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INTRODUCTION

These are post-lecture notes on quasi-free states of Clifford C*-algebras.
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1. CLIFFORD C*-ALGEBRAS

Let V be a real Hilbert space and VC be the accompanied *-Hilbert space with
the *-operation in VC denoted by v for v € vC and the inner product satisfying
(v|w) = (w|v) for v,w € VC. Note that there is a one-to-one correspondence
between real Hilbert spaces and *-Hilbert spaces. An element v in a *-Hilbert
space is said to be real if 7 = v. For a linear map L : V¢ — WC with W another
real Hilbert space, its complex conjugate is a linear map L : vC = wC defined by
Lx=Lz. If L =L, L is said to be real because it corresponds to a real linear map
V' — W by restriction and C-linear extension.

The Clifford C*-algebra is a unital C*-algebra C (V) linearly generated by vC
with the relations (the canonical anti-commutation relations, the CAR for short)

(i) a* =T for xz € vC and
(i) z*y + yz* = (z|y)1 for =, y € V. Here (z|y) denotes the inner product in
V™, which is assumed to be linear in the second variable by our convention.

Let O(V) be the group of orthogonal transformations in V. From structural
invariance, there is a natural imbedding of the group O(V') into Aut(C(V)).

If 0 is an automorphism of C(V), we regard it as an element in the crossed
product extension of C(V). Thus 6z0~! = 0(z) for z € C(V) and this covari-
ance relation is kept for LP objects as well. In particular, the induced unitary on
L2(C(V)) is denoted by Ad#, i.e., this is a unitary operator specified by

(AdO)p'/? = (oo t)/2.

The generating relations being preserved, the conjugation on generators is ex-
tended to a conjugate-linear involutive and multicative operation on C(V'), which
is again denoted by the bar symbol. The bar operation on C(V') commutes with
the star operation and, if we introduce the transposed operation by 'z = (7)* = z*,
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it satisfies the common relations shared by transposed operators. As in the case of
automorphisms, this conjugation induces an antiunitary operator in L2(C(V)) so
that

with B(z) = ().

The orthogonal transformation v — —v (v € V') gives rise to an involutive auto-
morphism ¢ of C(V'), which is called the parity automorphism. The associated
unitary involution Ade on L?(C(V)) is also denoted by II and referred to as the
parity opertator. The restriction of the parity operator to an invariant subspace
is often denoted by the same symbol. For example, given an even state ¢ of C(V),
C(V)pl/2, o1/2C(V) and C(V)p!/2C(V) are invariant with their own parity oper-
ators denoted by II as well.

The C*-algebra C(V) is graded by the decomposition C(V) = Co(V) + C1(V)
according to parity:

Co(V)Co(V) + CL(V)CL(V) € Co(V),  Co(V)C1(V) + CL(V)Co(V) € CL(V).

Proposition 1.1. We have the following natural identification.
C(VaoW)=C(V)&C(W).

Here ® denotes the graded tensor product (anticommutative for products of odd
elements) on graded C*-algebras.

Example 1.2.
(i) If dim V = 1, we can find a real element ¢ € V so that ¢ = 1 and
1 1-—
c(V)=C®C by A ;%uTC SAD L

(ii) If dimV = 2, we can find an orthonormal basis {a,a*} of vC and c(V)
is linearly spanned by a,a*,aa*,a*a (aa* + a*a = 1 and a? = 0), whence
dim C(V) < 4. By a matrix representation

(01 . (00 . (10 . {00
“=%o0 o) *“ = \1 o) *=X0o o) “* N0 1)

we see that dim C'(V) > 4 and the representation gives an isomorphism
C(V) = M(C).

(iii) We have (v|v)/2 < ||v]
norm as an element in C(V). Consequently, the canonical map vC &

2. < (v|v) for v € VC, where |[v]c+ denotes the

C(V) is injective and any dense subspace of vC generates C'(V) as a C*-
algebra.

Exercise 1. Compute the C*-norm of v € VC as an element in c(V).

Proposition 1.3. Let WC = (a,a*) ® VC. Then C(W) = M,(C) ® C(V) by the
Correspondence
aa®l, v (aa® —a*a) @ v

with v € VC.

Proof. This follows from the fact that aa* — a*a is a hermitian unitary, which
commutes with elements in V' and anticommutes with both of ¢ and a*. O



Corollary 1.4. Let V be finite-dimensional. If dimV = 2n,
C(V) = My (C) = (R) M2(C)
1

and, if dimV =2n +1,
C(V) = Man (C) & Man (C).
Example 1.5. Here are explicit isomorphisms in the above corollary.

(i) If dimV = 2n and {a;, a} }1<j<n is an orthonormal basis of V(C7 then each
a; € C(V) is realized by

(aa* — a*a)®?VUY @ a®1%M=9) ¢ ® M>(C)
1

under the isomorphism C(V) = @/ M>(C). If we introduce real orthogo-
nal basis {hj}lngZn by h2j_1 = a;+aj, hgj = (a;ffaj)/i, then (h]|h]) =2
and i*hihg - - - hop_1hor, = (a1at — ajay) - - (ara) — ajay) is realized by a

matrix tensor product (aa* — a*a)®* ® 1 € Q' Mz(C).
(ii) If dimV = 2n+ 1 and hg, h1, ..., hay, be a real orthogonal basis satisfying
(hjlh;) =2 for 0 < j < 2n, then hohy ... hay is in the center of C'(V') and

(hohi ... han)* = (=1)"hohy ... han, (hohy ... hap)? = (=1)"
shows that ¢ = i"hohq ... he, satisfies ¢* = ¢ and ¢> = 1. Let V/ =

(h1,ha,...,hapn). Then C(V')® C(V') = C(V) by the map

1 1-—
—;C.’El + Tcy/ S C(V)

Example 1.6. The above matrix realization also gives explicit forms of the parity
automorphism €(z) as well as the transposed operation 'z on C'(V).

CVhecoWV)sd ey —

(i) dimV = 2n: The parity automorphism is inner and given by e(z) = uzu*,
where v = i"hyhg - - - ho,_1ho, is a hermitian unitary and takes the form

X' ((1) _01) in the matrix realization @ Mz (C).
Likewise, the transposed operation is described on ®7Ms(C) by
1 R1@ Rz, = Ul @@ tx,)U*.
Here z; denotes the ordinary transposed matrix of z; € M»(C) and
=)o () o)e i v)e
(ii) dimV = 2n+ 1: From €(c) = —¢, we see e(z' @ y') = e(y') ® e(2’).

For the transposed operations, in view of ‘¢ = i"hg, ---hg = (=1)"c,
we see

ty' @ty’ if n is even,
ey)=<,, "7 ...
y @'z’ if nis odd.

Proposition 1.7. A real isometry ¢ : V' — W is extended to a unital injective
homomorphism of C'(V') into C(W).

Proof. Non-trivial is the injectivity but C(W) = C(V)@C(W o V) D C(V). O
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Exercise 2. Let h € V be a real element satisfying h2 = 1 and W be the or-
thogonal complement of Rh in V. Then W > w — ihw € C(V) is extended to
an isomorphism C(W) = Cy(V') of C*-algebras so that C(V') can be written as a
crossed product C(W) x Zs.

2. FREE STATES

Given a state ¢ of C(V), the positive sesquilinear form
Cle,y) = pla"y), ayeVE

satisfies C(x,y) + C(x,y) = (z|y) (z,y € VC) as a result of the CAR. Let us call
a positive form C' on VC a covariance form if it satisfies this relation. Given a
covariance form C, we can introduce a positive operator C, called the covariance
operator of C, by the relation

Cla,y) = (2[Cy), xyeVC

and C satisfies C + C = I, which particularily implies 0 < C < 1. In what
follows, we shall use the same symbol C to stand for both of a covariance form
and the accompanied covariance operator. Clearly the covariance operator of @ is
c=1-C.

Let Cov(V') be the set of covariance operators, which is a convex set and allows
a natural action of the orthogonal transformation group O(V).

Proposition 2.1. A covariance operator C' is extremal in Cov(V) if and only if
o(C) c {0,1/2,1} and dimker(C —1/2) < 1.

Proof. Let

C= / AE(d))
0<A<1

be the spectral decomposition. Then the relation C' + C' = 1 is equivalent to
E([a,b]) = E([1 —=b,1—a]) for 0 <a <b< 1. Set A= 1E({1/2}) + E((1/2,1])
and
B= / INE(AN) + S E({1/2)) +/ (2A— 1) B(dN).
0<A<1/2 2 1/2<A<1
Then these are covariance operators satisfying C' = (A + B)/2. Therefore C' is not
extremal if o(C) ¢ {0,1/2,1}.

Assume now that ¢(C) C {0,1/2,1} and set E = E([0,1/2)) = E({0}) be the
kernel projection of C. If C' = (A+ B)/2 with A, B covariance operators, £ € evC
satisfies AL = —B¢ and then (£|Af) = —(£|B¢). Since A and B are positive, this
implies (£|A¢) = (€| BE) = 0 and therefore A¢ = B¢ = AY/2AY/2¢ = BY/2B1/2¢ = .
In other words, AE = BE = 0 and, in view of 0 = AE = (1 — A)E, we have

A(E+E)=E=B(E+E).
The condition 2C = A + B is then reduced to
Eyjy = AEy )5+ BE 15
with Ey/, = E({1/2}). Thus, if Ey/, = 0, A and B are forced to be equal to

C = F, proving the extremality of C.
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If dimker(C — 1/2) > 2, we can find a unit vector £ € El/QVC so that & 1 &*.
Let e be the projection to C¢ and put

1 — 1 —
A:§(E1/2—€_E)+6+E7 BZE(El/Q—e_é)"_E‘i_E

Then these are covariance operators satisfying C' = (A + B)/2 and C cannot be
extremal.

Finally assume that dimker(C'—1/2) = 1. Then AFE,/,, = al)/; with a real
scalar and the condition A + A = 1, together with m = Ey,, implies a = 1/2.
Thus A = C, showing the extremality of C. O

Example 2.2. Let vC = €2 with the ordinary conjugation. Then covariance

operators are of the form
C(1)2 —it
¢ = ( it 1/2)

with —1/2 < ¢t < 1/2, whereas orbits by the adjoint action of O(V) = O(2) are
{C(£t)} (0 < t < 1/2). The eigenvalues of C(t) are 3 £t and extremal C(t)
corresponds to ¢t = +1/2.

