E = (zy,---,2,) 0 {2;} 0000000000000000

(maz) (@ilar) ... (22]en)
(@nl2) (znlz1) ... (2olza)
(x1]|z1) ... (z1]|T0)
(a:n']xl) (a:nixn)

0000000000000 00oO00odoooooooooonD H,KOoOOooOooOo
000000 HeKOOOO

ol ®n) = (&) + (i)

go0oO0oO0oO0O0O0OO0O0DOOHeKOODODOODODODODOODOODOOOOOOOOOOO
0o0oooo000o0oooooooooooO bpcHOOD KOOOOOO TOoOOOO

I(T) ={{a T ¢ € D}
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O000000000HXeKOODOODODODODODOOOOD I(T)0D0oO0oOoooooo TOO
00000U0oUoU00 H=KUOO0OUOO0OOO0O00O (closed operator) D00 MM OO0
ubooboobobodobodaban

0 4.12. 00000000V OOOOO |-)|0 |lz4+yl?+llz—yl? =2+ |yl
(z,y €V)DDODODOOOO

(e +yl?* = llz = yllI* = ille + iyl + ill= — iy[|*)

AN

(zly) =
0VOODOOOOO0OD000000

00 4. 0000000 e 000000 E,FOOE+F={x+y;z€E,ycF}
0000O00000000000

5 Ooogoad
COO0D00000O0 VODOOOOVOODOOD ¢:V—=CO0
v+ w) =) +e(w), eAv)=2Apw), v,weV,AeC
D0D000000000 * (linear functional) 00 00
0 5.1.

(i) V=Cr0OU0O00O000000000D00000D ¢:V—>CODO

U1 U1

n
v=1| .|~ (901 e (;On) Sl = Z@j%’
Un, Un, j=1

000O0000¢,...,en € C.
(i) VOOOOOOOOOveV 0000000000 v*0

v () = ('), eV
gogooooooon

0 5.2. 000000 Cle,d) D0D0D0D0O0OOODOODOOOOO

*190000 (linear form) 00000
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() [, 000000000 i <To<--- <7, 000 wy,...,w, 00000
n
f — ijf(Tj).
j=1
(i) 0000000000 A(t) 00000

fr / FOR(E)dL.

0000 () 0000000000000 00O00O00O

n

Fro Ra(f) = (t; = tj—1) f(75)

j=1
DDDDDDDDDDDDDDD(ﬁ)DDDDDDDDDDDDDDDDDDDDDDD
ood
b
fHMﬂz/f@ﬁ
a

000000000 fO000000R(f)=lim, e R,(f) 0000

000000000000000000000000000000000000000
000000000000 0000000000000000000000000000
000000000000 000000

00000 VDOOoOO0OO ¢:V—=COO0O0 (continuous) 000000
lim v, =v = lim @(v,) = p(v)

n—oo n—oo

0000000000000 VOOOOOOD0O00O0 V*00000vV*0000
(e +9)(v) = p(v) +¥(v), (Ap)(v) = Ap(v)

0000000000000000 VOOODOO (dualspace) 0000000 D0OOO
V*#{0} 0000000000000 00O00O00OOOOOV*O0DOO0OOO0O0
ggobbooooboboooobobod

0 5.3. 000000 f—R(f/)ODDODDODDOODOOOD0OODOOOOOOOOOOOOO
gogobbboooobbboouobbbooobbbuoooo

00 5.4. 00000 VODOOOOO ¢ 000 (boundend) 000000
{le();v eV |o] <1}
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00000000000000000000 M>00000
o <1 = o) <M
000000

00 6.5. 00000 VIDOODOOO p00O0OO0O0OOODODOOODOO

(i) pO0D00OO0D0O0
(ii) p DOODOOOO
(iii) ¢ 1 (0)={veV;p(v)=0} 00000000

Proof. (i) = (i) = (ili) 00000000
(iii) = (ii): pv) =inf{|lv+z|;z € ¢~1(0)} ODOODO
p(\) = Ap(v),  p) < |oll, pv+a)=p), AeCveV,zee(0)

00000000¢ 1(0)000000000000p(v)=0 < veye }(0)0000
O000weV O ow)=100000

V =¢ 1(0) + Cw
O00000Ov=x+ w0000 pw)>00000000

Alp(w) _ pOw) _ plv) _ 1
p(w) p(w)  p(w) ~ p(w)

(V)] = Al = [o]]-
D0000000 00000
lell = sup{le(v)|;v € V; [Jo] <1}

000000000000 00O|le|0000D0 VFODOODODOOOO

00 5.6.
lell = inf{M > 0;[p(v)| < Mjv]| for any v € V}.

00 5.7. 0000 V*OOOOO ||| 0000000000000

Proof. |p| 0000000000000 0OOO0O0O0OOOOOOUOOOOOOOO
gogobboooooobuoooooboooooo

lim lgn — ¢nl =0
o0

m,n—
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000000000 veVOOOO0O{p,(v)},>1 0 (0000000 O0ODO0OOOOO

gooooon
o(v) = lim g, (v)

goooobbibobbibboobdd o, bbb bbdodgd gy
ey 0O00000OVe>0,00000 m,n>NOOOOO

lom(v) = en ()] < llom = @nllllv]l < €flv]

00000 v000000000m — 0000000 |ew)—e,)| <elv| 000D
D00000000000000 9—¢, 00000 —¢nl| <e,¥Yn>NODOOOD
O000p=(p—¢n)+¢, 00000000 lim, e[l —@n]=00000 O

0 5.1. 00000000000
0 5.8. 0000 VOOO0O0O000 o* (weV)DDOOO0O]|v* =]l

05.9. 000000 4y ={(z,) € £;lim,x, =0} 0000 |[(x)] = max{|z,|;n >
1}0o000o00o0o0o00o00oooooooooo EBZKIDDDDDDD (fl)*:€°°|]
ogan

godooooooooobbbbooooooooouooboooobooboboboo

00 5.10. 0000 (Q,p) 00000 LP(Q,u) 000001<p<oo, 1/p+1/¢g=1
0000 (LP(Q,p)* =L9Q,u) 0000000 LYQ,u) C (L°(Q,p)* 000000

0 5.2. Holder 0000000000000000000000000
L, p) € (LP(Q, )"

O000p=200000(L%(Qu)* 0 L3(Q,u) 000000000000000
Oo0000DO00o0o0oo

00 5.11 (Fréchet-Riesz). 00 UOUOUOUOO HOOOOOOOOO o:H —-COO
000000 2 € X 0000 o) = (2jz), ze X OOODODODOODODOO0OODDO0OODO
p=2M0000e0000 »00000000]¢||=||00000

O

Proof. E={yeH;f(y) =0} 00000F0 HOOOOOOOE=HOOOOOO
»=0000000000FE#HO00000000000000KH=E+Et00O0O
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DO0E+ #{0}. 0000ae E+ 0 ¢(a)=100000000000002z—¢(z)acE

(zeH)ODDODOODO -
(Aalz) = (Aalp(z)a) = Aala)p(z)

0 ¢(z) 000000000A=1/(ale) 0000000002 =a/(ale) 0000000
000002 €H0O 0000000000000 (2—2|z) = f(z)— f(z) =00

r=z-—2 0000 z—2=000000
doodooooooooouooooooogad

|Cla)| <zl el = llzll 3 ]l < 1,

0000 | <2/ 00002=00000000000002#000000000
0000 z=z/|z| 000000

lp(x)| = [(z]x)| = [|=]
0ooOoO0O0|e|> |2 00000000000000000000000O0 O

Remark 9. 0000 Fréchet-Riesz 0 0000000000000 0000O0O0O0ODOOMFréchet,
Riesz, Schmidt 00 000000000000 000O00O0O0OO0O0DOOOOO Schmidt (1908)
Ooooooooooee 00000000000 0000000 (Pietsch, History of Banach
spaces and Linera Operators, Birkduser. ) 000000000000 von Neumann (1933) O
oogd

0000000000000000 HOOOO0OO0D000000o H* 00000

Hox—z"eH*

0000000(G() 00000000 (G) 0000000000000 00000000

oooo
(*y*) = (y|z), z,yeH

0000 H*0O00D000O0o00o0Ooo

000 H*0oooooo
e S A

gogobobooooboobuoooooboboo

(") = (@"y") = (ylz) = y* (z)
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000000z —zs*0000000DO0OOCOODOOOOODOOODODDOODOOOO
O0D0D0OO0OH"=HOOOOO

Oo0000OoO00oDOoO00oooOoOooovooooooooooooov ooooo
00000o0oovV* 0000000000000 0ooooooooOo ¥ =HOooo
ogn

0 5.12. 000000000000000000f € L2(RY), g € LY(RY) N L2(RY) O
D0000fxgeL?(RY)0O00DOO0OO

1S * gll2 < £ N2 llglly

000000000000000Ahe L3(RY) ODODODODO

[11 s g@hia)lde < [ [ 17 - yatu)hie) dody
< [alal ([ 1= mem(/me¢QU2

= 1£ll2 14112 gl
000000 +ge AR 000 |fglz < fl2llgh 0ODDD

0 5.3. 000000000000000 ¢(x) 000000 he L2RY) 0000

/|¢ x)|de <oo OO /¢ =0

O00D0D0¢(zr)=0 (0000000 zcR40000000000000O0OOOOO
ggobooboogooooo

O0O0000000D0OO000DOOO00DCO0O0Ovon Neumann 000 Radon-Nikodym
00000000000000000 (X,B)oOooooooO w,v00000v O p
ggoboboogoooogao

W(S)=0=1(S)=0 (SeB)
gooooooooood

0 5.13. 0000 p: X —[0,00) 0000 v(de) =p(z)pu(de) DCOODO0OO00v O u
ugbooooabood

42



Radon-Nikodym 0000000000000 00D0O0O0ODOOOOOOO

Let p and v be o-finite measures in a Borel space X. Then w = u + v is o-finite
(think of {E,, N Fy}mn>1 with p(E,,) < oo and v(F),) < o0). Let X,, 1 X with
w(X,) < oo. For f € L?(X,w),

[ @ lutin) < \/ /| |f(:r)|2u(dx)\/ [ ot

< \ﬁmxn)\/ /X (@) w(dz)

shows that

L2(Xpw) 3 fy/a /X f() p(de)

gives a bounded linear functional, whence we can find ¢,, € L?(X,,,w) such that

| r@ntn = [ eutorf@)wld)

Xn Xn

for any f € L?(X,,w). Thus u(dr) = ¢, (x)w(dr) on X,, and then
p(dr) = p(x)w(dr)

if we set p(x) = pn(z) for z € X,, \ X,,—1 (n = 1,2,...). By the positivity of u, we
have ¢ > 0.

Similarly, we can find a measurable function ¢) > 0 such that v(dz) = ¥ (z)w(dx).
From the expression, u([¢ = 0]) = 0, whence ¢(z) = 0 for w-a.e. x € [p = 0] by the

absolute continuity of v relative to . Now the measurable function

) {zgzﬁ; if () # 0,

0 otherwise

does the job.

Remark 10. 0000000000 DOOOOOODOOODOOCOOODOOOOOOODODOOO
gogoboboogoboobuoogooboo

O0o0dbO0oobOOooO0odbOoobOooU0oobooObOoooobOobobooDbOonD X
0000000000000 e 00O0DOO0 BOOOOOODOOODOOOODOOODOO
000000 (Borelset) 000D X 000D00D0OO0D0OOODDO fO000000O0OO
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00000fe< f<beB(a<b)**0000000000000000000000O
000000 BOODOOOOOOOODOO0000O0O0O00O

00 5.14. 0000 X O0OODOOODOODOOOODOoDOOoOooOoDOoooDooooooo
00000000000 w,y00OOOO0ODOOOODODOOODO f>00000

/X f(x) p(de) = /X f(z) v(da)
ggobobbdp=v00oOaag

Proof. 00O0OOUOO0OOOOUDODDOUDOO d/(14d)000000 dOODO0OOOOOOOOOO

000X 0000 FOOOO pwF)=v(F)DOODODODODOD0ODO0DO0DO0DX O0O0OO0OOO
00 d(z, F) = inf{d(z,a);a € F} 000000d(x,F) =0 < ze€ FOODOOO
00|d(z,F) — d(y,F)| < d(z,y) 0000000000000 0000000000OR
0000000 0<hy, <100~y = 1(—oo0 (00DO0DO00DooOooOoUoDooo
fula) = hn(d(z,F)) 00000 f, » 1, 00000000000000

W(F) = tim [ fu@)plde) = lim | fu(2)v(de) = v(F).
X X

n— oo n— o0

000000000000 000000 U0 p0 vyO00000ODOODOODO
00000 {Fhj<n 00000000000000F A---AFx (FC=F 00
0 Fe=X\F)OOOODOOOOODOOOOD FNO=F\(F\0)OOOOOOOO
wWFNO)=uF)—pu(F\O)=v(F)—v(F\O)=v(FNO)OODOOOpu O vOOO
00D00&G UDDOOD000O0DO00Oo0Dooo0ooDoooooDooDoooonDo
agooo