Definition 2.3. A covariance operator is called a Fock projection if it is a
projection. A state is called a Fock state (resp. pseudo-Fock) if C' is a projection
(resp. o(C) € {0,1/2,1} and dimker(C — 1/2) = 1).

We shall now describe the GNS representation associated to a Fock state in
terms of the so-called Fock space. Let E be a Fock projection in vC. Note that
(EV(C)* = EVC is the orthogonal complement of EVC in vC.

Lemma 2.4. We have

C(V)=C+ C(V)(EV) + (EV)C(V).

Proof. This follows from the so-called normal ordering arrangement. O
Corollary 2.5. A Fock state is determined by the covariance operator.

Proof. Let ¢ be a state of C(V') with the covariance operator given by a projection
E and a € (EV(C)* =(1- E)V(C. Then ¢(a*a) = 0 implies ap'/? = 0 and the
previous decomposition shows

PO+ C(V)a;+Y_a;C(V) —/\+Z (2|C(V)a,p'/?) +Z O2C(V)p!/?) = A,
J J

O

Let C(V') be the (algebraic) subalgebra generated by VC. Then by normal order-
ing arrangement, we have an orthogonal direct sum C(V)p'/? = QBZOZO(EV(C)"(pI/2
with the inner product on (EV(C)"L,DI/2 given by

(&1 &Pl 00! /?) = det(&lmn)
for &5,m; € evC m fact,

Em-nn =L mtnz. . —mA{E 0z -
+ (D" e {4 (1) S
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is used to get the recursion relation
(€1 En @™y - ') = (&g Enp™ 2|81 - - - ™/ ?)
= Z(*l)jfl(fl\ﬁj)(fz e &n P ! ?)

which is exactly the recursive formula for determinants (hats indicating deletion).

Conversely, given a Fock projection E, consider the exterior product A"X of
% = EVC which is a Hilbert space completion of the algebraic exterior product
with respect to the inner product specified by

(NN M A Any) = det(§j|77k)'

If we denote the left multiplication of £ € X by a*(&), then it admits the adjoint
a(€) on the algebraic level by

(=1L (Emp)m A AT A A

M=

a()(m A« Anp) =

It is now immediate to check the CAR:

a(§)a”(n) +a*(na§) = ¢mM1,  al§)aln) +a(n)a(§) =0
for £,m € K. In particular, a(¢) is bounded with a bound [|a(&)|| < (£]¢€)'/? and we
have a *-representation of C'((V) on the Hilbert space 5 (X) = €B,,5, A"X, which
is referred to as a Fock representation. The initial vector 1 € C = A%K (called Fock
vacuum) is clearly cyclic and characterized up to scalars by the condition a(£)Q =0

(£ € X).

Exercise 3. Let P, : H®" — H®" be the anti-symmetrizer projection. Then A"JH
is identified with the image of P, so that the wedge product is extended among
©D,.>0 A" H’s by the formula

<.
Il

ny+ - +np)! "
Cl/\"'/\cr: “W%n')P/\(Cl(g"'@CT), (jG/\JfH:.

Proposition 2.6. Given a Fock projection F, there exists a state ¢ satisfying
pla*y) = (@|By), zyevC.
Moreover, we have a natural identification C(V)p!/2 = @, AEVE,

Proof. The Fock state is realized as a vector state with respect to the Fock vacuum.

|
Proposition 2.7 (Wick’s formula). For a Fock state of C(V), (21 ...22,41) =0
and
(X1 ... Top) = Z + H o(xjzy)
pairing with j < k
for x1,...,Ton41 € VC. Here + indicates the signature of permutation which

rearranges T ... Tz, into the product of z;z;’s.

Proof. By multilinearity, we may assume that z; € BvC o T € BvC. 1t is
instructive to check the case n = 2:

p(T1222374) = (T172)P(T374) — P(T123)P(T2T4) + P(T174) P(T273).



If 2, € EV(C7 both sides of the equation vanishes because x; is creating.
If 27 € EVC, apply ¢ to the identity
1022384 = {1, 2 }r32y — To{T1, 3}wa + vox3{T1, T4} — Tow3T4T)
to get the desired formula in view of
{1, 25} = 12y + 22 = (12 + 2521)]1 = p(a125)1.
The general case is checked by an induction on n: Again the identity is trivial if
T € EVC. Otherwise,

o(r122 ... Tan) =
o(z122)p(T324 . . . Tan) — o(T123)P(T2Xa . . . Tay) + -+ @(T1T2n) (T2 . . . Top—1)
and the induction stage goes up further. O
Remark 1. In the Wick formula, the summation is taken over pairings of 2n objects
and the total number of such pairings amounts to be
(2n)!
2nn!
Theorem 2.8. Let ¢ be a Fock state of covariance operator E. Then the GNS-
representation of ¢ is irreducible and satisfies

/ 1/2>

=2n—-DN=2n—-1)x (2n —3) x --- x 1.

(zp'2ypl’?) = p(2)p(y)
for z,y € C(V). Consequently the correspondence
2o 2y s 22 @ oM/2y

is extended to a unitary map between C(V)p!'/2C(V) and H ® H*, where H =
C(V)pl/2.

Proof. The irreducibility is due to the purity of Fock states, which is a consequence

of the fact that the state ¢ is determined by the condition ¢(a*a) = 0 for a € EVC.

The splitting property of inner product follows from the density operator realiza-

tion: Let H = C(V)p!/2. Then the GNS-representation of C(V') generates B(H),

whence ¢ is given by etr = tre with e = |p'/2)(¢!/?| and ¢!/? by ey/tr. With this
realization, we have

(wp'Pyp!/?) = (wevtryeVir) = tr(zeye) = () (y)-
|

Definition 2.9. A state of C (V) is said to be free if it satisfies the Wick’s formula.
Since a free state ¢ is determined by its covariance operator C, it is denoted like

¥ =¥cC-

Proposition 2.10. Let T : V — W be an isometry of real Hilbert spaces with the
associated imbedding C (V) — C(W) denoted by 6. If p¢ is a free state of C'(W)
with C € Cov(W), then T*CT € Cov(V) (T being identified with the natural

extension VC — W(C) and pc o0 = pr-cr.
Proof. This is just a structural covariance of free states. O

Exercise 4. For a covariance operator C in V(C, show that Pc = ¢&.
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Proposition 2.11. Given a covariance operator C' on V', there exits a free state ¢
such that

o(z*y) = (z|Cy), z,yeV.
Proof. Let W = V & iV with the associated *-operation on vC P vC given by
(v1 B vg)* =71 ® —T3. Then
p_ c c(1-0C)
- \WC(1-0) 1-C
is a covariance projection on WC, called the quadrature of C. Let ¢ be the associ-

ated Fock state of C'(W). Then the restriction of ¢ to the subalgebra C (V') induced
from the imbedding V' 5 v — v@®0 € W is a free state of covariance operator C. [J

Let {a,a*} be a CAR basis. For 0 < ¢ < 1, define a density operator by
pt =ta*a+ (1 —t)aa*
and let ¢; be the associated state of C*(a,a*):
pi(a) = ¢(a”) =0, ¢(a"a) =t, ¢(aa”) =1—1.

Proposition 2.12. Let wC = VC@ (a,a*) and assume that a covariance operator

C on WC is of theform C(v®0) = Bv @0 and Ca = ta with B € Cov(V). Then,
under the isomorphism C(W) = C(V) ® C*(a,a*) in Proposition 1.3, p¢ is the
product state pp ® ;.

Proof. For example, if v = v; ... v, with v; € V(C, v ® aa® amounts to

vi(aa* —a*a)... vap(aa” —a*a)aa™ = vy ... vapaa”
and pc(vy ... vapaa*) = o (v ... van)pc(aa*). O
Corollary 2.13. The free state ¢;/5 of covariance operator %I is tracial, i.e.,

@1/2(ab) = @1/2(ba) for a,b € C(V'). The evaluation by this state is often expressed
by an expectation notation: ¢y /() = (z).

Corollary 2.14. Assume that dimV = 2n and let
=\ (7 1
C = Z<Sj|aj)(aj\ +(1- sj)\aj)(aj|)’ 0<s; <5

J

be the spectral decomposition of a covariance operator C' with {a;,@;} a Fock basis.
Then ¢ (x) = trace(pcz) (z € C(V)) with the density operator po given by
po = [[((1=s;)a;a; + s5a5a;).
J

Here we look into a state ¢ having an extremal covariance operator C. When
C is a Fock projection, ¢ is free and uniquely determined by C. So assume that
dimker(C' — 1/2) = 1. Let h € ker(C' — 1/2) be a real vector in V, which is
normalized by (h|h) = 2, i.e. h? = 1. Then a state ¢ of covariance operator C' is
determined by the value A = ¢(h) and we shall write py. Clearly —1 < A <1 and
we can show that any value in this range is realized as a state expectation.

To see this, let E be the projection to ker(1 — C') and set W =V & Rh. Choose

Fock vectors vy for the covariance operator F in wC.

avy =0, aecEVC.
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Set Hy = C(W)vy and represent C(W) on H = H @H_ diagonally. We represent
h on H by

h(al...ajvy) = £(—1)"vy
Then the generators of C(W) together with h meet the anticommutation relations
of C(V) when represented on H. Thus C(V) is represented on H and, if we put
v = vy @v_, we see that

(v]z"yv) = (2|Cy)(v|v)

for z,y € VC. Moreover
(vlhv) = [o]* = [lo-|*
and, if we require ||v]|? = ||vL||?+[Jv_||?> = 1, then any value —1 < X < 1 is realized
by choosing vy [|? = 1£2.
It is also immediate to see

(V)" = B(Hy) & B(H_)

for —1 < A < 1. Let ¢+ be the states corresponding to A = +1, then these are
pure and @y = %g@r + %Lp,.
We shall now rewrite these in terms of . Since ¢¢ is described by the density

operator 1 (|vy)(vy|+ [v_)(v_|) in B(Hy) ® B(H-), <pé/2 is associated with

o) (V4] + [ ) (v|

NG )
whence
1/2 801/2 + <P17/2 1/2 801/2 - 8017/2 1/2
Yo :T and  hog :T:goc h.
Thus 1o o
(piﬂ _ ¥c jgwc
and

¢+ = o £ hpo = pc £ ech.
For later use, we point out here that the parity automorphism e exchanges the
central components B(H)) and is not inner on C(V)@}J/Q. In fact, the canonical

implementation II of e satisfies ngi/ 2 = gpljF/ % and hence interchages the central

decomposition C(V)golc/zc(V) = C(V)cp}J/QC(V) + C(V)cpl_/QC(V).

3. QUADRATURE

Let € be the parity automorphism of C(V') with IT = Ad € the associated unitary
involution on L2(C(V)) and define a bounded linear operator 7(£ ®n) on L%(C(V))
by

T(E B n)e!/? = 12+ (Y120 = €012 + (po )2,

Here &,7 € vC ¢ C(V) and ¥ is a state of C(V). Then 7(¢ ®n)* = (£ ® —7) and
m(€® - &)+ @n)n(E e -7) =€) + ()1

show that 7 is extended to a *-representation of C(V @ iV'), which is referred to
as the quadrate representation of C(V @ iV). Here iV denote the real part of
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vC with respect to the conjugation & — —&. Note here that, for a state ¢ of even
parity,

T(C(V @iV))p'/? = C(V)p/2C(V).
In particular, for a free state ¢ of covariance operator C, m leaves the closed
central subspace

L(C) = C(V)ed*C(V)
invariant. Let m¢ be the associated subrepresentation of C(V @ iV).
We define the quadrature’ of a state ¢ of C(V) to be a state ® of C(V @ iV)
given by
®(z) = (P ?n(x)'/?), zeC(VaiV).
Exercise 5. If V is finite-dimensional, then 7 is irreducible, irrelevant of the parity
of dim V.

Lemma 3.1. The following conditions on a covariance operator C are equivalent.
(i) ker C' = {0}.
(i) ker(1 — C) = {0}.
(iii) C = (1+ef)~! with H a self-adjoint operator on vC satisfying H = —H.
A covariance operator C' is said to be non-degenerate if it satisfies one of these
conditions.

Proof. This is immediate from functional calculus based on a spectral decomposi-
tion of C. (]

Theorem 3.2 ([1, Theorem 3]). Let H be a self-adjoint operator on vC satisfying
H = —H. Then C = (1+ e®)~! is a non-degenerate covariance operator and the
free state oo is a KMS-state of the automorphism group {6;} associated to the
orthogonal transformations {e}, cR:

polzb:i(y))| _ = volyz)

for z,y € C(V).

Proof. Assume that an even state ¢ satisfies the KMS condition relative to {6}
(,Oité-go_it — eitHé-

which is used to get

(€@ n)pt? = (€ + M Py)p!/?,
H/2

where 7 is restricted so that e”/“n has a meaning. As a result, we see that 7(& @
n)p'/? =0 if € + ef/2y = 0. We compare this with the Fock vacuum condition
- 1/2
(PE@n)pd” =0
for the quadrature P of C'. From the expression
— 1-C
P= — —
(V_ S Vo),
& @ 1 belongs to the range of P if and only if we can find ¢ € V such that

E=V1-0¢,  n=-VC(

Tdoubling or purification is also used in literature.
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This suggests choosing

1-C 1
H

:7@02 .
c C 1+eH

Moreover, with this choice, C' is a covariance operator such that ker C' = ker(1 —
C) = {0} and we have

(@1/2|7T(J;)<p1/2) =pp(x) forx e C(V@iV)

as a consequence of the characterization of Fock states. By passing to the restriction
on C(V)=C(V&0)cC(Va@iV), we conclude that ¢ = pc¢.
Conversely we show that ¢ is a KMS-state of {6;}. First check the special case:

pc(E(en)) = (€|Cen) = (€]Cn) = @CE) = pc (n€)

and

pcl(e€)(en)) = (eMe|Cetn) = (e~ Celln) = (€1Cn) = pc(én).

To deal with the general case

po(Er.. Emem)... (")) = polnn...mmi ... &m),

we appeal to the Wick formula: only the signature compatibility needs to be

checked. Since pairings from &, ..., &, or from 7y,...,n, produce the same sig-
nature, we look at ...&;... eflge... and ..o ... & .... The former amounts to
the signature (—1)™~7+*~1 while the latter produces (—1)""**7=1 and these coin-
cide if (=1)™ = (—=1)", i.e., if m + n is even. O

Corollary 3.3. If C is non-degenerate,
pedpc! = (1-0)"Ce
for ¢ € VC.

Proposition 3.4. Let C' be a covariance operator on vC. Then C(V)gog2 =
apg e, (V) if and only if C' is non-degenerate.

Proof. If ker C(I — C) is not trivial, C(V)@lc/ % contains an irreducible tensorial
component (cf. Proposition 2.12), which prevents interacting left and right multi-
plications.

If C' is non-degenerate, oo is a KMS-state, whence we see that left and right
GNS-representations give rise to the same Hilbert space. (I

Proposition 3.5. Given a covariance operator C' on V(C, the quadrature of p¢
is equal to pp with P the quadrature of C. The representation m¢ is therefore
irreducible.

Proof. Recall that the Fock vacuum go},/ ? is characterized by the vanishing property

under the left multiplication of the range of P. Since the range of P is equal to

{(VI=C¢a® VO ¢ € V(C}, it suffices to show that
Te(VI=CCa—VOpd® =0 = (VI-CQpd” = o> (V) for¢e v,

When C' is non-degenerate, this follows from the KMS-state analysis discussed
in Theorem 3.2.
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To deal with the degenerate case, let E be the projection to ker C(1 — C) and

write (1 — E)V(C = WC with W a closed real subspace of V. Let ow (resp. ¢) be
the restriction of p¢ to the C*-subalgebra C(W) C C(V) (resp. the C*-subalgebra
C(W+) c C(V)), which is a quasi-free state of the reduced covariance operator

C(1—E) (resp. CE). Let u be the unitary operator on the Fock space C'(W=)1/2
defined by

w( -t ?) = (1) -t for gy, € W
which implements the parity automorphism of C(W=).
A representation 6 of C(V') on C(W)epy, 12 e C(WL)y1/2 is then defined by the
correspondance
E+n—Eutlen (€W, newt

on generators, where £ and 7 on the right side denote operators by left multiplica-
tion. From ut'/? = 1)'/2 and the Wick formula, we have the equality

(o’ @ YV2|(E1 - Em @ U™ 1) (03l @ DY2))
=ow (&) nn) = 0c(§1 - Emm - M),

which implies that & -« &nn - - nngpc = 0 Emm - n) (v L2 ® 1/2) gives
rise to an isometry U. Since the operator u is approximated by elementb in C(W+)
on C(W-1)91/2 thanks to the irreducibility of representation, U is in fact surjective
and 6 is extended to an isomorphism C(V)” — C(W)" @ B(C(W=)¥1/2) of von
Neumann algebras so that oo = (pw ® )6, which in turn induces an isometric
isomorphism

0: C(V)pd*C(V) = C(W)ey*C(W) @ C(W L) 2C(W )
by the relation
Oz y) = 0(2) (o] @ ¥/2)0(y), x,y € C(V).
Now, for ¢ +n € VC = (1 = E)WC 4+ EVC, in view of ((1 — C)p)pt/2 = 0 =
((C)*V/?)* = 4)1/2(Cn), we see that
O(pd (V& +m) = (pif” @ ¥ /20T (€ +n))
= (pi? @ ) (VCE @ u+1®VCn)
= o2 (VCE ® 2 = (VI— COpf @ V2
= 0(VI=C(E+ )@y’ @ ¥'/?)
=0(VI=C(E+n)ed”).
O

Theorem 3.6 (Dichotomy). Let C and D be covariance operators on a *-Hilbert

space VC with P and Q their quadratures. Then L?(C) L L?(D) unless L?(C) =

L?(D). Moreover, in either case, we have
(ol 1/2 1/2) _ (wl/Q 801/2)2~

o c 1¥p



13

Proof. Since the quadrate representation 7 is irreducible on both of L?(C) and
L?(D), they are either unitarily equivalent or disjoint as representations of C'(V @
iV).

Let z¢ be the projection to 7(C(V & z'V))c,oé/2 = L*(C) and similarly for zp.
Since z¢ is in the commutant of the right representation of C(V) on L?(C), it is
approximated by the left multiplication of C(V), i.e., by elements in 7#(C(V & 0)).
Thus, if a unitary U : L?(C') — L?(D) intertwines , then

U(§) =U(zc€) = 2cU(€), €€ L*(0)

shows that zo = zp, i.e., L2(C) = L?(D). Moreover, as quadratures of ¢ and
¢p, ¢p and g are vector states associated with cpé/ % and @32 through a single

irreducible representation 7w on L?(C) = L?(D), whence

2 2 2 2 2 2 2 2
(g = trace(log ) 0d N e )en?l) = (0 lop )

Otherwise, 7o and 7wp are disjoint, i.e., zc L zp, which implies (@},/thgz) =
1/2) 1/2
0= (o *lep*)* O

4. COMMUTANT THEOREM

We shall now present Araki’s commutant theorem [1]. Let K C be a *Hilbert
space with P a Fock projection and write w = ¢p. Set H = C(K)w!/2 and let 7
be a representation of C(K) on H by left multiplication.

Given a real subspace V C K, the orthogonal complement V+ anticommutes
with V' in C(K) and, after simple parity modification, we can describe the commu-
tant of 7(C(V)) in terms of C(V+). To see this, introduce a representation 7. of
C(K) on H by

’/TE({) = ”T(g)Ad €, g € K,
which in fact gives a representation of C(K) because 7 (£)* = 7.(§) and {7 (&)}
satisfies the correct anticommutation relations. Recall that Ad e is a unitary invo-
lution on L?(C(K)) specified by (Ad €)p'/? = (poe€)'/? and leaves H invariant. We
then have
7 (PECWY? =0, [n(V),m(VH)] =0
and

Wwl/? — /2

Te(M - M) i”2771 o Tpw!
for m,...,nn € kC.
Remark 2. In the original treatment [1],

' (2) = me(a(x))
is used in stead of our ¢, where ao € Aut(C(K)) is associated to the orthogonal transfor-
mation —i(P — P) of K.