Oooo&UOooooooono £EcBO ulg:V|5DDDDDDDDDDDDDDDD
000000000000 0DéED e O0DDODOODOOODODOO E=BO00O00O0O0O0O
Upu=rvdooogog O

Remark 11. 0000000000000 DO0OO0DDOOO0DODOD [a<f<b 00 (0DOOO)ODO
goooobooboobooboboobooboobobobDoobDboobooboobDbOoo
goooboobooobooboobooboooobooboobooooboobooboooboobooOon
OO0000OO0O0000OO0O000DOO0O00DOODOU000DOOOUDD BaireOOOOOOODO
0000 Borel 000DO0DOO0O0DODOOOOODODOOOODODODOOOOODOOOOOO

*20a< f<b={z€ X;a< f(z) <b}.
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0 54. d000000000O00Od/(1+d)00000000O0DO0O0OOO

00 5.15 (Riesz-Radon-Banach). 000000000 X 0000000000 ¢
C(X)-»CD f>0=¢(f)>000000000000000000 XO00OO0OOO
000000 p00000000000000000

- /X f(@)(de

Proof 000ODO0O0ODOODODOOODOODODOOODOODODOOOODODO
ogn
000000 0000 pO0D00D0OO00OD0OODODUCXDODOODO

u(U) = suple(£);0 < f € C(X),[f] C U}, [f] = {w € Xi f(z) £ 0F
o000 AcX OOOoOoOo
w(A) = inf{u(U); A € U}

0000 u(X)=9(l)<ocoODOODO
p*0000000000p*(A)0 u(U)0000000000000 {U;}0000

M(U Uj) < Z 1(Uj)

oooooooo
U=U,U; 0000pu(U)0000000<feC(X)000000
(U} 00[f]00000000000000000 FOOOOO

C LJ LG
JjeEF
goooooooooboooooooan {Oghj}jeF([hj]CUj)DDDDDDDD
[fhj]C:LG O0oooono

=Y o(fhy) <> u(U;) <> U

JjeEF JEF i

o0oo0O vUvboOOdpr0000bO00O0O0Ob00ObOobObOOobO vVvoooo

p(V) 2 p(UNV)+p=(VNU")
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000000000000V 00000000 A0D0DO0O0O0O00000k(V) <
p*(A)+e00000000

p(A)+ezpV) 2 (VU)+p (VAU 2 " (ANU) + " (ANTU)

goooogd
OoO00ooo0 vnu ooooooooooo foOgoo

0<f, [flcvnlU, p(VnU)<e(f)+e
0000000 V\[f]oooooooooo g,

g>0, [glCcV\I[fl, w(V\If]) <w(g) +e
00000000000 f[f+g]C[f]UlgjcVvOOOO
w(V) = o(f) +elg) > u(VNU)—e+pu(V\I[f]) —e>p* (VNU)+p"(VNU®) - 2

00000000000000000

0000e 0 p0000000000D00O0D00000< fe C(X)O0O00O
J f(z)p(dz) = (f) DOOODOODO

00 e>000000[f>(n+1)C[f>n] 0000000000 0<h,<100

[f = (n+1)e] Chn €[f >nel,  @(hn) < pl[f > ne]) < p(hn) +€

poooooooof =YW/, oooDno< f-f. <eDODDODODODO
e(f) —ep(l) < p(f) <p(f) DOODDOO

I £11/€ I f11/€
[t dm—ez/ <e > ullf > ne)
n=0
I £11/€
<€ (plhn)+6) < o(fo) +ellf +
n=0
I £11/€ I f11/€
Z/ pldz) > € 3 pllf > (n+1)d)
n=0
I f11/€

> e @(hn) = p(fe) — ep(ho)

Ob0db0U0e—-+000000000000D0O0OOO U
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O

O 5.5. Carathéodory OO0 DODOO0DOOOO0OOOOOODOOODOOODODOO
https://math.berkeley.edu/ arveson/Dvi/rieszMarkov.pdf

0000000000000 00O00DOO000DbO00bOo0oDDOOo0DO Koooo
00 {U;}000000000 0<h; <100[h]cU;, Y, hi(z)=1(zeK)DDDO
gooooooooooo xE[f]DDDDD:UDDDDDDDD K, CcKOOK,CU;
forsome 00O O0O0OO0O0OO

m
K c|J K,
k=1
oo0obb000K,, CcU; 000 K, 00000 K;,00000KCK;O000O00000
0000 0<g;<100g;(z)=1(zx€K,),[gJCcU; 000000000

ggoboood

0 5.16. 00 T={2€C;|z/=1}000000000000000 ¢(T)00000
000000000 ¢:C(T)-CO0TO0000000 00000

o) = [ F@nldz)
T
gogoboboooobboooob pdbobbOooon

Remark 12. 0000000 Banach 00000000000 Riesz (0000O0O), Radon (OO
000000000000)0000000000000 Markov, Kakutani (D0OO0000O0O
00000000000000000 Riesz-Markov 00O OO0O0O0O0ODOOOOO

0000000000000 000000000000Daniell0000000ODOOOO0OOO0O
00000000 0DO0OU0DOO0O0ODOUODODaniell 00000000 OOOOODOOODOOODO
gooooo

0 5.6. C(K)0DDOOOOOO ¢:CK)—=COO0e(f]?)>0(VfeCK))DOOO

000000000 e =¢(1) 000000000
00000000¢h)>0(0<VYheC(K)ODDDDOOOOODODOOOOOODODO

000(f,g)=¢(fg)0 C(K)DDDD0O0000000000000000000

e(HIF < eWe(If17) < IfIIPe(1)”
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0ooo00|e||=¢(1) 00000
000000000¢||=¢(1)=1000000000000000000000 A
0D0000¢h) =a+if (,ER) 00000

la+i(B+1)| = [e(h+at)] < [|h+at] = VIIA]* + 22

0000 o?2+(B+t)2 < |h)?+2 (t€eR)0D0000B=0000000000<h<1
000001—-¢(h)|=¢(l—h)|<|1-h|<1000000 ¢h)cROOOp(R) >0
00000

OO0DoO0o0o0O0 vooooov*oooooooboooooooovooo v
000000000000 0dwveV OOOoOOo Dooog ov»*:VF—-CO0OOOOO
ggoboboodgooood

v () = flv), feV?

0ooooo|fw)| <|f|llv] 000D0v™* 00000 <|v| 000000000
00 v~ o™ 0000000

Vv 00000000000000000000000000000000000000
0000000000000000000000000000000000000000
0OooO0o0o0ooooo0
0000000000000000V »V* 0000000000V cv*o0o0o
0000000000 weV 00000

sup{|f(w)|; f € V7, If| <1} = [Jw]|

oooooo
000000000000000 W CcVOooooooo fo0|f(w) < |||
(VweW)D0D0D000000000000f0 |f(w)]<]|v|(WweV)ODOOOOOOO
000000000000W 00000 wO0ODOOOO0O0000000000000
00 )owe AMw|00000000000000000000000000
000000000000000000 (Zornlemma) DOOOOO0O0O000O

00 5.17. Let V be a normed vector space and W be a subspace. Let f: W — C be

a linear functional such that

|f(w)] < ||lw|| forwe W.
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Then, for any v & W, we can extend f to a linear functional on W + Cuv so that the

above inequality remains valid for elements in W + Cu.

goooooboooobobbooooooooooboooobb oo oog
gogobbbooooobbooon

00 5.18. OO0OO0OOOO VOoUOOooo Ccooono (Convexset)DDDDDD
r,yeCl0<t<l=te+(1—-t)yeC

0000000O00O0DO0DbOO0 Vvooooooooooovioooooooooooo
ggobobooooboboooooboo

0 5.19. 0000000 VOOOOO |- 000 000000
{fveVilvl<r}, {veVilu|<r}

00000000000 00000000000000000000000000000
OM|v|=000000 v=00000000000000000000000000
000000000000 V —[0,00) 00000 (seminorm) 0000

0 5.7. Let || be a seminorm on V. Then W = {v € V;|w| = 0} is a linear subspace
of V and |v 4+ w| = |v| for v € V and w € W.

00 5.20. Given a convex set C' C V containing 0, define a function |-|¢ : V' — [0, o0]

by
lv|c = inf{t > 0;v/t € C},

which is called the Minkowski gauge of C.
From the assumption on C, we see
{t >0;v/t € C} = (Jv|c,00) or {t>0;v/teC}=]v|c,o0).

A convex set C' containing 0 is said to be radially open if these are open intervals
forallveV.

A function V 3 v — |v| € [0, 0] is called a Minkowski functional if it satisfies
[tv| = t|v] (0- 00 =0 by convention), |v+ w| < |v| + |w|
for any real t > 0 and v,w € V.
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ggd 5.21.

(i) The Minkowski gauge of a convex subset C' 3 0 is a Minkowski functional.
(i) Minkowski gauge and Minkowski functional are the same notions, which are

related through radially open convex subsets: If C' is radially open,
C={veV;lc <1}

Conversely given a Minkowski functional |-|, C = {v € V;|v| < 1} is a radially
open convex set and we have |v| = |v|c forve V.
(iii) The Minkowski gauge of a radially open conves subset C satisfies |\v|c =

IA| vl for any scalar X if and only if C is balanced in the sense that

IA|=1,veC = el

(iv) The Minkowski gauge of a radially open balanced C' is a seminorm if and only

if it is absorbing in the sense that V = U;~otC.

Proof. (i), (iii) and (iv) are immediate.

(ii) By the radial openness, the condition v € C is equivalent to 1 € (|v|¢, >0), i.e.,
lv|e < 1.

The radial openness of C' = {v € V;|v| < 1} holds because the condition v/t € C
with ¢ > 0 is equivalent to |v| < t, which also implies |v| < |v|¢. If |v]| = oo, this gives
|v| = 0o = |v|e. Otherwise, i.e., if |v| < oo, v/(|Jv|+€) € C and hence |v/(|v|+¢€)| < 1,
i.e., |v|c < |v] + €. Since € > 0 is arbitrary, this implies |v|¢ < |v].

(iii) and (iv) are immediate. O

00 5.22. 00000 ¢:V—-ROO0D0OD0 CcVOOOO (support) 000000
$(c)<1(YeeC)DDOODOODODDOOOOO0eCO000¢()<|v|c (YveV)DDO
00000000000000v/teC (t>0)00000¢(v)<t00 ¢(v) < |vjc D
00000 ¢(v)<|plc 0000D0v/teC OO0 t>0000004¢(v)<|vjec<tD
ooo

0 5.23. 0000000 VODOODOOO jo]00000¢0 C={veV;jp<1}O
00000000000000]¢(w)|<|v|000000

00 5.24. 0000000 VOOOO COOOOOVOODDODOO wWoOoOoooooo
00000 fooCNWwW OoDOOOD0OO0O0O0O00000000O00O0DO0O000 veV\W

50



00000f0 W+ReOOOOOO ]?D Cn(W+Rv)OOOOOOOODODO

Proof. 0000000A= f(v) 00D000000000000CN(W+Rv)0000

goo
weW, teR, w+tveC = f(w)+ <1

gboooboboboobooboot=00b00000Db0O0ODbLODOODOODbO

t>0, weW, wttve C = f(w) £ At <1

gogooooooon

wy) —1 1— f(w
wl,wgeW,tl>O,t2>O,w1—tlv€C,w2+t2v€C:>%g)\g#
1 2
00000000000000000 A0000000O0O0O000*2g
wi) — 1 1— f(w
wl,wgeW,tl>0,t2>0,w1—t1v€C’,w2+t2v€C:f( 115) < tf( 2).
1 2

goooooo

to t
w1 + w <1
f@rugl t - to 0—

ggooooogooo

tg tl t2 1
w —_— Wy = w1 — t1v wo —tov) €ECNW
A L e Rl
000000000000000000 0

O 5.25. Let V' be a real vector space with a Minkowski functional |- | and W be a
subspace. Let f: W — R be a linear functional such that

lf(w)] < |w| forweW.

Then we can extend f to a linear functional on V' so that the above inequality remains

valid for any element in V.

Proof. If we apply the lemma to C = {v € V;|v| < 1}, then for any v € V \ W we
can find an extension to W + Rv with the domination kept. Now apply Zorn’s lemma

(or just the ordinary induction when | - | is separable) to get the assertion. O

*21 000000sup(f(wr) —1)/t1 <inf(l — f(w2))/te 00ODO0OO0O
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0 5.8 (Caratheodory). 000D 0O00OO R*O00000 SO0O0 COOOOSOO
O0n+1000000000000000DOO0ODOSOOODOO0OOOOOCOO
ggobobooodgooooad

00 5.26 (Hahn-Banach). Let V' be a complex vector space with a norm ||-|| and W be
a subspace of V.. Let p : W — C be a linear functional of W such that |o(w)| < ||w]|
forw € W. Then ¢ can be extended to a linear functional of V' so that |p(v)| < ||v||
forveV.

Proof. Let f = Re(y). Then
p(v) = fv) —if(iv)

and the real-linear functional f satisfies |f(w)| < ||w| for w € W. Thanks to the
corollary, we can find a real-linear functional F' : V' — R so that f(w) = F(w) for
w e W and |F(v)| < ||v].
Now set
®(v) = F(v) — iF(iv),

which is complex-linear and extends . Moreover, letting ®(v) = |®(v)|e??, we have

[(v)] = 7 (v) = ®(c"v) = F(e™v) < [le™ ]| = |vll.

0 5.27. Given any w € V', we can find a non-trivial ¢ € V* satisfying

p(w) = [[wll]le]-

Proof. Starting with the functional ¢ : Cw — C defined by p(w) = ||Jw]|, we extend
it to the whole space V so that |p(v)| < |lv]|. Then |¢| = 1 and the assertion is

clear. O

Remark 13. v € VODDOOO¢, € V* O ¢u(p) = ¢(v) 000000000000
¢:V - V*00000000000000000V* 000000 V*O000000
000000000000000000000000 ¢y ={¢;veV}O V=000
0000000000000000000000000000000000000000
0000000000000

02



0 5.9. 000000 VOoOoOoooo woooooooo v/wooo (V/Ww)*x o
V000000 wtooooooooooooooooooooo vs—=w*o w
gogobobooooooobuooooon V*/Wl%W*DDDDDDD

0 5.10. 000000DDOOO00—-X—>Y —>Z2—-0(Z2Y/X)0000— 2% —
Y*—-X*—-0000000000000000000DOOODOO0 —» X™ —
Y 700000

00000V -V* S V*™/V-0000—V* 5 V™ 5 (V/V)™* 500
0000000V AV™*O0O0O0OoV>£Av=Q0OoO0oO0O0

000 Hahn-Banach 00O O0OO0OCOOOOOOO

00 5.28 (Geometric Version). Let A and B be disjoint convex subsets of a real
normed space V' with B open. Then we can find a bounded linear functional ¢ of V'

and a real number t such that p(a) <t < p(b) fora € A and b € B.

Proof. Choose ag € A, by € B and set C = B — A — by + ag. Then C is an open
convex subset containing 0 and ag — by € C because of AN B = (). If we define a
linear functional ¢ on R(ag — by) by ¢(s(ap — by)) = s, it supports C N R(ag — bo).
In fact, if s > 0 satisfies s(ag — bg) € C, then s < 1 (otherwise ag — by € C) and we
have ¢(s(ag — bg)) = s < 1, whereas ¢(s(ag — bg)) = s < 1 is trivially satisfied for
s < 0. Let ¢ be extended to the whole V' so that it supports C. Since C' > 0 is open,
V. C C for a small r > 0 and we see that ¢(+z) < 1 implies |¢(z)| < 1 for z € V,,
ie., ||o|| <1/r. Next, for a € A and b € B,

(b(b—a—l—ao—bo)g‘b—a+a0—b0|c<1,

where the first inequality is due to the supporting property of ¢ and the second
inequality due to the radial openness of C. Thus ¢(b) < ¢(a) for a € A and b € B.
Since ¢(B) is open and connected, it is an open interval of R and this inequality
implies ¢(B) does not touch ¢ = inf{¢(a);a € A}. Now set p = —¢. O

0 5.29. 000000 VOOUOOO COoweweV\COODODODOVOOODOODOOO
0 ¢ Osupp(C) <o) 00O0DOOOD0OOOO

Proof. 00 B,(v) 0 CNB,.(v) =0 00000000000A=C, B=B,(v)0D0
ooooooooo O
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6 D00o0ooooon

000000000000000000000000000000000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
000**?000000000000000000
0000000000000000000000000000 6,00000 ¢000
oo

B(0k) = > 6519

000000000¢ 00000 (¢;,) 00D0O0D0DO0ODOO0DOO0OOODODOOOO
(pjr) 0 j,k—o0o 0000000000000 DOO00ODOO0ODOO0ODOOODOO
ggobobbooooobbuooooboboooan

0 6.1. 000D (1<p<o0)000000000D00000D0DO0O (6> 00O
oooooooo Db=3,Cs 0000000000000 ¢0000

&(0k) = arlr + br410k+1 + br—10k_1

000000000 (ar)eso, (bi)rxo 0000000000006, =0000000¢
00000000000 ag,a1,as,... 00000000000000000 b, by, bo, ...
000000000000 00000000000000000 *2 (Jacobi matrix) O
000000000000 0000000000000000000000000

gobogobooobobodoboooboboooboooobbuooobooboooobooba

() 000000000000: 0000 (X,p), (Y,y) 000000000 ¢: X —
Y 00w i[B)=v(B) (BO YOOOODO)00OOOOOOOOO00O0O0O
000000000 fe fo¢ ' OOLP(X,u) 00 LP(Y,y) 00000000
000000000X =Y =R"00p=r000000000000a¢€R"
O0D0000O0OR">z—2+e¢€R"0000000000000OO0

*22QpQQoOoOo00oOooooooon
*23p00000000000000000000000000000 Jacobian matrix 0000000
00000000000000000000000000
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O f(x) = f(r—e) 000000000 O0O00DO0DO (translation operator) O
agodg

(i) 00000: 000 QCR" 000000000 e€Z? 0 |of < NOOOODO
000000 ¢ eC®(Q) 00000

x|
D = Z co(x)D%, D% = 0

ox™
la|<N

0000000000000D0O CX(Q)UU00 C>(Q)Uooooooooo
0000000000000 (differential operator) D0 O O0O0O0O0O00O0ODO0O
0000000000000000000000000000A=D?+---+D?2

ooooo
A:W22(Q) — LA(Q)

gooboooooood
(ili) 00000 (integral operator): 0000000000000 K(z,y) DOOOO

/X IRl (o) (d) < o

Do0o000L®(Y,uy)— LY (X, ux) O

(Tf)(x) = /Y K(z,9)(y) iy (dy)

ggooooooooobbbbbon

/ﬁ K (2, y)|* px (da) py (dy) < o
XXY

O0000L%(Y)— LX) 0000000000000

(iv) D00000: 0000 (Qup) 0000000 he L®Q,u) 0000000
f=hfO00LP(Qu) 0000000000000000CD AOODOOOOO
000 (multiplication operator) 00 OO

OO0DO00 vooooooo woooooo T:V—-WwWoooooooo
o0 6.2. 0OOOO

(i) |Tv| < M|v| € V)ODOO M>0000000
(i) T 0000000
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(iii) W 0DOD0OO B={weW;|w|<1}000 T-'BlcvVO0D0000DO

Proof. (i) = (ii) = (iii) 0000000

(iii) = (i): By(a) c T7YB]0DOOO|T(a)]| £100000#ve€V 00000
IT(a+v)|<1( =rv/|p|) 000000000000

izl =) - r@) < (174 o)+ i) < 2o

O

00 6.3. 000000000000000000 (bounded) 00000000000
00000 B(V,W)00000007T eB(V,W)00000

T
il =sup { o 2 v e v —suptirugio e vy

o]

gooo

Remark 14. 0000000000000 000O0D0DOO0O0OODOOOOOOOOOOOOO
ooobooooooobobobooobooooboboboboobooboboboboooo
ooobooobobobooobooboooobooboboooooboboboooboboobooobo

0 6.1. 00000000000000000D00000000 BOOO T-1B]0OO
0r-0000000 |T|<2/r0000

00 6.4. B(V,W)000D0DDOO0O0O0OW 00000000000 O0B(V,W) 00
000000000000000 |7 =inf{M > 0;||Tv| < M|jv|} 00000000
000 SeB(U,V)OD0D0DO0O0TSeB(U,W)0000|7TS|<||7T)|S| 000000

0 e6.2. 00000Db0OO0bObDOObOObObObOObDOO
0 6.5.

() oooooooog||7T) =1.
(i) 000000000 0|A: W22 — L2 < 1.
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(iii) 0000000000

IT 2 L(Y, py) — LM (X, px)|| < /X I G x )y (),

HTﬂ:LZOCuy)—+1?(X3ux)Hféx//i K (2, y)|? px (dz)py (dy).
XxY

(iv) 00000000000 ||LP(Q, 1) 3 f e hf € LP(Q 1)l = (17l

000000000000000000000000000000000000000
000000000TP 000000 LP(RY)ODO0OD zeR400D0000000000
0000 (T2E)(x') =&(a' —x) (2 eRY) DOOOTET, =18, TP, = (T2)"' OO
D00001<p<ooO0000¢E€cIPRY)DOODOORIS 2= TPE € LP(RY) DODO

ggooood

0 6.3. 1§p<ooDDDDCC(Rd)CLp(Rd)DDDDDDDDDDDDDDDDDD
ogan

0000000000 vVooooooooo0o0000 T, : V-V Oo0T,T, =Ty,
T .= (T,)"'000000000000000000O0 RO VOOOOOODOOO
goooo

0 6.4. T°¢0 x 000000000 el>®RY) 000000

RY00 VOOOOOOOOO »(2) 0000000000000000w(z) 0000
00000000000000 fu(z)de 0000000 VODOOOOOOOOO

ugoooo
/ v(x)dz|| < / |v(z)] dz.
R4 Rd

000 f(z)Tev (f€C(RY)) 0DDODO0O

I ] s@Tevdel < 17lhlel

00000000000 T, 0000C.(RY) — B(V) O LYRY) - B(V)DOOOO
0000TT, =T, 00000000000 LP(RY) 0000000000 O000OO
Tih=fxh(f,heC.,(RY))0D0D000fe L} (RY) O helP(RHYDODODOOD
frxheLlPRY) OO |f*xhl, <|fllilkl,000000000000000O0
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065 1<p<ooUO0O0O0OO0O0O0OODODO {0,}0O
lim [|6, /= fll, =0, feL(R?)
ogoooo

O0000000000000000000 Stefan Banach 00000000000
00000000000000D000000 [Reed-Simon, II1. 5]

0000000000000 (density) 0000000000 D0O0O0OOODOODOO
00000000 (category theory) 000 D0D0OU00OOOOOOO0ODOODOOOO
gaoo

00 6.6 (Baire Category Theorem). 000000 X 0O X = UF” (F, 0 X OO
n>1
00)000000o0o0oo0oUoo0UoD F,00000000000000D000O

OO000Oo00bOO0o0oboO0 Xooooooooooo

Proof. 000 F, 0000000000000000000O0FA 000000000
00000 X# F 000000 X\F 0O0O00000000B,,(z1)CcX\F 00
0000 z€eX00<r<1000000

0000F 0000000000000000000B,,(¢)\F 00000000
0000000 By(zs) C By (z)\F, 000 2, e X0 0<rp,<1/2000000
00000 {2} 0000 {re} OO

1
BTk(xk) CBTk—1(x/€—1)\Fka 0<r, < %

ggoboboooobbboooobbboooonoo

1
2k—1

d(xpy1,zr) <71 <

000000{z}0000000000X00000000000000 2000000
000, € By(x) CX\F (k>1)000000
JJEFTl(I'l)CX\Fl, [>1

DDDDDX:UFZDDDDD O
1>1

0 6.7. 00000ODDOODDODODOODDOODOODOODOODODOODOODOOD
oo ooobbobobobbbbbbobboobobooooooyg
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goobboooobbboooobobbdooobob bbb bbooobbboog
ggobobboooobbobooooboboooobobogoo

06.6. 0000000000000 {Up}n>1 00000, U, 000000
00 5. 2000000000000000000000000

() CNOooOoDDOO0O00O00000/Z0000000000000000

i) 0 0<§<7/200000000 {(z,y) € R?%|zsinf —ycosh| < cosf} O Z2
000000 Sy 000000%Z2 = USe, |Ss| =00, |SeNSe| <ocoODODOD

(iii) 0 # 00000ag € £2(2%) O {(k,1);ae(k,l) #0} = S, 0000000000
{ap} DDOODODODOO

00 6.8. 000000000 UDOO0OOUODODOOOUOODOOOO (meager set) O
gogoboboooobooboogooboooobbooooonoo

0 6.9. 00000000 RO00O0D0D0O00000O0O0ODOOO0OOOOO0OOOOO
ooooboobobooobobo oobobobobobobOobooobobboobooo
ggoboboooobobbooooboobbooobboboooooboboooobbooog
gogobboooobbtbooobobbdooobobbuoooobbbooobbboog
00000000000000000000RY 000000 {an}tn>1 000007 >0

ogogoooooo
Ur: UBT/2"(G’TL)

n>1

000000F, =RY\U,0000000000000000010,|=0(%) 0000
0000000000000O0O0O0O0

06.7.1<p<g<ocO00On0n

(i) {z e, |z,P <1} 0 ¢ 0000000000000
(i) 2\ 0 ¢4 00000000000
(iii) # 0 ¢ 000000000000000

O

0 6.8. 0000 ObOObOObDbOObDbOODbOObDbOObDOObDOUObOoObOOD
ggooooogooo
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00 6.10 (Principle of Uniform Boundedness). V 00 000000W 000000
O0000o0oooooooooo BeB(V,w)yooooag

sup{||Tv||w;T € B} < o0
00000 eV OOOOOODO

sup{[|T|; T € B} < o0
o0dooboooooooooooooomm

Proof. 0ODOOODO VOODODOOO
F, ={v e V;|Tv|]| <n, VT € B}

oooooooooo v=U,.,F, 000000B,(v)C F, 00000 >1,7>0,
veV O00000000000B,,,(v/n) CcTHB OODOOOO|T| < 2n/rO0
00 O

gobobooooobbboooobbbooobboboood

0 6.11 (Banach-Steinhaus). 0000000 7, :V - W OOODOOO veV O

{T,w} 0ODOOOOOOO
Vove lim T,v="Tv
n— oo

000000000000 |7 < liminf ||T,]| <co 000000
n—oo

Proof. 000{T,w},>1 0000000000000{||T,v|;»n>1}00000000
000000000 sup{||Ty|;n>1}<cc 0000000000000 00000O