Theorem 4.1 (Araki[l]). For a real subspace V of K, we have
(V) =m (V).
Corollary 4.2. If V and W are closed real subspaces of K,
(V)" ' Nna(W)" =x(VnW)".
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Proof.
r(VYvr(W) = 1.(VEH)'Vr (W) = n (VAW = n(VE+W D)) = (VW)
([l

For a proof of the commutant theorem, it is instructive to consider the case
K =V @iV with P the quadrature of a covariance operator S on V. If we
further assume ker S = ker(l — S) = {0}, then the argument in the KMS-state
analysis shows that m on H is identified with the quadrate representation 7 on
C(V)golSmC(V) in such a way that w'/? corresponds to @}3/2. Here V is identified
with V@0 C K, V+ with 0@ iV and

(0@ P! =in(0@€)(Y o)/ = ip!/%¢
if 1/2 € C(V)(pépC(V). Thus 7(C(V @©0)) is given by left multiplication, whereas

m(C(0 & iV)) by right multiplication on the Hilbert space C(V)goépC(V). It is
then a basic fact in modular theory that these generate commutants of each other
and we are done.

Let S be the reduction of P to the subspace vC ¢ KC, € = ker(S)+ker(1-25),

and set W = V& L with T the further reduction of S to WC. By an angle operator
presentation, K is, up to orthogonal equivalence, of the form

K=LoWaiWoM
sothat V=L W 060 and

e 0 0 0
p_|0 T T(1-T) 0
o JT(1-T) 1-T 0
0 0 0 f

Here e is the projection to the subspace ker(1 — ), which is a Fock projection for
L, and f is a Fock projection for M.

Lemma 4.3. Let X and Y be Fermionic phase spaces with £ and F their Fock
projections. Let 7% and 7Y be representations of C'(X) and C(Y') on Hilbert spaces
Hx = C(X)gﬁlE/Q, Hy = C(Y)ga}ﬂ. We denote the parity automorphisms of C'(X)
and C(Y) by ex and ey respectively.

Assume that K = X @Y with P = F & F. Then there exists a unitary map
U:Hx ® Hy — H such that

Ulp? @ 3l?) = o}?, U(Adex ® Adey)U™ = Ade
and
Urn(a)me(y)U =¥ (z) @7 (y), =€ C(X),y € O(Y).

Proof. Since 7(z) and 7(y) commute and m(EX)ey? = {0} = n(FY)e}?, it
suffices to check the unitarity for x = &;...&,, and y = n1 ..., with &,...,&, €

EX and m1,...,n, € FY. This follows from

Ir(@)me(9)ep I = op( - 16 &7 Enmr - 110)
= det((&1&;)) det(m|m))

1/2 1/2
= 7X@ 12 I7Y (y)ei |-
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We now prove the commutant theorem in two steps:
(i) Let X =W @ iW and Y = M. Then

a(W@030) =U@EX(Wa0) @ 1)U*.
In view of
(0000 M) =U(lor) (M)"\U*=U(1®B(Hy))U*

and
1 (02N ®0) =ir(0® 7@ 0)Ade = U(rX (0@ 1) @ Adey)U*

for n € WC, we observe that
7 (0@m®0)... 71080, 0) =UTX(n1...100) @ (Adey)™)U*,
which, together with 7.(0 ® 0 @® M), generates U(rX (0 @ iW)"” @ B(Hy))U*, i.e.,
T (0@ iW @& M) =U(xX (0@ iW)" @ B(Hy))U*.
Since 7X(W @ 0) = 7X(0 @ iW)” from the preliminary discussion, we get
XMW 2 000) =7XM00iW o M)".

(ii) This time, let X = Land Y = WaiW @M. From (L) = U(B(Hx)®1)U*
and the expression

7(n) = —im(n)Ade = —iU(1 @ 7Y (1)) (Adex ® Adey)U* = U(Adex @ 7¥ (n))U*
forne 0 W & 00, one sees that
T(LeWa00) =UBHx)@7 (Wa0a0))U*
(BHx) @7l (0@ iW & M))U*
1@y (0oiWae M) U
O®0diW e M)

U
U
Te
and we are done. Here we used the result in the first step at the second line.

5. QUADRATIC QUANTIZATION

Let H be a finite-rank operator on VC. Choose an orthonormal basis {¢} and
write

H =2 hkl&)(El
3.k
We define the quadratic quantization of H by

1
Q(H) = 5 > hikgith,
ik

which is a quadratic element in the Clifford algebra C(V') and is independent of
the choice of orthonormal bases. It then follows that, if H =3, |£;)(n;],

1
Q(H) = 525;‘779*"
j

Lemma 5.1.
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)
QUH +'H) = Jtrace(H) = 3 3" (165

J
(if)
1 t C
QU&= S —tme, gevC
Let o(V) = {H = H = —'H} be the (algebraic) Lie algebra of O(V) and
o(V)C = {H = —tH} be its complexification.
Lemma 5.2.
(i) Let H € o(V). Then [|Q(H)| = 1|l
(i) Let H € o(V)C. Then

1 1
sl < QU] < Sl H ]l

Proof. Since H = H = —H*, we can find an orthonormal sysytem {a;, aj}1<n and
a sequence {h;}i<j<n of positive reals such that H =43, h;(|a;)(a;| — |a})(a}]),
whence

i - * *
QH) = §Zhj(ajaj — ajaj).
j=1

Then the spectrum of 2iQ(H) is given by

n
> eihgies € {£13}
j=1

and we have 4[|Q(H)|| = 2>27_, h; = [|[H|1.
Let H=A+iB with A, B€ o(V). Then 2A=H — H*, 2iB=H + H* and
Q)] <R+ 11Q(B)]| <
For the lower estimate of ||Q(H)]|,
8lR(H)| = 8 max([|Q(A)[[, [Q(B)) = 2max([|All, [|Bl[1) > [[Alls + | Bl

is combined with ||A 4 iB||; = trace(U*(A +iB)) < ||A]l1 + || Bl|1 to get ||H||1 <
8[|Q(H)- 0

* * 1
(1H = H* s+ | H + H* 1) < 5l1H]1

| =

Definition 5.3. Let ol(V)(C be the Banach space of trace class operators H satis-
fying H = —'H and set 01(V) = {H € 01(V)(C; H* = —H}. Then the quantization
map is extended to ol(V)(C — C(V) by continuity, which is again denoted by Q.

Proposition 5.4. The restriction of @ to ol(V)(C is injective and, for H, H' €
ol(V)(C7 we have

[Q(H), &l = HE, Q(H)" =Q(H"), [Q(H),QH')] = Q(H, H').
Proposition 5.5. For H € ol(V)(C7 we have

H/2 | ,—H/2 1+ eH
T(eQ(H)) = \/det (e —&-2@ ) = \/det ( +26 )

Here 7 = 12 denotes the normalized trace of C(V).
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Proof. To establish the formula, it suffices to check for a hermitian H in view of
analytic continuations. With this restriction we can find an orthonormal basis of
the form {a;,@;} (a Fock basis) so that H = >_. h;(|a;)(a;| — [@;)(a;]). Then
Q(H) = 3, hj(aja; — aja;) and
eQUD) — H (ehf/zaja;f + e*hf/Qa;aj)
J

(note that ajaj commute for different Jj) is evaluated by 7 to get

eH/2 4 o—H/2
T(eQH)) = E[cosh(hj/Q) = \/det <2>

The second expression follows from this in view of the fact that trace(H) = 0 and
hence det(ef!/?) = 1. O

Corollary 5.6. Assume that V is finite dimensional and that S = (1+e)~! with
H €io(V). Then
1

1
Vdet(28) \/det(2§)

and the density operator for g is given by

T(eQ(H)) -

1
— Q(H)
ps trace(e@(H)) ¢

6. FINITE-DIMENSIONAL ANALYSIS

We work with a finite-dimensional V' in this section. Let H, K € i0(V) and set
S=0+e)=1, T =(1+eX)"1 € Cov(V). Since density operators are given by
eQH) and eQ) up to scalar multiplication, we see that

= 7(eQU))T1RU 7 (eQUE)) 1R -

¥s YT =T

and therefore
(Lol = 7(eQUD) =t (QUD)=(1=) 7 (£1QUT) ((1=1)Q(K))
for0<t<1.
We now assume that H and K are small and write

otH (1-K _ M

with M = M(t,H,K) € o(V)(C depending on H and K analytically. Since the
quadratic quantization @ : o(V)(C — C(V) is a Lie algebra homomorphism, we
have

QU LA-DQK) _ QM)

and hence

M tH (1-t)K
F(P QU LA-DRUN)2 _ 1 (QUMN)2 _ o (1 +e > — det <1 + et e=1) ) .
2 2
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Consequently
IqetH A-DK
ot (122105

t 1—¢
1+eH 1+ekK
) det (155

2 t 1+€tHe(1—t)K 2 1-t
(1+6H> ( 2 )(1+6K)

det ( (1 + eH)*t (1 4 etHe(l—t)K) (1 +€K)t71)

(
— det (St (1 LA-90a- T>H> Tl—t)

St Tlft
- det(StTH +(1—8)H1 - T)H).

Since both sides in the above identity are analytic in H and K, the relation remains
valid for arbitrary H and K in io(V), i.e., as far as they are non-degenerate in the
sense that ker S = {0} = kerT. Finally, general S and T are approximated by
non-degenerate ones (¢¢ is continuous in C' in view of Corollary 2.14) and we have
proved the following:

Lemma 6.1. Assume that V is finite-dimensional and let S, T € Cov(V) be
covariance operators. Then, for 0 <t <1,

(Poor t) = \/det(StTl—t F(1—8)H1 - T)l—t).

7. INFINITE-DIMENSIONAL ANALYSIS
Given covariance operators S and T, set
M(S,T) = ST+ (1-9) (1 —-1T)"*
for 0 <t < 1. We want to prove
(k) = det(My(S, T)Mi(S,T)"),

but the case of general exponents is not established yet. We just point out the
following fact for a general 0 < ¢ < 1 and restrict ourselves to the case t = 1/2 in
what follows.

Lemma 7.1. The operator M;(S,T) is a contraction.

Proof. This follows from the expression

M(S8,T)= (8" (1-8)") ((1 TlT)tl—t> .
([

Lemma 7.2. Let P and @ be Fock projections. If P — @ is not in the Hilbert-

Schmidt class, then (@},/2|<pg2) =0.

Proof. Take a countable real orthonormal family {£,},>1 such that

STIP = Qa2 = o0

n>1
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Let V be the closed subspace of V' generated by
{f’n’ P§n7 Q£n7 PQ&TL’ QP§n7 PQPé-na QPana v }nZl

Then V. is separable and we may assume that {£,},>1 is an orthonormal basis
of Vo from the outset. Let V,, be the subspace generated by {{x}i<ki<n and E,
be the projection to V,,. The sequence {E,} then converges to the projection E,
for V. Since V, is invariant under P and @, E. commutes with P and @,
whence Py, = PE,, = Eso P and Qo = QF = EQ are Fock projections of Vi
satisfying
trace((Poo — Quc)?) = Y [[(Poo = Quo)éull” = Y I(P ~ Q)énl® =
n>1 n>1
Now set P, = E,PFE, and Q, = E,QF,, which are covarlance operators on V,,
but not quadrate generally. Let M,, = Pl/ 2 1/ 24 P, 1/2Qn . Then contractions
C, = E, — M, M} converges in the strong operator topology to
Coo = Eoog — Moo M7,

=Fwx — (POOQoo + PooQoo)(QOOPOO + QooPOO)

:Eoo_ ooQooPoo_PooQooPoo

= Poo(Poo - Qoo)2 +K(K _@)2

= (Poo - Qoo)2

By the formula in the finite-dimensional analysis,

(e leg Dt < (0l leg )t = det(B, — Cp) = det(Ese — Cn),

which converges to 0 from the condition that trace(Cs) = o0 (cf. Appendix B). O

Theorem 7.3. Let P and @ be Fock projections on V. Then
(e %lpg )" = det(1 — (P~ Q)%) = det(M M)
with M = PQ + PQ.

Proof. In view of the previous lemma, we need to establish the formula under the
assumption that P — @ is in the Hilbert-Schmidt class. Then, by Appendix A, we

can find a canonical system {a;,b;,a},b}};>1 in V such that

Qa; = Qb; =0, Qa; = a;, Qb; = b;k»

Paj = cjaj +4/cj(1 —¢;)bj, Pb; = cjb; —y/cj(1 —cj)aj,

PCL]':(].—Cj)aj—\/Cj(].—Cj)b;7 Pb]:(l—c])b]—l— cj(l—cj)a;

with0<c¢;<land PAQ+(1-P)AN(1-Q)+PA(1—-Q)+ (1—P)AQ is the
projection to the orthogonal complement of {aj,bj,a] , b;‘}
Note that the condition |P — Q||ms < oo is equivalent to requiring that

Z(l - Cj) < o0
J
and PA(1—Q)+ (1 —P)AQ is of finite rank.
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Now introduce a sequence of Fock projections {P,} by P,§ =& for £ € (PAQ +
PAN1-Q)V,P=0for e (1-P)ANQ+(1-P)AN(1-Q))V,

Pat} = ¢ja} +\Je(1— ey, Pabj = o565 —yJes (1 - ¢))ay
Pnaj 1 — C] \/7 Pnbj = (1 — Cj)bj + Cj(l — cj)a;f

for 1 <j<n,and
P, aJ = aj7 Pnb;k» = b;, Pha; = P,bj =0

for j > n. Then (P — Q)* — (P, — Q)*> = 1 — ¢; on the subspace (aj,b;,a,b})
(4 > n) and vanishes otherwise. Thus (P, — Q)? < (P — @Q)? and

n11_>rr;o trace((P — Q)? — (P, — Q)?) =

By repeated applications of Proposition 2.12 or a combination of this with
Lemma 6.1 (note that the quadrature of P is P& 1 — P), we see that

(e8leg )" = det(l — (P~ Q)°)

and then, by the continuity of determinants in the trace norm, we obtain
(0¥ leg )" = lim (o9 leg )" = lim det(l - (P, - Q)?)

=det(1 — (P - Q)?).

This coincides with det(M M™*) in view of
MM* = PQP +PQP =1— (P - Q)%
O
Remark 3. With the notation in the above proof, the distinct parts are @ =
5, (Ia) (@3] + 167)(0]) and
P =" |/Ga; + /T b)) (yea; +/T— by
J

+ |\/§b* — \/1763‘(1]')(\/6»]'6; — \/1 7CjCLj|

with the associated density operators given by pg = H a;jajb;b; and

pp:H(cjaja bib; + (1 —cj)bibjaja; +4/c; cj)biai +4/c; i)a;b )

J

which are expressed in terms of the infinite tensor product of
(o 8)° (6 o)
for pg and the infinite tensor product of projection matrices
oo 0)2 ) 0o )= ()
() ) (9o 9
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for pp with the correspondence

0 1 1 0 1 0 0 1
U R O B GRS R (o
1/2| 1/2 ch

whereas det(1 — (P — Q)?) = [, ¢} because of

1(PQ)2@<COj (2)@(3 (1)>

J

Thus

Theorem 7.4. Let S and T be covariance operators on V. Then
(e ler?)! = det(MM")
with M = SY/2T7Y2 4 (1 — 8$)Y/2(1 — T)'/2.
Proof. Let P and @ be the quadratures of S and T respectively. Then
o () ()
is similar to PQP, which together with the identity

—(P—-Q)*=PQP +PQP
shows that

det(MM*) = /det(I — (P — Q)?).
Now, Corollary 3.6 is used to get

(05 1or?) = (912 log )2 = det(I — (P — Q)Y = det(MM*)V/*.
O

Corollary 7.5. Let S = 5" @®S8” and T =T' & T" be splitted covariance operators
on V' & V", Then

(1/2 1/2) (1/2 1/2)( 1/2 1/2)

|l wdi e ©dn o)

Remark 4. In the finite-dimensional case, det(M) already gives the transition am-
plitude between states. It is therefore interesting to see what is happening in the
infinite-dimensional case. Since we are concerned with non-vanishing amplitudes,
assume that P — @ is in the Hilbert-Schmidt class. Then

@it ) 9

M=PQ+PQ=D ( ﬁij 1 -?J> (\/?I O-I)
P\vi=er g Ve
shows that the phase part U (this is in fact an orthogonal operator on V') of M is
a direct sum of rotational matrices but I — U has an expression

-v= @< i W)

and
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Since the diagonal part is supposed to be in the trace class, I — U belongs to the
trace class if and only if

(s )

is in the trace class, i.e., if and only if P — @ is in the trace class.
Lemma 7.6 ([1, Lemma 5.1]).
HS —Tllus < 21VS = VT us.
VS = 8) = VT(L =T)llus < 2|V'S = VT us.
2P = Qllus < V3ISY2 = T2 s < |P~ Qllus.

Proof. The first inequality follows from
28 —T) = (VS —VT)(VS+VT) + (VS +VT)(VS — VT)
and the second one from
VSA—8)—/TA-T)= (VS —VT)V1-S+VT(vV1-85—-V1-T)
if one notices vI— S —vVI—T = VS — VT.
The lower inequality in the last line follows from

PQ_(«lﬁfﬂT —T> (VS vi=5)
+(\/£LT)(\/§\/T VI—§-V1-T).

Finally the upper inequality in the last line is a special case of the inequality ([1,
Lemma 5.2])

X1 =Y llzs < I1X = Ylus

for bounded hermitian operators X, Y if one notices
p_ (0 O\ _ (VS © Q_oo_\/To
0 1) \o +§)° 0 1/ \o VT)
Proposition 7.7. For covariance operators S and T on V,

AVS - VTllis 12 - U2 < 4/31V/S = Vs,
V1+2IVE — VTl

Proof. We first observe that
log® — o112 = 2(1 — (¢ *|ox®)) = 2(1 — det(1 — (P — Q)*)'/®).

From the expression

1— det(1— (P —Q)?)

1—det(1— (P —Q)*)"® =
det(1 - (P - Q)7) Trdt . d

d = det(1— (P —Q)%)"/8,

%(1 —det(1—(P-Q)?)) <1—det(1—(P—Q)*)Y® <1—det(1—(P—Q)?).
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For the upper estimate, we use
1 - det(1 = (P~ Q)*) < ||P - Qlge! "~ @line,
which is further estimated linearly by
2P - Qli%s
from the inequality min(1,te’) < 2t (¢ > 0).
For the lower estimate, we use
1
det(1 — C)
for 0 < C <1. Then

=det(1+C+C*+...) > 1+ trace(C)

1 _ trace(C)
1+ trace(C) 14 trace(C)’

1—det(1-C)>1-

which is combined with the inequality trace((P — Q)?) > 2||V'S — VT4 in the
previous lemma. ([l

Corollary 7.8. Let S, T be covariance operators on V with P and @ their quadra-
tures. Then (¢ 1/2|<,01/2) > 0 if and only if (i) PA (1 — Q) = 0 and (ii) V'S — VT is
in the Hilbert-Schmidt class.

Proof. If |V/S—v/T||us = 0o, the lower estimate shows (¢ 1/2|<,01/2) = 0. Otherwise,

P — @ is in the Hilbert-Schmidt class by Lemma 7.6 and the transition probability
is evaluated by the formula

(08 *lor)® = det(I — (P — Q)?),

which vanishes if and only if P—Q has a non-trivial kernel, i.e., PA(1-Q) #0. O
Theorem 7.9. Let S and T be covariance operators on a separable *-Hilbert space
V. Then C(V)pd?C(V) = C(V)oi/?C(V) if /S — v/T is in the Hilbert-Schmidt
class and, otherwise, C'(V )(p;/QC( V)L C(V)QO;«/ZC(V).

Proof. By the separability of V', we can find a trace class operator iH € 01 (V') such
that e'! Se=*H is a non-degenerate covariance operator. From the equality

Peirt ge-in (€' 90D (e U = g (),

we see

CV)pa o wC(V) = C(V)eiRUD o 2e=iQUDC(V) = C(V)py *C(V)

and similarly for C(V)@%F/ZC(V). Since Veifl Se—iH — /S = et \/Se~"H _ /S is in
the trace clase, the problem is reduced to standard S and T'. Then C (V)npg/ 2oW) =
C’(V)goé/2 and C(V)p 1/ZC’(V) = @%F/QC(V) which shows that C(V)cpg/zC(V) is or-

thogonal to C(V)y 1/QC’(V) if and only if (¢ 1/2\901/2) =0, ie., |[VS—VT||gs = 00
Otherwise, by Theorem 3.6, we have L?(S) = L?(T). O

Corollary 7.10 (Powers-Stgrmer-Araki). Free states ¢ and ¢ are quasi-equivalent
if and only if VS — v/T is in the Hilbert-Schmidt class.
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Corollary 7.11. Let S be a covariance operator on V and 6 be an automorphism
of C(V) induced from an orthogonal transformation g of V. Then the unitary
operator Ad 6 leaves C’(V)golS/QC(V) invariant if and only if gS*/2¢g~! — §'/2 is in
the Hilbert-Schmidt class.