[Tnoll < | Tall vl
On00000000000lminf <limsupO0O0OODO
7o = lim |0 < liminf [T, [} [[o]| < limsup [T, | Jo]] < sup{||Tn[l;n = 1} [Jv]
n—oo n—oo n—oo
O000|7T| <liminf||T,|| <o ODOODO O
n—oo

0 6.9. Regard ™ as a linear functional on L}(R) for n =1,2,.... Then

lim [ ™ f(t)dt =0

n—oo R

for f € L'(R), whereas |||/, = 1.
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ggoboboooooo:

00000 (norm convergence)
lim ||T,, — T = 0.
n—oo
000 (strong convergence) 0 v eV OOODOO0
lim ||T,v — Tv||lw = 0.
n— oo
000 (weak convergence) D ve VO w*eW*O0DO0ODOO
lim (w*, T,,v — Tv) = 0.

n— o0

0 6.12. 000000000000 000ODOOOOOOOOU,V,WOO0O000o00O
oooooo {S,} cBUV),{T,}cBV,W)ooooo SeB(U, V), TeB(V,W)
00000000000000000{7,S,}007TSO000000000000000
000|7,| 000000000000

0 6.13. 0000 f00fLYQpu) C LYQ,u)00000f € LP(Q,u) 000000
000 (L9)*=LPO0O0OO

0 otherwise

fu(x) = {f(x) if |#] <n and |f(z) <,

0000000000 ¢,: LY — C,

bu(h) = / fu()h(z) pu(dz)

gogobbooooobbooon

o(h) = i 6,(1) = [ F(@)hla) ()
o0oo0oDOoooooooon felPDODODO

00 0 Banach-Steinhaus 00 0000000000000 00O0O0DODOOOOOO0O
ggoboboooooboooobboooobbbooobbboooobLboboooa

0 6.14. 00 27 000000000000 OOODO COOO0OO0feC 0000000

0OoooOo0
1 [7 :
fon=— (t)e " dt

T o o
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O COoOoopooooooooo ¢)n(f)DDDDDDDD@nzzzz_nqﬁkDDDDD

®()= 5= [ SO0

gogoooood

Do(t) = Z —int _ sin((2n + 1)t/2

sint/2

k=—n
0000000000000 C* = LY[—mn,n))

1 s
P, =— D, (t)|dt
@0 = 5= [ 1D(0)

000000D,(t) 00000000000 0limy e ||[®s] =co000000000
00 limy e S fr 00000 feCOO0D00O0D0

00 6.15 (00000). 000D0O0D0O VOOODOUOODODD wWoooooooo TO
00o00obo0ob0oobOo0ob roooboboooooo

Proof. OOD0OO0OODOOOO ET(O)DDDDDDDDD
Vi={veV;|v]|<r}, W,={weW;|w|]<r}

0000000000000 r>000000W,cT(V,)000 e>00000000
0MO0000000000000000000@MO0000000000000000
000000 r00000000000

0007 00000000000W =U,»,7(Va) 000000000000000
0000000000000000000000000 T(V;) 00000000000

O0B,.(b)cT(Vi) (beW,r>0)000000000

1 _
W, € 5(Br(b) + B (~b)) C T(V1)
0000000000000000000000
Wa—syr CT(V1), 0<d<1.

000 weW,00<6<100000w="T(v) €T(V1)0O |[w—wp| <dr 0000

00000000OWs, cT(Vs) 00000 0w, =T(v1) € T(Vs) O |Jw—wo—wy|| < 82r
0000000000000000 w, =T(v,) € T(Vsn) O

|w—wo —wy — - —wy|| < "
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00000000000000v=)_,s,0n€V 00

Joll < S0 6" = -

n>0
0000w=T() 0000000

1
ogoooon

O

0 6.16. 00000000000000000000O0O0O0OOOOOOOOOOOO
00000000000000000000000000OOOOOoooooool .|,
|-]”000 VOOODO0O00000000000000d|ju| =]+’ 0000
0000000V OoOoOooooo(V,|-)00 (v,|-))00000000000000
00000000D0000000000000000|j0| <M|v|/ 00000 M >0
0D0000000000000000000

0 6.17. 0000000000000000000O0O0O0O0O0OOOO00000000
0D00000000000000000000000 E, FOOOOOOODOO EQF
0000 |lzey|=|z|+ |y D00000000000O0O0O0OO0OODOOOOOO
0000000000000000000000000000000000000000
ooo0

0000000000000 00D00000000 Vv DOOOODODODOoOoO E,F
O0DENF={0}00V={z+yzre€ Eye F} 0000000000D0O0
FeFsrey—z+yeV 000000000000D0D0O00OO

0 6.10. 000000 0O0DDOODOT(V) 00000000000 0DOOO0OOOO
goobbboooobbbooobbboooobbboooo

0 6.11. D00DO0O00O0LYR) OO Co(R) 00000000000000000
00 S(R)D0DODOODOSR) 00 SR)DO00DO0O0O00O00O00000O00O000
{(fif€eL'R)} 0 CR)00DDDDDODOOODOOODDODONONONONONOOOODODO
|Mh<(mﬂmDDDDDC?>ODDDDDDDDD%(%:ZLﬂﬁ@—@
(he S(R)) DOOOOsup, ||falleo <00 OO0 fu(€) = Dn(6R(6) DODOODOODD
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ogn

T n 27rk/(2n+1) : 2 1 2
| ipa@ldz =y [ intent e/l g,
0 w1 Y 2m(k—1)/(2n+1) sinz/

>

n /27rk/(2n+1) ’ sin((?ﬂ + 1)»’5/2” d
X
2

k=1 w(k—1)/(2n+1) sin ]{57‘(’/(271, + 1)

2 o | sin 6
> . de
2414~ J(_1)x sin kr/(2n + 1)

2 " 2 4 N1
— > —.
2n+1 ;sinkw/(2n+1) - ﬁ];k

n

0000AD [R(E)|>1(0<¢<m) 0000000000

4 N1 —~
;ngwhmsCWMwéCwmm¢w<w
k=1 "

gooooooobobon

00 6.18 (000000). 000000 VOOOOOOOO WOoOoOoooo 700
000000 {v,}, {Tv,}) 0000000000000000000

(i) lim,v, 000000
(ii) lim, Tv, 000000
(#ii) lim,, Tv, = T(lim,v,) 0000

00000 (i), (#) 0000 () 00000007 0000000

Proof. DOOO0 T:V W OOOO0O GT)={veTveVeW;veV}0OO0O0O
00000000 VeW OOOOOOOOO00000000000000000000
000000000m (@), (i) 000 (i) 000000000000000000000
00000007 0000000000000000000G(T)00VaeW 0000
00000000000000000000000 GT)3vé&Tv—veV 0000
000000000000000 Vav—oeeTve@T)OD0O0D0DO00000O000
Vov—TveW OOOOOOO O

06.12. 0000000000000000000000 HO0000000T:H—%H
0 ¢T¢) eR(EeH) 0000007 OO000OOO
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( UJooooooogooood

0000000000000 00000000000000000000000000
0000000000000000000000 (pairing) 0000 ¢(z) = (x,¢) OO
0000000000000 00D0000000000000000000000X O
0000 BOOODOO|B||=su{|lz|;z€ B} 000|B||<cc000000000O
0000X,={zc X;|z|<r}0000000000|B| =inf{r>0;BcCV,} O
ooo

X 000000000000 0X 00000 BOOOOODX*00O00O0O

1¢llz = sup{|(z, 9)[;z € B}

0000000000 X*00000 B*00000
[z]l+ = sup{|(z, d)[; 6 € B"}

O0000X*00*00 (weak* topology) 000000000 {|-|p} 0000000
O0FO0 X0O0OOOOOO0OO0OOO000000000X*0000000 F*O00000
X 0000 (weak topology) 000000000 {||-||p- 0000000000000
00000000000 X*=X00000000000000000000000

¢ Ubbuoouooouobobobobg

0000000 HOOODOOOO T:H—>HO000000DO0000000 Iy
000000 /000000000 #00000000000000000000
{e;}h<j<n 00D0DDOODODO

ti1 ... tin

Tej :Ztijei, (T@l,...,Ten)Z(61,...,6n)
i=1 thi - tan
0000700000 [T]=(t;) 0000000000
[S+T)=[8]+(7),  [ST]=[S][T]

OO000O0O00HOOOUOODOOOODOOODOOOOODOOOOoDOoOO

0 8.1. 0000O0D0OODO
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000 AO0DO0DO0OD0 TOOOO (eigenvalue) 00000000000 DO0ODOODOO
gogooood

(i) TE=X 0000000 0£6eH 0000
(i) 000 M -7 00000000

000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000 HO0O00O000000000000000000000000000000
00000 () 0000000000000 () 0000000000000 (spectrum)
00000000000 7TO000000000 ¢(7T)000 70000000000
0000000000000000000000000000

0 8.1. 00000 T:L3*0,1) — L%0,1) 0 (Tf)(t) =tf(t),0<t<100000
O00(T)=1[0,1]000007 00000000000

0 8.2. 00OOODOODO

OO00O000DbOoO00OOo00O00DOOo0oOO00O0o0oDOoOODOOO0OO0O0ODHO

Ooooooo xoo
fek=Teck

00000000000T 0000000 (invariant subspace) OO0 O000O0OH OO
00000To0DO00000O00O0DO00O0000000L0T 0000000 D o(T)0OO
booboobooboobobodoondg
bbobodubgbobobuooboboboboobooboboobooboboan
000000000000000D0000 (invariant subspace problem) 00 OO

0o0O 82. 00000ODO HOOODDOODODODO T-H—-HOODODODOODODO
ggooboooooobouooon

IT[| = sup{[([Tn) ] €] < 1, [l < 1}

00000 TO ||T| <eeOOOOODDODDOOO (bounded linear operator) O
0000HOOODODOD0ODOD0ODO0O0OOD BH)ODODODOODDODOODODOODODODODOooDooo

083 H= 0000000 (an)es1 0000 D0(AE), =ané, D000D0A € B(H)
0000 Al =sup{la,|;n>1} 0000
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0 83. 0000000000 {e,} 0000 ADDODOOOOOOOODOODDOD
000 ¢€ef?0 A¢? 0000000000 00000000000

00 84. 0000000 HOOODODDODDODOO KOoOODoDOOoOO T:-H—-KOO
ooooooooo I :K—-H OO0

(n|T€) = (T"n[¢), EeM,nek

0000000000000000 T0OO00DO00O00O0 (hermitian conjugate) O 0 O
000 (adjoint) 0000

Proof. 00 0Fréchet-Riesz 000000000 neKOODOO0ODOOODODO
H &= (n|T¢)
0000000000000 00o0oo0oooooooog eH OO
(nlT€) = (£'1€)
0000000000000 p—=¢ 00000000000 T*O0000 O

Remark 15. 0000000000000 0000000000 DOOOOODOOOOOOOO
ooobooooobobooobooooboboooobbooobobbooooboDboobbbooo
gboobooobobombobooobooboboboooboboooobOoboooboobOoboon
0000000000 conjugate 1000000000000 O0ODOOODOODOOODODOOODOO
ggbboooobbobooobbooobbod

0 84. 0000000000000 OOOOOODOOO0OOOD HOOOOOODO
00 700000000 HOOOOOOO S0 (S€y) = (&Ty) (&,neH) 000D
0000000007 0000000S=7T*0000000 70000000000
00000000000O0O0O0

0000000 #HO00000000000000000 {e}0000000KHDOO
o00 0oobOoobooogon

x1

n
§= ijej = (€e1,...,€n)
j=1

Tn
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ooooooooooooo T-H—-HOOOOOO

. tll tln
Tejzztije’U (Te]_,...,Ten):(617"‘7€n)
=1

tnl tnn

0000000000000000 [¢, (700000
&lTn) = [£]*[T]n]
DDDDDDDDDDDDDDDDDDDDDDDDDDD[T*]:[T]*.