Lemma 7.12. Suppose that P and @ are Fock projections with P — @ in the
Hilbert-Schmidt class. Let {ck}1<k<n be an orthonormal basis of [(1 — P) A Q)] and
{a},b%,a;,b;} be areducing Fock basis of {cy, cj }* described in Appendix A. Then

n
lim H cos ; —sinf;a;b})cy Cn@ég/z

n—roo

exists in norm topology and gives a P-Fock vector; it is vanished by PvC.

Proof. By the way of choice, the family {b; cos§; — ajsinb;, a;cost;+b; sinb;, ¢k}
gives an orthonormal basis of P([P' A Q + (1 — P) A (1 — Q)]}), the Dirac see
construction suggests as a P-Fock vector

H N, '(bj cosf; — a} sin;)(a; cosb; + b’ sin6;)cy cngogz.

Here N; > O denotes renormalization constants to be fixed in a moment. Since
(b, cos@ — ajsinf;)(a; cos0; + b} sin ;) commutes with each other and with any
ck, the relevant term is

(bj cos0; — aj sinb;)(a; cosb; + b} sinb;)pg R = (bjbj cos0;sin6; — a;b; sin? 6,;)¢p 1Q/2

= sin6;(cos 0; — a;b; sin0; )gogz,

which suggests the choice N; = 1/sin6; and the problem is reduced to the conver-

gence of
o0

ik 1/2
H(cos 0; — ajbjsinf;)c cngoQ/
j=1
under the assumption that 9]2 < oo with 0 < §; < m/2. Since
0> Zlogcosﬁj > —o00,
J
the problem is further reduced to the convergence of
H(l —ajbj tanf;)p 1/2.
J
In view of (a}b7)™ =0 for m > 2,
* 7k 2 * 7k 1/2
H(l — ajb; tanej)cpg = Z(— tan0)% (a*b )FgoQ/ ,
J F
where F' runs through all finite subsets of {;j} and

(—tan @)t = H(— tan6;), (a*b*)" H a;b;.

jeEF JjeEF

Since the family {(a*b*)" cpg 2} is orthonormal, the sum is norm-convergent by

2:(tan2 0)F = H(l + tan?6;) < oo

F J
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(The limit Fock vector turns out to be normalized.) O

Corollary 7.13. Let P and @ be Fock projections such that P — @ is in the
Hilbert-Schmidt class and [P A (1 — Q)] is even-dimensional. Let H = H* be the
bounded Hilbert-Schmidt class operator on V' considered in Appendix A (iH =
(U —U*) arcsin /C + ih). Let H = > hi(Ej — E;) be the spectral decomposition
with h; > 0 and set H, = Y_"_, h;(E; — E;). Then

lim ¢"*QHn)

n—oo

exists for t € R in strong operator topology and gives a one-parameter group of
unitary operators (denoted by e**Q(H)) such that

n—oo

n
e T H cos(th;) — sin(t0,)alb )y .

Proof. From the expression

iH = Ze(w = lay) 0+ 15y = [a3) 1] ).

1 n n
Hy) = 3 Z (bja; — ajb; + bjas — aiby) = 60;(bja; + bja}).
Thus the convergence of eZQ(H")ch/

(cos@; —sinb;a;byi)eg Y2 From

is reduced to checking eeﬂ(biaﬁb;a;)g@gQ =

1/2

(ba + b*a*) "ol = (=D)™¢q if n =2m,
@ (71)”“Lb*a*<pé)/2 ifn=2m+1,

; o
lim eZQ(Hn)QDégN = Z (ba +b"a")"pg Y2 — cos 9(,022/2 + sin Hb*a*gng.

n—o00
n>0

If a finite family {z;} is taken from the algebraic sum of {a%,b%,a;,b;} C V and

Jo J’

y e O({CL], J7a]7b }L) - O( ) then
Jim. QU ..a:mygpQ/2 = nanéo(ein1) (e, et QU 1/2

exists and hence the limit defines an isometry e'@(f) on C’(V)gog2 and e'@(H)
intertwines the automorphism 6.z on C(V).

Since C’(V)eiQ(H)npl/2 >~ C(V)p }3/2 as left C'(V)-modules and Ad(f.:ix) gives a
172

unitary map C’(V) el )(pP , we can find a umtary map U:C(V)pg™ —

C(V)eiQ(H)ang such that Ue'@H) . C’(V)<p1/2 — C(V)e, Q * intwetwines the left
action of C'(V'). By the irreducibility, this implies the unitarity of Ue*@1) whence
e'QUH) jtself is a unitary. O

Theorem 7.14. Let P and @ be Fock projections on VC. Then the following
conditions are equivalent

(i) C (V) >and C(V)e Q2 are unitarily equivalent as left C'(V)-modules.
(ii) L*(P) = LQ(Q)-
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(iii) P — @ is in the Hilbert-Schmidt class.
(iv) We can find a P-Fock vector inside C(V)go({?m.

Proof. Since Fock representations are irreducible, unitary equivalence between them

follows from their quasi-eqivalence, i.e, the equality C (V)@}D/ ‘c(v)y=C (V)gog ‘o(v),
which holds if and only if P — @ is in the Hilbert-Schmidt class by Theorem 7.9.
(iv) = (ii): Let % = C(V)py? and identify L2(P) with % ® 7. Let & €
be a unit vector annihilated by left multiplication of @VC C C(V). Then ¢ ® € is
identified with <p1Q/2 and hence gogz € L*(P). Thus L?(Q) = L?(P) by dichotomy
and (ii) follows.
(iii) implies (iv) by the previous lemma. O

Corollary 7.15 (Powers-Stgrmer). Let P be a Fock projection on vC and g €
O(V) be an orthogonal transformation. Then the automorphism 6, has a unitary
implementation on C’(V)(pllc,/2 if and only if gPg~! — P is in the Hilbert-Schmidt
class.

Example 7.16. A unitary implementation of the parity automorphism e (which
corresponds to the choice g = —1) is given by

II: xgo}a/Q — e(x)go;ﬂ, xeC(V).

Thus an implementer of e can be found in End(C(V)go}D/QC(V)C(V)), which is given

by
zol’y = e(x)pi’y

with z,y € C(V).
Let Q € C(V)(péf be a P-Fock vector. Then by Lemma 7.12,
0 — (71)dimker(P/\(17Q))Q.

According to Araki, the index between equivalent Fock projections is defined by
index(P, Q) = (,1)dim ker(PA(1-Q))

8. FACTORIALITY OF FREE STATES

We shall investigate factoriality of free states according to [1, §10]. A major step
on sufficiency is worked out here, however, a full characterization is postponed until
§ 10.

Lemma 8.1. Let C be a covariance operator. Then we can find a covariance
operator D for any given ¢ > 0 such that D has pure point spectra and ||\F -

VD|z <e.

Proof. By subtracting the subspace ker(C' — 1/2) from V, we may assume that
ker(C' — 1/2) = {0}. Let E be the spectral projection of C' corresponding to
the spectral range [0,1/2) and set A = EC'/2. Then 0 < A < 1/v/2E and we
can find 0 < B < 1/\/§E such that A — B has arbitrarily small Hilbert-Schmidt
norm. Let D = B2 + F — B2, which has pure point positive spectra and satisfies
D+ D = E + E = 1. Moreover the Hilbert-Schmidt norm of

\@f\/E:AfBJr\/Ffﬁf\/Efﬁ
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is estimated by ¢||A — Bl|2 with ¢ > 0 a universal constant. d

Proposition 8.2. Let C be a covariance operator on V' and suppose that ker(C' —
1/2) is not odd-dimensional. Then End(c(y)L*(C)c(vy) = C.

Proof. Since the quadrate representation of C'(V @1iV) is irreducible on L?(C), the
factoriality follows if we can show that 7(C(V @iV'))|r2(c) is approximated by the
biaction of C (V).

In view of the stability of L?(C) under the Hilbert-Schmidt perturbation on
C'/2, we may assume that C has only point spectra by the previous lemma. Since
ker(C'—1/2) is assumed to be even-dimensional, we can find a Fock basis {a;, a} }jer
consisting of eigenvectors of C. For a finite subset F C L, let hp = HZGF h;
be a product of mutually commuting hermitian unitaries h; = aja; — aja; =
(aj + a¥)(a; — a}) in C(V) and define a unitary operator Up on L*(C(V)) by
Ur = Ad hp. By the way of definition, hr commutes with ¢ and

*

* k7 %k *
hFath:_al, hFath:_al,

if I € F', which are utilized to check the strong-operator convergence

lim Up =11

F—=L
on L?(C), whence II is approximated by the biaction of C(V) and so is 7(§ ®©n) =
(&) +r(mIfor&neV. O

Let P be a Fock projection on Ve and W = v @ Rh be a fermionic phase
space with one hermitian element h = h added to V. We choose (h|h) = 2 so that
h? = 1in C(W). Let g be a pseudo-Fock state of C(W) with S = P @ 1/2 an
extremal covariance operator. Let 7 be the quadrate representation of C(W @ iW)

on = %) . Since hpd ™ = ¢ y Lemma 3.5, we see
L2(S) = C(W)p/>C(W). Since het/* = o/ *h by L
CW)pg*C(W) = C(V)e *C(V) + C(V)eg *hO(V),

which is an orthogonal sum (the partner for h missing when evaluated) with each

component isometrically isomorphic to C (V)(p}g/ ’C(V) in view of the invariance of
s under the parity automorphism e (see the key lemma for more information).
Under this identification, the left and right multiplications of h are given by

0 1 0 r

[l 0/’ r 0)’
respectively. Here unitaries [,r on C (V)(p;mC(V) are defined by

1/2 1/2 1/2 1/2
Uzpy®y) = e@)eld®y,  rlapd®y) =z e(y).