00 85 (00000D0D000). 00000 T e BH) ODDOOT — T* O0*0
O (*operation) D00 00 (ST)* = T*S*, (T*)* = T 0000000000000
ker(T) = (T*H)*+. *00000000000*00 (*algebra) 0000

OO0 86. OODODOOOOOODDODODDODO TOOT=Tr00000O0O0O0OOOO
O (hermitian operator)0 ({|T€) >0 (£ € H) DO D ODODOODOO (positive operator)d
T*T=1=TT*0000000000000 (unitary operator)D7T =T* =T2 00
00000 (projection)DTT* =T*T 0000000000 (normal operator) OO O
ugn

O0000000000000000A<B < B-A0O0OODOOOOOOOOO

gooo T:H—)/CDDT*TZIHDDDDDDDDDD (isometry)DT*TZIfH
o0 TT*" =l 0obooooobbooooo (unitary map) 000000000000
gogobbbooogobobuoooobobooooboo

O

0 85. 00000O00OODO ASBOODODUOOTAT*<TBT*0OO00OO00O0 TOO
gooooog

08.6. TeB(H)0000000000000000000000 (¢|T€) R (€M)
00000000000000000000000000

00 8.7. 00000000 TO00000|7T| =sup{|ETE;|¢]l<1}0000

Proof. 000 r 000007 < ||T| 000000000000,y =Ty 000
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gogobboooobobooooboboo

ARe(&n)| = (€ +nE+n) — (E—n, & —n)]
< r(I€+ 0l + 1€ = nll*) = 2r(1€)17 + (Inl1?)

&,m)le?® 00 PeRODDOOED PcnnnDOO|¢Tn)| <r|éllnl D0ODO O

O n 0 (lEl/Inhn 0000000 Re€,m| < rliéllfnl DOO0OO0OOOEn) =

00 88. 00000 FOHODOODOO EOUOODMMDO E=RFHOODO0OODOODOO
O00000000F=FHOOOOOOEC F < E'§F,.7::8L — BE+IF=1
gooo

00 8.9. 0000 T:H—KOODOOODOOOOODOOOODOOOO0O
(TE|Tn) = (&]m), VYEmeH.
0000 T:H—-KOOODOOODODOO0D0000000000000000000

0 8.10. 0000D0DOD 00000000 (shift operator) O

(56), {ﬁn_l ifn>1,

0 otherwise

0000000 SO0O000oO0o0o0oooDOoooooooooo

O 8.11. 00000 Tooooor*ropooodooooooooooooooDo
ggoboboooobbboooobbbooobobbuooonoobobooon

0 8.7.0000 A=diag(a,...,a,) 0000000000

() 0000000 < ai,...,an €R.

(i) 000 <= a1 >0,...,a, > 0.

(i) 00D0000 < |a|=- = |an| = 1.
(iv) 0000 <= a1,...,a, €{0,1}.

00 8.12 (00DUOOOOOOOO).

(i) 1ST|| < |ISIHT-
(@) |7 = [Tl
(iii) |T*T| = || T|*.
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0 &88. Jdooooodon

Remark 16. *0OOO0OODO0OODO0ODO00O0O0O0OO0D0O0O0OC*OODODODODOOOOOO C*xOOOO
00000*0 00 C*xooooooCc*xXooooooooooooooooooooo

00000 C*0O0 ADODDDODOD*000000 ¢:A—B(H) 0000000000000
0000000000000 0000000000000000000000Hahn-Banach 00
oooo

0 813. 0000 A= (ay,...,a,) 00000
|A|| = max{|aa],...,|an|}
0000000000000 000000000ou0nD AODOoOO
|A| = max{|A\; A0 AOOOO }.

00000000 (i) 0000000000 ADODOODOO0DA*AD0O0O0OOOOOO
gooboboooobooo

0 8.14. OO

-5 2

e . (lal? ab
A"A = (al_) la)? + |b|?

goooogd

ggooooooon

417 = fof? + (o VA
[+ T

0 8.9. 00000000000000000D UOOOOO|UTU*|=|T|0000

000 (polar decomposition)
O000000 z=re 00000000000000000000O0O0D0O00000
gooooooooooouooouooooooouooboooooooooon
OO000000000ODODDODODOOOO0O00U000OUOODOODbODOO analytic
functional calculus 00 000000000000 O0OOOOOOO f(z)zzn>0fnzn
0000000000 TeB(H) 0 X, [fllT]" <00 0000000£(T) € B(H) O

F(T) = fol + AT + f2T* + -
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ggoboboooobobtbooobbboooobobog

1> ATHE< Y AT = 0 (m — o)

k=m k=m
O0000000000000 g(2) =Y,9.2" 00000 Y, |gullT||" < 0o OO
000000 h(z) = f(2)g(z) =, hez" 00000 Y, [h||T|" <coDDODODO
hT) = f(T)g(T)DODODO
000000000000000000000000000000000000000
00000000000000000000000000000000
0000000 {¢}jes 00000 (summable) 000000
Z |cj| < o0
jeJ

gogooboooobobooon

» le;;FO J0O0O00OO0
JjeEF

DDDDDDDDDDDDDDDDD%’%ODDDjEJDDDDDDDDDDDD
ZCJ'EC
JjeJ

goooobbbbboooooooooooon

>l < e

Jjed JjedJ
goooo

0 8.10. DOO0OOOODOO

00000000000 00000 {4}, 000000000000000
Siesll4jll < +ooDDOOD

> A € B(H)

jeJ

*24 0000000000000 von Neumann 0000000000000 0000D0D0O0000O0O0
gbogoooooooobooboboboboboooobooboboboboboboooooboooboon
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ggoboboooobobtbooobbboooobobog

oA <> I4

jeJ jeJ

ooooo
0 8.11. 0000 3 fng, ™t 00000000000 A(T)=f(T)g(T)0000

00 8.15. 0000 AODDODOOODOOD BO A=B2000000000000
O00D0D00000TeB(H) 0 ADDODODOOOOBOOODOOOOOOOODOO
B=AY20000A00000000

Proof. 0000D0DO00DO|A|<10000000000000870011I-A>0
OO0 |I-A|<10000000000 VI—2=1+>",¢,2"0 |2/<10000O
00000 3120000B=1+c1(I-A)+c(I—A)?*+--- 00000000000
D000000000000B?200(W1—-2)?2%2=1-202=1-A00000000
OD00ADO0OOOOO0BOODOODOOOOOOOe,<0(r>1)00000

oo oo

(€|1BE) = (£]€) + Z (I — A)"€) > (€]¢) + Z €& =0

00000000 UOTA=AT0000TB=BTOOOOODOOBOOODOODODOOO
goooog

0D000000000000000000 CO0 C?=A00000000CA=AC
OO0 CB=BCOOOOOODOODOOOO

(B—C)B(B—C)+(B—-C)C(B—-C) = (B—C)(B+C)(B-C) = (B*~C*)(B-C) =0
gooooo (B-CO)B(B-(C)>0,(B-C)C(B-C)>000000000
El(B-C)B(B—C)§) =0=(/(B-C)C(B—-C)E) (§€H),

0000 (B-C)B(B-C)=0=(B-C)C(B-C)00O000O0O000O (B-C)?=
(B-C)B(B-C)—(B-C)C(B-C)=00000000 (B-C)*=0000000
0=|(B-C)|=[(B-C)?|?=|B-C|*00000 B=COOOO O

00 816. 0000 T"'H-XO0OO0OOO0kerTCcHOOOODODODOODODODO TOO
00 (right support) 0000700000007 0000 (left support) O [T OO
oooooooro r"r*r=17oo0O00boooOoooDoooo
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0 8.12. TOU0OUOOOOOOTE=T,FT=T000000 E € B(H), F e B(X)
gogobbooooboboooobobod

0 813. 000000 70000007*0000000007T*T =I[T),TT* = [T
000000700000 [TJXCcHOOOOOO[T)X OO0 XO0OOOooooooo

00 8.17. 0000 T:H—-XDOOOOOO ReB(H)DOODDDOOODOO T=VR
000000000000 [V]=[R|ODODO V,ROODODODODODODOR=(T*T)Y? 00
00000 70000 (polar decomposition) 00O 0000 |T| = (T*T)/2 0000

Proof. T=VROO [V]=[R|00D0OO0O0T*T =RV*VR=RRIR=R>000000
R=(T*T)'/?000000000000000000

IRe||* = (§]R*€) = (§]T7T¢) = | T¢*

00000000 RE-TEOUO[RHUD XOUDOUDOOUDOODOOOODOOO HO
0 XOOOODODOOoooooooo voooogre=vReOoOOO |

0 818 (Jordan U0 ). 000OO0O0O0UOOO TOOT,T-=000000000 Ty
00 7,-7_-000000000000000000000000000 T =T4+T-
goooog

Proof. TO MK 000000000 =/000000
TOO0OOT=V[T|00000000000V*V|T|V*0 700000000
OoOovV*=V,V|[T|V*=|T|0000V 00000—0000000000000
Ey =(+V)/2000000000000007=E,+E_ 000000000
Ty =+FE,T=+TF, 00000000000000
0000000000T?=T2+T2=(Ty+7T.)?00 |T|=T,+7- 000000
T:=(T|+7T)/2000000000000000 O

Remark 17. OO00O0OO0O0OD0OO0O0OODOODOODODODOOODOODOODODOO
goboboboooooobboboooouoouoobbboooobbobooooobobooa
gobooboboooooobbooouoobbboooobobboooobooood
oo

00 6. 00D0O0O0OODO HODOODOODOODOODOOO ROODODORDOODODOODO

A< B < (£JAG) < (§|BE) VEeH
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gooboboboooobobbuooooboboo

() 0DO0DO0O00O00DO00DO0000

(i) 00000000 BOOODOOOOOOOOOO {Aytes: 004, < Ay
(n>1)00 A, <B(n>1)00000000{A4,}000000lim, A, <B
DoooDoo

(iii) 0< A<B= A< B?’0000000000

00000 CcOO0|C)|<100000000 (contraction) 10000000000
0000000000000000000000000000000000000000
000000 ker(C—1)00000000000 C¢&=¢00000000 Riesz-Nagy

§144 0000
€11 = (¢lCg) = (C*gle) < NICell el < €]?

Doo(cgle)=¢? ooooo
IC€ = €JI* < 2(&lg) — 2R(C™¢l€) = 0.

00000000D00000000000000 CO00000000 Ngecker(C—1)
00000 E000O0O0OODOOOOOD neX 000000000 e>0000000
|Cn—En||<e000 CeCO00000

D00O0O0O0O00EXKO COOOO0OOOOOO(EK)L O COoO0O0O0OOn L EX
00000eCp0000000C00000000000000000000000 5
0000000000000CH €Cn, ||Cnol < |l 000D0O00CH =n 0000
D EXO (EX)L 00000000 n=00000

O DDhoognd

00 fe LY (R") 0000000 (Fourier transform) O

F(&) = i fl@)e ™ ds, £eR"

000000000z é=x6+---+2,6,. 0000000000000000000

DDDDDDDDDDDDDDDDDDDDDDDDDL2(R”)DDDDDDDDDDD

googg
gopoodobooguboogbooogoooooooboouooogooboouoooon

J0ooooooooooooooooooooooooooooooooooooon
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goobboooobbboooobobbdooobob bbb bbooobbboog
ggoboboooobobbooooobobooobobboooobbboooobbbooog
ggobobooooboboooooboboooobobobuooooboboooobobooog
gogobobboooobobbuooooboboooo

goooboooooooo fDDDDDDDDDDD

00 9.1 (Riemann-Lebesgue). 00000 fO0000000 fooooofe Co(R™)
0000 flle <|If: DOOODOO

Proof. 00000000000000000O00000O0O000000O0O000000
0000000000000 00000000000000000000000MM0O0
0000000000000000O0

000000000000000000 C*(R?) cLY(R*)O000000 (00 3.4,
00 38)00000AheCPRY) O ||f-h|1<e000000000000O00O0OO
ooooo

ifk/h(x)e_im‘E dr = | Dph(z)e ™ dx, Dy = 82
e

O0000O0dbO0Ok0OD0O0D00O0DODOO

(€114 -+ 16DAE) < [ 3 1Duh(a)| o
k=1

Doooo ~
lim |A(€)] =0

€] =00

OO00oooOooo fooOOOO

FE] < I(F = R)E)] + [RE] < If — Rl + [R(E)] < €+ [R(&)]
00| —-oc 00000000 O

goooouooooobbbooboooogog

—_— -~ ~

Fxg(©)=F©G©), [ =1, fz)=T(u).

0000 a=(a,...,a,) €ZF 00000
n

n
a «@
2 =afafr, DY =DY Dt Jal =+ dan, al=]]ay
7j=1

5



gobbodoodobobobooooogouooobboooobb oo oUubbbooo
ogan

|
($1++$R)N: Z |Oé_|.ma

= al

0000000 o,8€Zr 0 feC®R") 00000

1 lla,s = sup{|a*D? f(x)];x € R} € [0, +oc]
ooaoo
00 9.2. 00000000 R*O000000000O *25(Schwartz space) [

SR") = {f € CR"); [ flla,p < 00, Ve, f € Z} }
ooooo

00000000000000000000000000000

oo 9.3.

(i) fESRM ODODDDfeSRY) O0O0DO0O

(ii) f, g€ SR 0OO0OO fg, fxgeSOD
frg=13,  fa=Fx3
Proof. (i)
H (1+ |zx]*)| f ()]

000000000 feLY(R") 00000feCy(R") 00000000000000
oooooo

-~

.ﬂs+tm—-<@=3/dxﬂxm—”%e*m"—1>

*25 00000000 Laurent Schwartz (1915-2002) 000 00000000000 Hermann Schwarz
(1843-1921) 000000000000 OOOOOOOO
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00000D00¢(u) =e ™ 000000

(1) = 9(0) + ¢'(0) + / o (u)(1 — ) du

goooo

~ ~

1
flertm = it [ f@pane < do— [ dop@)n?e = [ due -

0

ggoboobooooon

t? 2
5 [li@le ¢ o

DDDDDDDDDD?DDDDDDDDD

~

Dif(§) = _i/f(x>xk:e_m€ dx

DDDDDDDDDDDDDDDDJCAECC’O(R")DDDD

~

D) = (~i)e / f(2)a® e dz

goooo
gobboooobbboooobbooon

e f(e) = (—i) / DO f()e= " da

000feSRY) O0O0000
00000000

/dfemé/dy f(y)e™™¢ = lim /d&/dy f(y)e_i(y_gc)‘f_?“m2
r—-40
= I —i(y—x)E—r[€]?
dim [y [ de e

— lim (f)n/z/dyf(y)e—lw—yﬁ/h

r—=+0 \7r
= (2m) (017 [)(x)

"™ lim
r——+0

= (2m)" f(x)

ooooooooooob &, 000000000000000000

7



(ii)ngSDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
Feg(©) = / I / dy f( — y)g(y)e="
:/oly/dffcf(ﬂf:—y)g(y)e‘”E

= / dy / du f(u)g(y)e TV
F(©)7(9).

oo oooobobobooboboooooood f*gDDfZ]\ESDDDD
0000000S000000000D0(fxgeSO00O0D0O0D0O0ODDO0ODOUOOOO
EREN |

Remark 18. 00DDOO0DOO0DOO* 00000000 OOOoOnOn
/ e " dr = 2mH(€)
0000000000000

00 9.4 (Plancherel formula). f € L*(R") N L%(R") 0000 f € Co(R™) N L2(R™)
0000 f,ge LY(R*)NL*(R") 0000

(flg) = (2m)" (fl9)-

Proof 0000000000000 O00O0O0OO0O0000O0O0O00fellNI20000
(Flf) = @m)™(f|f) 00D0DO0O0O0DOOO

0<IFOF = [ dy [ deF@ (e
— [aue [y -t
= [aues (s i
goooogoooooooooog

[aelf©r = tim [ dee " [aue (s pyw.

*26 P A.M. Dirac (1902-1984)
*27 Lord Kelvin 00000 MOOO0OO0O0OO0OOCOOOD 1+1=20000000000000000
0000M0O0000000000000
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0000 f*fel}(R") 0000000000 0000OOOOO

/du (/" *f)(U)/d€ e riel e (g)nm/du (F* o f)(u)elul*/4r
= 0" [ o) < 1)) du

DDDDDDDDf**fGC’O(Rd)DDDDDDD r—4+000000

o~ o~

(f1f) = @m)"(f* = £)(0) = 2m)" (f]f).
O
095 0000 F: LYRY)NLARY) — L2R™) 0 F(f) = (27) /2 000000

FOOL*RM OODODOOOOODOOOO0OO0O0O0O0O0O(Ff)(z)=f(—2) (f e L*R"))
ooooo

Proof. FOODOOOODOOOOL?*R™) OO L*(R*) 0000000000 DOOO0
O0F0 SR™) CL'NL?0000000FS)=8S000000F00000000
O00000000000AF 00000SR®) 000000000000000000

00000000000000L2RY) =SR") 0000000 O
0 9.1. S(R") c LP(R™) (1<p<o0) 000D0ODO

09.2. 000000 A>000000000

1 1 i€
1o =g | o

goobobboooobobooo

frr(@) = = fula)

o000+ 000000000o0o0oo0ooUooooooD f, 0000
ggobobodoo nObbOOO0OUOO0DDbDbOOOUODRDbDObOOO

0 9.3. (i) DoODO l,,y0ooooooooood

. * gin? g
(ii) p ooooo

— 00

gogoboooood

79



00000 f(z)— e ®/2f(z) O L2(R,e*dz) 00 L3(R) 0000000000
00000000000000 /2000000000000 Clzle®/20 L%(R)
00000D000000000000000g€ L3R) 0 Clzle® /200000000
OD00g=0in L*(R) 00000

00000000 h(z)=e*/2g(z) 0 LY(R)NLA(R) 0000000000000
ooooooo .

h(&) = / g(av)e*mz/Qe*w§ dx

000000000 ¢eROODODDOOODOOODOOODDOOODOOC=¢4+meCO
DDDDDDDDDCDDDDDDDDDDDDBDDDDDDDDDDDDDDDDD
0000O0O0O0e ™ 00000000000 00000000000000

00 .k 00
Z Z]il) / m)e‘xz/ka dx
k=0 >

o

|C|k/ 2)|e 2|z |F da <Z|C|k\// |2dx\// o—? 22k o

1/4 !C|k
= MHZ:

gobooobbbbboooooooooooobobobbbboooooo

= Z @f / x)(a_"’32/2:71;’C dr =0

k=0

00000000000000000g0 /20 [2(R) 00000000000
00000000000R=0in L2(R) 00000000000 0LER) 00 L(R)
000000000000000000000A=0in L2R) 00000000000
g(z) =e*/2h(z) 0000000000 2 ROOOD 0000000000g=0in
L*(R) 000000

094, fel?(Ry)0 e 2" (n>0) 0000000 f=0000000000000

00 7. 0000000 hy(z) O
2 2 t
e 7 /24+2xt—t § hn(IL’)
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gooboboooobboo

(i) e’/2h,(z) 0 nOODOD0D0OO0O
(i)
/ B () (2) dz = /72" 06 1

— 0o

(iii)

10 OOoOoOoDOoogo

000000 A(t),e<t<b00000000000000000000 [°A(t)dt
oooooo

n

> At —ti1), 7y € [to1,t]

j=1

goooogoggoooogogoogg
b
/A(t)dt
a
gogooog

0000000000 000O0OO0OD 000000 DD00O0O0OD0DO A(z) OO0
(analytic) 0000000 2 € DO0O00O0Z 000000000 |z—2|<rOd D
ggobbooooooobooodan

A(z) = Z A (z — z)"

n>0

< [ 14w

000000000000000000000{A4,} 000000000

S Malllz = w0l < 400, o=zl <
n>0

0000000 A(2) 0 2000000000
0000000000000 Cauchy OOOO0O

%CA(,Z)dz =0
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000000000000 A(2) 0 Cauchy 00000000000000000000
000000000000{2€C;lz—2%|<r}CcDOODDOO»>0000000
000000002 0 DOOOOOOOO 400000

D Al < 400, 0<Vr<d
n>0

gaoo
0 10.1. oO0bboboooobobbuooouobbboooboboo

00000 AeB(H) OO0 (invertible) 000000AB=BA=1000000
00 BeB(#)0DODOOOOOO0DO0OO0OOO0OBO ADDOOOOOB=A4"'0000
00000000000 #000000000000 GL(X) 00000000000
oooo

00 10.1. 00000 AeB(H) 0000000

o(A) ={AeC; N — A ¢ GL(H)}
0 AD0O0O0D0D (spectrum) 0000000

r(A) = max{|\[; \ € 0(A)} O

0 AD0DD00O0O0O00 (spectral radius) 0000
goooouobooobbobbooooooooououobboobbooooooog
O000000B(H)UODODODODDOODOD0O00OD000oooooo

0 10.2.

() 0000 ADDOOOOe(A)0 ADDDOOOOOOOOOOOOOO

(i) 0000 (an)n> 000000000000 Z(N)ODODOOOOOO (AE), =
ané, 000000AD00000 {a;n>1}00000(A) = {an;n>1} 00
0000000(A)0 COOO0D00O0O0O0O0O0OO0O0O00OO0

(iii) 0000000 H=L%*0,1)00000000 AO

(AE)(t) = t&(t)
0000000(A)=[0,1]0000000000000000
0 10.2. 0000 «() 0000000000000000000
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0 10.3. (23(z) 000000000000 AD (Az), = Tpy1 + 2,1 0000000
c(A)0o0ooo

0 10.4.

() 0000000000000 A, BOOOODODABeGL(H) 000000000
0000 A BEGL(H) 000000
(i) 00000 ADDOOO f(A)0DODOOOOOOO

o(f(A)) ={f(N); A ea(A)}
0000000

oo 10.3.

(1)) Ac B(H) OOOOOo(A*) =0(A).
(ii) A€ GL(H) 000 0o(A™Y) =0(A) L.

00 10.4. 00000000 A=A*eB(H)00OOOO0(A) CR.
Proof. 0000000000 D000000d-AeGL(H) 000000000000
1GI — A)EN* = [l€]1” + [l A€]?, e H

00000000ker(il —A)={0}000 ((/l-A)HXO0000000000000O
0000000 ker(T) =(T*H)L 0000000@GI —AH=H 0000000000
il—AeB(H)0DDDDOOO (i/l—A)¢—£0000000000000000000
00000 10000000000000000 O

00 10.5. 00000 Ae B(H)0ODOOOAMeCO ||A| <[\ ODDOOOODO
M—-AeGL(H)DOOO

_ 1 A A2 A3
()\I—A) 1:X(I+X+F+F+'”).

0 10.6. GL(H) 00B(H) 00D00O0000GL(H)3A— A'eGL(H) 000D
ooo

Proof. Be B(H) O B=AIl+AY(B-A) 00000000 B-A| <1/|A7
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0000BeGL(H) 0000

IB-a = [ S A= By At < 3 At soag = A TP Al
2 =2 T[4 [B 4]
gooooooooooooooooao ]

00 10.7. 00000 ADDDODOOO ¢(4)0D0000000O0O0O0O000O r(A4) < ||A|
000000000000000 (2I—A)"'eB(H)OO0zeC\o(A) DOODDDOD
ooo

Proof. 00 C3zw—2I-Ae€B(H)D GL(H)DOODODODOODODODOOOOOOOO
0000 p(A)=C\o(A) DDODOOOO0O0O0O00{z| > ||Al} cp(A) DO0DO0O0OO
r(A)<||A|0DD0000D0000p(A)3>z2z— (:I—-A)"'00000000000OOOO
0000000 00000000000lz > 4| 0DO

1
-1 _ n
(2] —A) " = E z”“A

n>0

0oooOr> A 0000

: dz ., _
2mil = Z/H— z”+1A = / _ (21 — A)ldz
nzo Z|=T Z|=Tr

000000000000000 ¢(A)=00000000000 Cauchy 0ODOOO
oo o0oooboboo

|
0 108. 000U00OO0ODO U:H—-HOOODOOe(U)CT.
Proof. |U||=10000000(U)C{zeC;|z/<10000000
o(U) ' =0(U ) =0(U*) Cc{z€C;lz| <1}
|

O0O0A>||A|000D0D

(AI—A)_1:§Z<

0ooooooaxeCl\o(A)0OO0DODOOOO
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Odo0d0doooooooodgn
ZHA"H

[A|™
n>0

goobbbooobobboooooob

(M —A) Z A rlgn | = Z AAT Z Nl gntl

n>0 n>0 n>0
0000b0o0o00DO0bo0oO0bOO00DO0oDO0ooOO0ooOOoD IoO0o0O0ooDOoooDOgo
O0D0ONM-AU0D0000O0O0O0O0OO0OAMA¢0(A)DODOO
0000000 #XxeCOOOOO

ZHAnH

A"
n>0
000000A€e(A)00000000000NEo(4) 00000
ZHAnH_

A"
n>0

ggoboboooobbbooobobboooobobobuooooboboooooo

00 10.9. 00000 A0O0O00000 {|A"Y"},>, 00000000000
inf{||A"|"/™n>1} 000000

Proof. a, = log||A™| 0000 0amen < am+a, 000000000000 m O
n>mUO00000n=mg+r000odon

a_n<qam+ar
n - mqg-+r
dobdddn—o00oddddd g—ocodoooogng

. Gn m
limsup — < —
n—oo I m

ooodbom>10000000000000O0

lim sup - < inf 2m
n—oo N m>1m

goog
a a
lim — = inf —
n—oo N n>1 n

goobobooooon |
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000000000000000Meo(4) 00000\ <lim,_o ||[4"Y» 0000

r(A) < lim [A""

n—oo

000000000000000000O0 r>||A| 00000

/ XYM = A)rda = 2“ dAAF = 2miA™.
Al=r =0/ Al=r A

0000000Cauchy D0O0O000O0O00DD0OOOOO0D r>r(A) 0000000
ogn

1 — n
1A < o /W_ IN" (AL — A)TH[[dA] < M (r)r"

M(r) = max{||(\] — A) 7! [ Al = r}

gooooo
lim ||A™|Y"™ <7

n—o0
ooooor>r(A) 0 r(A)D00000O00DOODOODOOOOOOOODOOOOOOO
00 10.10 (Spectral Radius Formula). 00000 AO0O0O0O0OO
P(A) = lim [A7[/"
gooo
0 10.11. 00000 AODOOOO
[A[l = max{|A[; A € 0(A)}.
Proof. OO0O0OCO BOOOOO
1B%[ = 1(B*)"B2||'/* = |(B*B)"(B"B)||'/* = | B*B| = || BII.