Since any operator on L?(S) which intertwines the irreducible biaction of C'(V) is
realized by a two-by-two matrix of scalar components, it intertwines the biaction
of C(W) if and only if its matrix representation is of the form

()

Thus the center End(c(W)L2 (S)c(wy) is isomorphic to C @ C and generated by the

flip operator
1/2 1/2

T1¥g Y1+ Tapg e o

hys = x10d “hyr + x200g 2y2.
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For the GNS-representation, C' (W)(p}g/ 2 is decomposed into two equivalent irre-
ducible components of the left action of C'(V') by

CW)py? = C(V)pg® +C(V)pd h,

which is isometrically isomorphic to

C(V)py* @ C(V)py®

by

2oy +ypy’ = wod’ +yod .

Note that, in the last realization, the left multiplication of h is expressed by

0 II
I o)’
1/2

where II denotes the parity operator on C(V)pg
ducible components of C (W)gols/ % s given by
rEe(y) 12 yEe() 1/
TQDS/ + T@S/ h

. Thus the projection to irre-

ex(zpd® +ypy h) =

with hes = Fe4 and

26i<p1/2 - @;/2 15/211

are P-Fock vectors for C(V'). The corresponding pure states ¢4 given by
1 1
px(@) = S(pd” £ o *hla(pd® + o *h)) = ps(@) £ Sps(ha+ah), =€ CW)

are, however, not of the form of free state in view of ¢4 (h) = 1 or g4 o€ = .

9. ORTHOGONAL TRANSFORMATIONS AND AUTOMORPHISMS

Let M be a von Neumann algebra generated by a representation of a C*-algebra
A. Then we have a natural imbedding of L?(M) into L?(A). Let 6 be an automor-
phism of A. Then 0 is extended to a normal automorphism of M if and only if 6
leaves L*(M) C L*(A) invariant.

Here we shall investigate the automorphic action induced from orthogonal trans-
formations. Let @ be an automorphism of C(V') induced from g € O(V') and denote
by U = Ad# the induced unitary operator on L?(C(V)). Let C be a covariance oper-
ator and investigate the condition that U leaves L?(C') invariant. Since 6§ commutes
with the parity automorphism €, we see that Un(z @ y) = 7(gz & gy)U on L*(C).
Thus the invariance of L?(C) under U implies the stronger property that U on
L?(C) implements the automorphism of C'(V @iV') induced from g g € O(V @iV).
Since 7¢ is the GNS-representation of its quadrature ¢p, the problem is reduced
to unitary implementations on Fock representations.

Let P and @ be Fock projections for a phase space V.

Lemma 9.1.

(i) The group O(V) acts transitively on the set of Fock projections.
(ii) Assume that ker(P A (1—@Q)) is even or infinite dimensional. Then we can

find a hermitian operator h on VC such that b = —h (whence e € O(V)),
—m < h <7 and e Pe ™ = Q.
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We say P and @ are equivalent if P — @ is in the Hilbert-Schmid class. Choose
and keep an equivalence class of Fock projections once for all in this section.

Theorem 9.2. For g € O(V), the following conditions are equivalent.

i) The automorphism 6, leaves L2(P) = C (V)¢ *C(V) invariant.
g Yp

(ii) We can find a unitary operator U on C’(V)(,o}g/2 satisfying Uz§ = 6,4 (z)U§
for 2 € C(V) and £ € C(V)p} >

_ - /2

(iii) We can find a gPg~*-Fock vector inside C’(V)(pp/ .

(iv) Pg(1 — P) is in the Hilbert-Schmidt class.
(v) gP — Py is in the Hilbert-Schmidt class.

Proof. (i) <= (v): Let Q = gPg~'. Since gaé?/Z € L%(P) by (i), the dichotomy
shows that L?(Q) = L*(P), which is equivalent to (v) due to the Power-Stérmer
criterion.

(iv) <= (v) follows from Pg(1 — P) = (Pg — gP)(1 — P) and gP — Pg =
Pg(1 — P)— Pg(1 - P).

(ii) = (iii): For £ € PV C C(V), 0,(¢) € gPg~'V and

0,(E)Up? = Ucpl® = 0.

(iii) = (v): Let Hp = C(V)e? and identify L2(P) with Hp ® Hp. Let
¢ € Hp be a unit vector annihilated by left multiplication of gPg~' Cc V c C(V).
Then ¢ ® € is identified with @52 and hence @52 € L?(P). Thus L*(Q) = L*(P)
and (v) follows.

(v) = (ii): (v) implies L?(P) = L*(Q), whence ¢ p and ¢ are quasi-equivalent.

Since these are pure states, C (V)go}g/z and C (V)(pg * are unitarily equivalent and
we can find a unitary map U : Hp — H¢ intertwining left actions of C'(V'). Since

}3/2 by xgagz > 99(a:)<p119/2,

0, gives rise to a unitary map C’(V)gagz — C(V)p
Uy = 04U is a unitary operator on H and satisfies

Ugr = 0,2U = 04(x)U,
for x € C(V). O

Corollary 9.3. Let 6 be the automorphism of C(V') associated to an orthogonal
transformation g € O(V) and let C be a covariance operator. Then 6 leaves L?(C')

if and only if vVCgv/1 — C — /1 = Cgy/C is in the Hilbert-Schmidt class.

Proof. Let P be the quadrature of C'. Then, from the condition (iv) in the theorem,
6 leaves L?(C) if and only if

1-C
ve vi=o) (5 ) (V8) = vewT=C - vicave
is in the Hilbert-Schmidt class. O

If C' has a bounded inverse, then the condition is equivalent to requiring that
gC — Cg is in the Hilbert-Schmidt class. In fact, assume that v/Cgv1—C —
V1= CgV/C is in the Hilbert-Schmidt class. Then

9,/ (1=C)/Cl =C'?(VCygvy1=C — 1= CygVC)C~'/?
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is in the Hilbert-Schmidt class and then so is

A=C 128 vi—ayey 2+ [l va—o

Thus [C, g] = C[g, (1 — C)/C]C is in the same class.
Conversely, assume that [g, C] is a Hilbert-Schmidt operator. If we set h = 1-2C
with ||h|| < 1, then

2(VCgV1—=C =1 =CygVC)=vV1—hgvV1+h—V1+hgV1—h
=[V1—h,g]V1+h+V1+h[V1-h,g

+[g,V1—h?

is in the Hilbert-Schmidt class by Taylor expansion.

Definition 9.4. Let O¢(V) be the subgroup of O(V) consisting of g € O(V)
satisfying the equivalent conditions in the corollary. Note that Oc(V) = Op(V) if
VC — /D is in the Hilbert-Schmidt class.

Let g € Op(V), U be a unitary on H = C(V)QD}D/Q satisfying 8, = AdU and
IT be the implementer of € on H. By irreducibility, such an operator is unique up
to scalar multiplication and efze = 6, shows that IIUII is again an implementer
of 5. As a result, we can find ep(g) € C such that IIUII = ep(g)U. From
12 = 1, ep(g)? = 1.,¢, ep(g) = £1, which is referred to as a signature of g €
Op(V). Clearly, ep : Op(V) — {£1} is a group homomorphism. Note that
ep(g) = index(g~1 Pg, P).

Proposition 9.5. For g € Op(V), ker(PgP) N PVC is finite-dimensional and
ep(g) = £1 according to the parity of its dimension d:

1 if d is even
€ = (-1 = ’
rlg) =(=1) {—1 otherwise.

Proof. Let Q = g='Pg. Then ¢ € [P A (1 — Q)] if and only if P¢ = ¢ and Q¢ = 0,
ie., PgP¢ =0, hence [PA(1—Q)] = ker(PgP)NPV. Since P—(Q is in the Hilbert-
Schmidt class and (P — Q) =& for £ € [PA(1—Q)], d=dim[P A (1 - Q)] < .

Let U be a unitary implementation of 6, on C(V)go}:,/z. Then

HUCP}D/Q _ (_1)dim[P/\(17Q)] U(p};./2

by Lemma 7.12, which we compare with HUQO};/Q = ejy:»(g)Ul_hp}J/2 = EP(Q)UQD}D/Q.
O

10. BLATTNER’S THEOREM

Let C be a covariance operator on V and M¢ = End(L*(C)¢(v)) be the asso-
ciated central cut of C(V)** so that L?(C') = L?(M¢). Note that M is equal to
the W*-algebra generated by the GNS-representation of pc. An automorphism 6
of C(V) leaves Mc invariant if and only if Ad @ leaves L?(C) invariant. A charac-
terization of such transformations is given in the previous section. If we can further
find a unitary u € M¢ such that uzu* = 6(z) for x € Me, 6 is said to be inner
relative to C or simply C-inner. An orthogonal transformation g € O(V) is said to
be C-inner if so is the induced automorphism 6, of C(V).
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Let O¢ (V) be the subgroup of O(V) consisting of g € (V') such that 6, leaves
L?(C) invariant and let O (V) be the normal subgroup of Oc(V) consisting of
C-inner transformations. Remark that, for a Fock projection P, Op(V) = O%(V).

For a C-inner automorphism 6 with u € M a unitary implementer, we remark
0(u) = vuu* = u and ugplc/Qu* = (pc o~ 1)1/2,

We shall investigate the condition of C-innerness on g. When C' = 1/2 and V is
infinite-dimensional, this was solved by Blattner in the following form: g € O(V)
is inner relative to C'= 1/2 if and only if one of the following alternatives holds:

(i) g—1is in the Hilbert-Schmidt class and ker(g+1) is not odd-dimensional.
(ii) g + 1 is in the Hilbert-Schmidt class and ker(g — 1) is odd-dimensional.

We shall write Oz (V') instead of O] /2(V) and call it the Blattner group, which
turns out to be consisting of universally inner transformations.

Let IT = Ad € be the parity operator, which is a unitary involution on L2(C(V)),
and IIc be the restriction of II to the subspace L?(C) C L2(C(V)).

Let g € O(V) be C-inner and implemented by a unitary u € M¢. Since AdIL
makes M¢ invariant, IIull is also a unitary implementer of 6, and hence w*IIull
is in the center of M. Therefore, if My is a factor, we can find z € T such that
IIull = zu and I12 = 1 implies z = +1. In accordance with the case of Fock
projections, if we set ec(g) = z, ec gives a group homomorphism O (V) — {£1}
for a factorial C.