00000 ADOOODODA" (n=2,3,...)000000000000BO00O0OOO
A A% A*, A 00000000000

1427 = A"

00000000
r(A) = lim ||AZ"||2" = ||A].
m— 00
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0 10.12. OO

=69)

00000 1000000000(4)={1}00000a#00000]4[ > 1.

0 10.13. 000000 SOOoOoOoOosS*ooooO0 {(AeC\<1yooooon
ISI=100 o(S)Cc{AeC\ <1} 0000000(S*)={NeC;|N\<1}000O

000000006(S)=0(S*)={AeC;|\| <1} 0000

11 Oooboboogo

goboboooobobtbooobbboooobobboooobbboooobbbooon
goooo

00 11.1. 000000000 (unitary representation) 0000 GUOOODOOOOO
0000000 UH)ODOUODOOOO #000000DOGUOOOOODOOOODOOO
000000000000000GXxHS (9,8~ n(9)é e 0000000000

0 11.2.

() 00000000 U 000000000000 200000000 700
m(n)=U" (neZ) 0000000000000 Z0O00O0O0O000000000
00000000000000000000000000 Z000000000
000000000000000

(i) L2(R") 00000000000 R* 0000000000000

0 11.1. 00000000 R*"O00O0000O0ODO0OOOODOODOO0O
O GGO00000000000000 EeHOOOGOOOO O

©(g) = (€lm(9)§)

0000D000000000000G 0000 {g}i<k<n 00000 {zx}1<<n OO

ugn
2

= > olg; an)F

1<j,k<n

0<

Z 2k (9k)€
k=1
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0000000000
(@(gilgk))

1<j,k<n

00000000000000000000000000 GOoO0O00o000 *2(positive
definite function) 00 O0G OO000000O0OO0OD0O0O0O0O0O0OOOOODOOOOO

0 11.2. GOOODOOOO o00000G) lg~t) = (g), (i) |e(g)] < p(e).

011.3. 0 GO000000 {p(g)}ec D wle)#0(e0 GOODD)0DOOON
0D0000000GODO0D000000 7n:G—>UH)OOOODO 0#4E6eHOODOOO

o(g) = (€lm(9)¢)
godooooooooon
0d 11.3. 00000000 voooooood {gpn}DD
sup{len;n = 1} < oo
000000000 {eu} 0 e V* OO
nli_)rgogpn/(v):go(v), YveV
goooobooooooooooon
Proof. 000O0OO0O0OO0O0DO0O {v,},>1 0000000000 DO0OOOOOO

{on(1)}, {on(v2)},...

0000000000000 000000000000000000000000
W=y Cv, 0000000 @00
p(w) = lim @ (w)

n—oo

0000000000 |l¢| €M =sup{|l¢n]} <oo DODDDOO0O00¢ € V*O000
0000veV OOOO0O0O|v—w|<eDO00weW 000000

o (0) = p(v)] < [@n (0= w)|+[@n (W) = p(w)] +[p(w = V)] < [@n (W) —p(w)|+2Me

ggoboobooooooo U

*28 Q0000000000000 0000000000000000
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0 11.4. 000000000 KOOODoOOOooOo {u,}000000DOOOOOOO
ud poooooo,

n—oo

lim [ f(2) p(de) = / f(z) pldz), Vf € C(K)
K K
Ogododdooogoogo

Proof. OO0O0OO0O0O C(K)OUOUOUOOOOODO Riesz-Radon-Banach 0000000
O

00 11.5 (Herglotz *29). 000 ZO00D0ODO000 {p(k)}kez 00D0D0DOI0,27) OO
0000 w00

(k) = / e u(d6), kel
[0,27)
gdoddooooogoooogoad

Proof. 00O z=e?Y 000 0,27) 0 TOOOOOOOOOOOO nO00O0 #O0ODOODO

n

0< > @G =k = 3" o)™ (n—|i| + 1)

0<j,k<n l=—n

gooooooo

pn(0) = ji: p(l)e " (1__;S£LI)

l=—n

0000(0,20) 000000 p, 00

1
fin(d9) = —pa(6) 6

0ooooooO |k<nOO0ODO

k6 ||
""" un(df) = p(k (1— )
/[0,27r) ( ) () n+1
0000u(T)=¢(0)0 n00000000000 {7} 00000000

po=lim i,
n—oo
0C(Tooo0o0o0o00oo00oo0oD000U000000O0000o00oo0ooooooO
gooooooooon

*29 B. Simon 0 0 [5] 0 00 00O Carathéodory-Toeplitz 100 000000000000
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00000000 Weierstrass 000000 {e*},c, 000000000C(T) 00O
00000000000 O

011.4. 0 TOOOOOO0O000 ¢(2) 0000 {cp > Obnez 00000
o(z) = Z ez
nez

gooooono

00 8 (Bochner 000). 000 ROODOOOOOO0D ) OOROIOOO p O
oooo

o(t) = / ¢ u(da)
R
gdddoooooogoooooodgono

() ROODODOOOO f(4)00000

K@;ﬂs—tﬁﬁﬂﬁﬂd%tza

(ii) f(t)=e "~ (e>0,2€R) 0000000000

1 > .
pel(w) = / plue 72 gy > ).

2m J_
(iii)
/ e () da = p(t)e 1" 12,

— 00

(iv) ROOOO pe O pe(de) =pe(x)de 00000000 p= lirilo/kDDDDD
e—

D000 EeHOO0D0O0 Z0O0O0O0O0O00O0 ¢e(k) 0000 OHerglotz 0000
OTOOO0O0O pe OO

(€|Ue) = / * ie(dz)

T

ggoboboooooboooooo

00 11.6. 0000 X O0OODOOX OOOO Borel DODODOODO B(X) *00
0000000000 CO00*O00DDO000000000o000000 f, € B(X) O

#0OoooooO0O0C,(X)CB(X)Oooooo
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fEB(X)DDDDDDDDDDDDanHOOSMDDDDD MOOOoOOoOOO z€ X
gooodg
lim f,(x) = f(x)

n— oo

gogoboobooogooo
goobooooobuoooobobuoooobobooooobobooan

00 11.7 (Borel D0 O). 0000000 0000000000 U OOOOO0000
00000 B(T)s f— f(U)eB(H)0000000000000000000000
0000000¢eH, fEB(T) ODDDDOD

€1 = [ £G)nelaz).
000000000000 {f,} cB(M O feBT) 0000000000000
veeH, lim £ ()~ FU)E| =0,
0000000 f(z)=2000000fU)=0U0000

Proof. B(T) 0*0 000 ADODODOOOOOODODAODOODOOOOOOOOD
0000000 f000000000000O000O00O00000O00 f(U)OO
000000000000000000000000000000000000z =
(z42%)/2+i(z—2*)/2i 000000 f(z) =2 00000 f(U)=0U 0000
00000000000000000*0000 ADOD ADDDOOOOB(T) €A
0oOooooooo

Laurent 0000 Clz, 2740 TOOOOODOOO0MOOO0O000000OCz,27Y C
C(T)cB(T)DODDOOD pe 000000C[z,2 e AD0D0D0

00 Ae ADDDDDOODOOOOOO {f,}CAD feB(T)0DDDOOOOOO
000000000000000 f@U)0000000000000A5> f— f(U)D
00000000000000000000¢éeH 00000

n@E=Fa @I = [ (£ D+ )= LD )V (2) ()

0000000000 {f(U)} 0000000000000

1 fu(U)E = (1S faU / )P peld2) < IfalPLlE1? < M2 e
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00000000000 f(U)O

n— oo

gobooobbbbbooboooooooooon

(1)) = Jm €£.(00) = Tim [ fu(: pelaz) = [ £G)ne(a)

000000
0000AD00DOD0DODODOOOODOOOOOOODO0O00OO00O00 ADDODOO
feADDOODf(U)eB(H) OO

fU) = lim f,(U)

goooobbbbbooooooooooooob bbb oooooooo
0000000000000 0000000000f,geAD0O0O0

(f9)(U) = lim (fngn)(U) = lim f,(U)gn(U)

n— oo n— oo

— (lim fn(U)> <1in;ogn(U)) = f(U)g(U).

n— oo n—

god
&l U)n) = lim €[ f,U)n) = lim (fo(U)E[n) = (fU)E[n),

00000 fU)=(f(U))* 000000000 AeADDDOODOO
ZomOOOODODOODADOOODOOOOODOOOODO BO Clz,27')00000000

00000000B=BO0O0O0O0OC(T)CClz,21]cBOOOODOOOBOOD

000000000000B=RB(T)00000 O

011.8. 0000000 LAT)0000000000 U OOWE)(z) =2£(2) (Jz] =1)
000000TOO0000000000000 f(2)00000

0 11.9. 0000000 L2R?) 000000000 T, (ecR?) O fe B(T)ODO

000 |
FI(Ta)F - €(x) = f(e")E(),

0D00O0FO L2(R*) 000000000000
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00000000TOO0OO0OO0 SOUODOO0OES)=1g(U)00ooooooon

S=Up>15, 00000
=) E(S

n>1

0000000000000000000E(S)000000000000000000
00 feB(T)DDOOD f(U)eB(H)OOOOOO

0= [ 1P

0000000000000000000 f(:)=z00000000000O

U= /T B(d2)

0000000000000000 » 00000000 (spectral decomposition) O
ogn

0 11.5. 0000000000000 00000D00D0D0D0ODfeB(M)DOOOO
oo {f,}00000D000000O0DOOf,(U)D ECOOO

gooboogd

=T\ |J o

E(0)=0

goooon

oo 11.10.

Proof. 00 01;z(U)00000000000000000000(U) C[E]DDOOODO
0welF]00000E,=E(Bn(wNT)#0000000000 &, 0 Euéy =&,

gdddooooododgogoood
=| / (2 — w)E(d2)E,
Bl/n(w)

00o00oDooU—-w/OD0OODOOOOODOODOOD |

1
IV~ wheall = =

= wB,

0 11.6 (000000000). 0000 feC(o(U) D oU) 0000 000000
000 feB(T)OOOOO



00 11.11. 0000000000 HOOUOOOe(H)CROODOODOO ROOOO
gogooood

H:/tE(dt)
R
googd

Proof. 00 9400004 +H e GL(H) OOODODODODODODODODUODH OOODOOOO
(Cayley transform) O

U= @Gl —-H)il+H) =Gl +H) 6 - H)

ooooouoobooobooooboobogoo
OO0 ANODOOO0OD

(I —H)il+H)™ ' =M =61 -\ - 1+NH)GI+H)™!

00000O0Meo(U)OD0O0OO0

€o(H)

t=1

1+A
000000000000 Meo(U) OO

 —t
A== , teo(H)
1+t

000000000000 -1¢0¢(U)0000000O00DO0OOOUDOOODOODOOOO

H=iIl-U)(1+U)'=iI+U)"'(I-0U)
000000000 H 000000000000 O
0 11.12. 0000000 f(#) 00000 L%(e,b) 0000000000 HO
(HE)(t) = f()E()

O00O0O0O0E(}) 0DO(e,b) 00000 {s;f(s) <t} 00000 xOOOODODODOODO

ggooood

oo 9. oo obboooobbobooooobbooooooooobooo
ogn
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00 10 (0000000D00- ooooooooo).

() 0000 £ eHOOOODOLAT,u) 0 {f(U)§;feB(M)} 00000000
00000000000000000U 0000000000000000000
000

(i) 0000 (Qu) 00000000 &: L2(Qu) -HOOODODODOO ¢:Q— T

00000
Ue(f)=2(of), feL*(p)

gobobooooooobooooooo

00 11. 00000 (Stone000) 0000
000 ROOOOOOOOOO U®) (teR)00000*00000000 B(R) 3
f— f(U)eB#) 0OODOODO0OO0DO000000000000000O000 (E|fU)E) =
Jo f(@) pe(dz). DOOODROOODOO0 (£U#)E) O Bochner 01000000000
00000 pe 000
00000000000000 {f,)cBR)O0 feBR)OOODOOOO0O0O0O00O

VEEH, lim (V)¢ - FIE] =0,

000 f(z) = [pe™h(t)dt (he LY(R)) 0000 f(U) = [ h(

Remark 19. 000 000000000000 00000000000000000000000
000000D000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
0000000000000000000000000000 Z00000000000000 T
0000000000000000000000000 Z° 000000 T"P000000000
00000000000000000D000000D000000000000000000000
00000000000000000000000000000000000000000000
00000000000000

0000000000000000000 Hy,...,H,00000*000 &: B(R") — B(H)
0000000000000000®(x;)=H; (1<j<n)00000000000000000

o000 n=20000000000000000000O000DO0OO0ODOODOODOOO
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12 OO0O0DOOOOO

0000000 H, KOODODOOO0OO000 Hehnu,KOOO0DmMooooooooo
0000000000000 000)00000oo0oooo

O @yl Y wh@y) = (z5]a1) (yilvp)

j P gk
00000000000000000% KOO0O0D0000000000000000
000000000000 {&},{n} 000000000000 {e;}, {f;} 0000

oo
&= winers 1= yiih
p I
ogogo

dGan =Y | Dz | e ®f
j

k,l J

ggobobooooboboooobbooon

QO &Gonly Gom) = > TovwiwFayler® filew ® fir)
i J ij kLK U
2

= E xi,kxj,kyi,lyj,ZZE E TjkYjl

i,9,k,l k1| 3

0000 H®.,KO0O0DO0O0D000D000000000 X0 KOODOOO0O0O0DO
D0H®KOODDDD0000000000H®.,K00X®KO00000000
00{e;}, {fx} 0 H,KOODODODODODOO0OO0O{e;® fx} 00XH®KODOOOOO
0000000000

00 12.1. 000000 (X,p), (Y,v) 0OODODODOOO (X xY,uxv)OOOOO
00000000 L2(X,u), L2(Y,v), LA (X xY,uxv) 00000000000000

ooooo
L*(X,p) @ LA(Y,v) = LA (X x Y, u x v).

Proof. f€ L*(X),g€ L*(Y)OOODDOfRge LA(X xY) O
(f R g)(z,y) = f(2)g(y)
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Ooooon
(foglf®d)=(fRglf'RY)

000000000000 f®gw fXgODODDODODDO L3A(X)®LA(Y) = L3 (X xY)
0000000000000000000000000000000000000000
D00000000000 Fubini 000000000O00000O0 {p,}, {0000
0000fel?(X xY)O

(¢ Wapi|f) =0,Vj, k

Ogododdoooooogogoon
/ u(de)p; () / o(dy)n (y) f (2, ) = 0
0000{p,} 0 L3(X)0000000000 kOOOO

./W@WMwﬂ%w=0 p-a.e. v € X

oo
N =N Ne={oe s [yt ey #0)
k

O00000wu(N)=00000xz¢gNOOOO

[raninisey =0

0D000D0000{y:)} 0 L3(Y)0O0O0O0000000000

/ (@) f(w)P =0 =g N
Ogododooooogdg
(f1f) = / (dz) / v(dy)|f (.9 = 0
godod |

000000000000000000 TO0ODO0ooo0oo0oooo0 {e;} 00000

> I Texl?
k

000000000000000007000000000000000 |7),00000
IAT[l2 = AT [l2, 1S+ Tll2 < ISll2 + [Tz, 1T [l2 = [IT]2

goooo
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Proof. Parseval D 000000000000 OOOOO
O ITeslP =D 1(Teslf)l> =D UT* filey) > =D IT fll*
J .k .k k

DDDDDDDDDKQ(J,'H)DDDDDDDDDDDDDDDDDDD O
0o 12.2. |7 < | T

Proof. £ =3, z;e; 00DOODODOO

ITEN? =D (el TOP =Y |> wj(er|Te;)
K k|
<Y D I el Tep)® = €T,
KoJ j

O

00 12.3. |T|: <o 0000000 DODDODOOODOODDOOOOO (Hilbert-Schmidt
operator) 00 0000000000000 OD0DOO0DO C(H)0O0D0OO|T|2 OO
C(H)DD000OD0O0000000000ODODODOODODODOD0O0OD0OOOOO

00 12.4. OO00OOOO0O
HROH" — Ca(H), £@n":(— n[C)¢

0000000000C(H) D0ooooooooooo

Proof. 000D e HO n* e H* OOOOOE* € B(H) O (&n*)¢ = (n|()é 00O
ooooo (¢n)—¢&*000000000000000000D0DO0000OOO0O
gobbooooooobooo H@algH*—)B(H)DDDDDDDDP&YSGV&IDDD
> (Elej)esln) = (€ln) 0000000000000 OH®H 00 C(H) 00000
D00000D00000000T €Cy(H) 0D

Y Tej@e; cHOM

j

000000000000 Parseval DOOOODOODOO |

Kel?)(XxY)ODOOOoooooooo

T I2(Y) 3 g(y) o / v(dy) K (2, 9)g(y) € L2(X)
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ggoboboooobbboooobbboooooo

\VTH%=:t[;xy,y(dx)v(dyﬂl¥(x,y)ﬁ-

@wxm=/ﬁqu@wvm>

gooooooooooog
0000 XO0OOOO Sogoooooooo

() oo Sooooooo

(i) 00 {=,}) 0 SO0DDO000DO0O0O0OOOOOOODOO {z,} 00000000
00000000lim, L2y 0 SO0000000DO00D0O00O0O0O0MIOO
D000SO00000000000 M

00 12.5. 0000 T:V—-WOOOOODO (compact) DOO0OO0O0O00O0 {v,} O
0000{Tv,} 0000000000 OOOO

0 12.6. 00000 T e B(H) OUTHOOODOODODOOODDODODODODODOODOODOO
(finite rank operator) 00 0000000000000 O00OO0O0OO

00 12.7. 0000000 #OO0OO0O000 {£}s> 000000 (converge weakly)

ugn
Jim (n[€,) = (nl§) VneH

000000 (n0000D0)¢éeH ({&}0000)00000000
0 12.8. 00000 {e,}n>1 0 00000000 Bessel 0000
0o 12.9.

(i) 0000000000000

(i) {£,}0 € 0000007 00000000000{7T¢,} 007T¢é0000000
(ii)) 0000000000000

(v) 0000000000000000

Proof. (i) €,¢" 0 {£,} 0000000000000
(" = &") = lim(nlén) — lim(n|¢n) = 0
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00000 peX 00000000¢ =¢"0000

(i)

lim(n|T€,) = Um(T*n|En) = (T™0|€) = (n|TE).

(i) 0ODODOO0ODOOODO

(iv) {£,} 0000000000000000000000000000 {ep}ns; OO
00 {&,...,6.) Cler,...,e,) 0000

00 {(e1f¢)} 0000000004 0000 {EYY0ooooo {(eg)) o
0000000000000000 {(e¢”) Y 0oooooooooooooo, {EY)
0000 {2} 00{(e2¢{?)} 0DDDODDODODODODOONOONONO0O
000 {6}ns1 OO

@ {eV" Mo Py oooooooo
(i) 00 {(ex)éPNs1 0 1<k<I00000000

0000000000000000000 {¢Y} 000000000 (>100000
0 {(e¢{™)} 0DDDDDODDODOD ¢, 0000

l l 00
D lerl? = lim > [(exl€0)P < sup Y [ (erlS)]? = sup €07 < oo
k=1 nee k=1 n>1 k=1 n>1
Ol—o0o0000 3, |l <occ000000000

szckekEH

k>1

00000 limy,(exéS) = cx = (exl€) (k>1) 0000
Dooo¢n (M} 0000000000 ondned O
n=n"+Y (exln)ex
E>1
0oooo

l

IS = &) = (mlex)(erleS = &) =D (mlex)(erle™ = &)+ (nlex)(erl€ — €)

k2l k=1 k>l
gaoo
ST mlen)(erles™ =l < 3 mlen)2, [ 1(exled” — €)12 = Inll 1€ — €]
k2l k21 k>1
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gogodgd ZDDDDDDDDZk>lDDDD nU0000000000O0O0O0O0O0OO0O
000oono Y, 000000nrn—o00o00000000 00000000000
g |

00 12.10. O0OO00ODOOO0OD HOODOOOOO T7oo0O0oDooOoOooDoon

(i) TOO0O0D0O0D0
(ii) 00000 {¢&,}0000000000|T¢,| —-0000000
(iii) |T, —T| - 00000000000000000 {7,}) 00000

Proof. (i) = (ii): 000000000000{7¢,}0000000000000000
000000000000000000000000 ¢00000¢=00000000

(n|¢) = lm(n[T&) = (T"n|&w) = 0

0000 peX 0000000000000000|T¢,| —-000000

(i) = (i): 000 {&,}000000000000000000 {¢,} 000000
0000000000 €00000@G) 00000 limy e [T — &) =00000
()0Doooo

(i) = (iii): (ker7): 0000000 {ex}s> 00000000000 O00OO
(e1,...,e,) 0000000 E, 000000000000 T,=TE,000000

1T — T || = sup{[|T€[;€ € (e, .. en) ™ 1€ = 1}

000000000 0000000000000000000000 |[T-T,| 0000
00000000000 ¢>000000000000 n00000&, € (e1,...,en)t,
|&:]l=10 ||T¢,| >¢/200000000000000000000000 70000

2

€D = |3 (nler)(exlén)| = [ (nlew) (exlén)
E>1 k>n
< [le)? 50 (n - o0)

k>n

00000 (0000000000 Bessel 100000)00000 |76 —0000
t=00000
(ili) = (ii): O {&}e>1 0 000000000M =supf{||&]} 0000000

[TEk] < [IT = TollllExll + [ Tngell < MIT = Tl + 1 T0&l
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0000000 n00000lmg ||TR&||=000000000000007, 0000
00000000U0000ooU0oo0UD ()= (@) 0oDoooooo U

0 12.11.

(i)DDDDDDD HOOOOOOOOOOoOOoOooad C(H)DDDDDC(H)DD
B(H) 00000000 BH)CH)BH) C C(H).
(ii)DDDDDDDDDDDDDDDDDDDDD

Proof. () 0000 (iv) 000000000
(i) 0000000000000 700000(kerT):- 0000000 {ex}rs O
0000000000000 T, =TE, (E, O (e1,...,e,) 0000)00000¢eH

0
=&+ (erlfex

E>1

goooo

T = Ta)ell = 11 Y (exl€)Texll < Y I(exl€)] | Tex]

k>n k>n

< > I(ek|£)\2\/z I Tex] < [I€1I, I lITexf?
k>n k>n k>n
1T = Toll <[> ITexl2 =0 (n— o0).
k>n
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S. P. Thompson: “Once when lecturing in class he [the Lord Kelvin] used the word
‘mathematician’ and then interrupting himself asked his class: ‘Do you know what a
mathematician is?’ Stepping to his blackboard he wrote upon it:

o0 2
/ e " dr = /7.
—0o0
Then putting his finger on what he had written, he turned to his class and said, ‘a

mathematician is one to whom that is as obvious as that twice two makes four is to
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00D Tietze extension a la Riesz
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00)0
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Let S be a poset (partially ordered set). A subset T' C S is said to be totally
ordered (or linear) if x,y € T implies z < y or y < z. Let T be the set of totally
ordered subsets (simply tosets) of S, which is a poset by set-inclusion. Choose Ty € T
and set To = {17 € T;To C T'}. A poset S is said to be Tp-inductive if every T € 7Ty
has an upper bound in S. We shall show that any Ty-inductive poset S admits a
maximal element majorizing Tp, i.e., we can find an upper bound = € S of Ty such

that * <y with y € S implies z = y.
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Proof. Let £ C Tbe linear. Then £ = U T c Sisin 7. In fact, z,y € UT implies

Tel
€Ty, yeT, withT,, T, € L. Since L is linear, either T}, C T}, or T}, C T}, happens,

whence z,y € T with T' € £ and then either x <y or y < x because T is a toset of S.

Let T' € 7o and U be the set of upper bounds of T'. By assumption, U is not empty.
If U C T, then U consists of one element, say u, which is a maximal element in S.

Now assume that 0T = U \ T is not empty for any 7' € 7y and select u(T") € 0T
for each T' € Ty, from which we shall extract a contradiction.

Let o(T) =T U{u(T)} € Ty be a one-point extension of 7" and M be the minimal
family among subsets of 7y satisfying the following conditions: (i) Ty € M, (ii) £ € M
if £ C M is linear and (iii) ¢(T") € M for every T' € M. The minimal family exists
because these properties are fulfilled by 7y and preserved under taking intersections;
just identify M with the intersection of all such families.

We claim that M is linear. This follows if

M ={M € M;M C M’ or M C M for any M € M}

satisfies the properties (i), (ii) and (iii) because it then implies M C M’ by the
minimality of M.

(i) Clearly Ty € M'. (ii) Let £ € M’ be linear and let M € M. Then either L C M
or M C L holds for any L € £. If M C L for some L € £, then M C L. Otherwise,
L C M for any L € L, which implies £ C M. (iii) Let M’ € M’ and consider

My ={M e M; M C M'" or o(M") C M}.

If one can show that M, = M, then p(M') C M or M C M’ C ¢(M’) for any
M € M, which means that ¢(B’) is comparable with every element in M.

To see My = M, it suffices to check three properties for M ;s by the minimality
of M: Ty € My is obvious. Let £L C M be linear. Then, for L € £, L C M’ or
o(M') C L. If o(M') C L for some L € L, then o(M') C L. Otherwise, L C M’
for all L € £, which means £ C M’. In either case, we have £ € M. Now let
M e My and we shall show ¢(M) € M. Since M C M’ or ¢(M') C M and since
(M') C M implies o(M') C (M), we need to focus on the case M C M’. Since
M € M, the property (ii) of M is used to see (M) € M and then it is comparable
with M" € M, i.e., M' C (M) or (M) C M'. The latter implies (M) € My,
whereas the former gives M’ = M or M’ = (M) in view of (M) = MU {u(M)}. If
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M= M, p(M') C (M) and therefore o(M) € M. Otherwise, (M) C M’ and
hence (M) € M.

Finally the linearity of M gives a contradiction. In fact, if we apply the property
(ii) for the choice £L = M, then T = M € M, whereas the property (iii) shows that
¢(T) € M and therefore o(T) C M = T contradicts with T # ¢(T). O
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