With these observations in mind, we consider the quadrate representation 7 of
C(V @ iV) and its restriction mc to the invariant subspace L?(C). Thus 7¢ is
naturally identified with the GNS-representation of ¢ p with P the quadrature of C'

(Proposition 3.5), which converts Il into the restriction of IIp to C(V @ z'V)go}D/z C

L?(P) as can be seen from HcgolC/Q = cpém and

Heme(z ® y)p'/? = —alley/? — 2%y = no(—z @ —y) e/

for z,y € vC.
The following argument (converting C-innerness into P-innerness) is due to

A.L. Carey ([3], cf. [6] also). Since IIcme(0 @ y) with y € vC s given by a
right multiplication of —y on L?(C), u € M means

ullemc (0@ y) = Heme(0 @ y)u for y € V(C,
which is equivalent to
urc(0® y)u* =7 (0@ +y) fory e V(C,

owing to the above observation. In view of unc(z @ 0)u* = 7c(gx ®0) for x € V(C,
the condition is further equivalent to

urc(z ®y)u* =7mo(gr ® ty) forzdy e vCavC.

Since m¢ is equivalent to the GNS-representation of pp and since

_ (9 O ,
gi—<0 j:1>€O(V631V),

one of the following alternatives is sufficient to ensure the C-innerness of g € O(V):

(i) 0y, is unitarily implementable on C(V @ iV)gp}g/z and ep(gy) =1 or

(ii) 64 is unitarily implementable on C(V & iV)go})/2 and ep(g-) = —1.
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Moreover, under the factoriality assumption on M¢ (this is the case if ker(C' —1/2)
is even-dimensional by Proposition 8.2), this is also necessary.

By Theorem 9.2 and Proposition 9.5, these conditions are equivalent to requiring
that

b 2070 2)-r(ahiat )

is in the Hilbert-Schmidt class and the parity of the kernel dimension of

(VC \/ﬁ)@ f1)< f()):ﬁ)g\@iu—c)

is equal to +1.

Theorem 10.1. Let C be covariance operator on V. Then g € O(V) is C-inner, if it
satisies one of the following alternatives. Operators gC—Cg and (£g—1)/C(1 — C)
are in the Hilbert-Schmidt class and

(_1)dimker(\/ag\/5i(1—0)) = +1.

Conversely, if g is C-inner, it satisfies one of the above alternatives under the extra
assumption of factoriality on Mc.

Corollary 10.2 (Blattner). Let V' be even or infinite dimensional. Then, for the
choice C' = 1/2, M¢ is a factor and O3(V) = O (V) consists of g € O(V') which
satisfies the Blattner’s condition. Moreover we have

() 1 if ker(g + 1) is finite and even-dimensional,
€ =
1/2 —1 if ker(g — 1) is finite and odd-dimensional.

Proof. The factoriality follows from Proposition 8.2 and we just apply the theorem
to get the result. ([
Remark 5.

(i) When V is finite-dimensional, in view of the form of spectral decompo-
sition of orthogonal transformations, the parity of V is equal to that of
dimker(g + 1) 4+ dimker(g — 1).

(ii) Let SO2(V) be the set of orthogonal transformations satisfying the even
Blattner condition. Then it is a normal subgroup of O3(V') such that
02(V)/SO2(V) & Zs.

Example 10.3. Assume that Mg is a factor. Then the parity automorphism e
is C-inner if and only if C'(1 — C) is in the trace class and ker(C' — 1/2) is even-
dimensional. (The factoriality assumption on M¢ is in fact a consequence of other
conditions. See Theorem 10.6.)

Lemma 10.4. Let g € O(V) satisfy the even Blattner condition; g — 1 is in the
Hilbert-Schmidt class and dimker(g + 1) is even. Then g is C-inner with an even
implementer for any covariance operator C.

Proof. Since g — 1 is in the Hilbert-Schmidt class, ker(g 4+ 1) is finite-dimensional.
Then 1 is the unique accumulation point of o(g) and the spectral decomposition of
g takes the form
g=-¢€p+ Z(ew"en + e gy
n>1
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with dime, =1, 0 < 6, <7 for n > 1 (consequently eq = ker(g — 1)) and

lg = 1zs =Y (e =17 + e —1]*) =8 sin*(6,,/2) < cc.

n>1 n>1
If we set

h = Z an(en - a)v

n>1

then it belongs to 02(V) and g = . Since e'" € 05(V) with

eith —1]|%¢ =8 ZsinQ(wn/Q)
n>1
and ker(e®®" + 1) = {0} for 0 < t < 1, the problem is reduced to the case of
arbitrarily small ||g — 1||gs with trivial ker(g + 1).

Let P be the quadrature of C' and set @ = g+Pg4__1. Then P — @ is in the
Hilbert-Schmidt class and [P A (1 — Q)] is even-dimensional, whence we can find
an operator iH € 0y(V) such that Q = e Pe=" with ¢/?() an even unitary
operator on L?(C) = C(V @ iV)go}D/Z satisfying ') (z @ y)e Q) = ¢ (1 @ y)
for xz,y € vC.

Since e~ g, commutes with P, the unitary operator Adf,-in 4, induced from

leaves L?(C) = C(V @ V)cpyz C L?(P) invariant. If we define an even unitary
operator U on L?(C) by U = ¢'@H) (Ad@efngJLz(C)), then it intertwines 6,, :
U (ﬂ(wl) . 7T(wn)g010/2) =7(grwy) .. .71'(g_,_wn)gplc/2
for wy,...,w, € V(CEBVC.
In other words, U € M¢ and
U(zxy ... :Encpé/Q) = (gz1) ... (ggvn)golc/2

forxl,...,anVC. |

The following reveals the universal nature of the Blattner condition in the inner
implementability problem.

Theorem 10.5 (Carey). For an arbitrary covariance operator C, we have O2(V) C
Op(V) and, for g € O2(V),

1 if g satisfies the even Blattner condition,
cclg) =

—1 if g satisfies the odd Blattner condition.
If V is infinite-dimensional and 0 ¢ o(C), then we have Oz(V) = O (V).

Proof. By the previous lemma, SO2(V) C O¢ (V).

Choose {a,a*} C V and set v = a+a*. Then the automorphism 0 = Adu leaves
V invariant in such a way that §(w) = —w for w € {a,a*}* and 0(a) = a*. If we set
h = 0|y, then h+1 is of finite-rank and ker(h—1) = Cu is one-dimensional. Thus h
meets the odd Blattner condition and at the same time it is implemented by the odd
unitary u € C(V). Now let g € O(V) satisfy the odd Blattner condition. Then gh
satisfies the even Blattner condition and hence C-inner. Since h € O2(V)NO4(V),
g is also C-inner.
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Now assume that dimV = oo and C has a bounded inverse. Then Mg is a
factor by the factoriality characterization below. Apply Theorem 10.1 to a C-inner
g € O(V) to see that g—1 or g+1 is in the Hilbert-Schmidt class. So we need to check
the parity condition to have g € O3(V): Suppose contrarily that g — 1 (resp. g+ 1)
is in the Hilbert-Schmidt class and that ker(g + 1) is odd-dimensional (resp. even-
dimensional). Then —g € O2(V) and —g is C-inner, whence —1 = g~1(—g) is
C-inner as well, i.e., the parity automorphism is C-inner. By Example 10.3, this
implies that C(1 — () is in the trace class, which contradicts with dimV = oo
because C' has a bounded inverse. (]

In this way, the characterization of C-innerness is almost completed aside from
the facoriality assumption. To discuss the case of non-factor M¢, we here establish
the characterization of factoriality of M¢ first.

Assume that Mc is not a factor. Then dim(C — 1/2) is finite and odd by
Proposition 8.2. Choose a real vector h € ker(C' — 1/2) such that (h|h) = 2. Then
h=h*=h"1in C(V) and hpc = ¢ch. Let W =V ©Rh and D = C|W(C be the

restricted covariance operator on wC. By a natural isometry L?(D) 3 :z:cp})/Qy >

xgang € L?(C), we can identify L?(D) with a C'(W)-subbimodule of L?(C') so that
L?(C) = L*(D)+L?(D)h. Note that L?(D)h = hL?*(D). Since ker(D—1/2) is even-
dimensional, Mp is a factor by Proposition 8.2, i.e., End(C(W)Lz(D)c(W)) = Cl1.
Since the adjoint of h on C(W) is the parity automorphism €, we have C(V) =
C(W) X, Zy and
End(cw)L*(C)ew)) =C @ C

if € is not D-inner. Since multiplications by h exchange these two components, we
see End(c(v)L?*(C)c(vy) = C1, ie., M¢ is a factor.

Thus the non-factor case of M¢ is narrowed to the case that € is D-inner. Apply
Theorem 10.1 to g = —1: € is D-inner if and only if \/D(1 — D) is in the Hilbert-
Schmidt class. (By the even dimensionality of ker(D —1/2), eg(—1) = 1 with @ the
quadrature of D, whereas the possibility eg(—1) = —1 is excluded by a mismatch
of parity.)

Let {d;}; be all eigenvalues of D counting multiplicity with 3, d;(1 — d;) <
oo. Since ker(D — 1/2) is even-dimensional, we can find a Fock projection for
ker(D — 1/2), which is added to the spectral projection for D > 1/2 to get a Fock
projection P on W so that /D — P is in the Hilbert-Schmidt class. Consequently
L?*(D) = L?(P) and we can find a unitary u € Mp = Mp which implements e.
Since u? implements the identity automorphism and Mp is a factor (of type I), u?
is a scalar operator. By adjusting phase factors, we may assume that u? = 1. Then
L?(D)uh > &uh — & € L*(D) is an isomorphism between C(W)-bimodules and

End(cin L (C)emw) = M2(C)
by
<Z Z) 1€+ nuh — al + by + (c¢€ + dn)uh

for ¢&,n € L?(D). It is immediate to see that operators of this form commute with
left and right multiplications of A if and only if a =d, b = ¢:

b
End(c(v)L*(C)evy) & {(Z a> sa,b € (C} ~CaC.
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Theorem 10.6 (Araki). Let C' be a covariance operator for V. The following are
equivalent.
(i) The W*-algebra End(L?(C)¢(v)) is not a factor.
(ii) The bimodule ¢y L?(C) (v is reducible.
(iii) The operator 1/C(1 — C) is in the Hilbert-Schmidt class and ker(C' —1/2)
is odd-dimensional.
(iv) We can find a non-Fock extremal covariance operator E such that vC—+/'E
is in the Hilbert-Schmidt class.

If this is the case, we have
End(L2<C)C(V)) >~ B(H) & B(H), End(c(v)LQ(C)C(V)) 2CoC.

Corollary 10.7. Let C' be a covariance operator on V with M¢ the associated
WH_algebra.
(i) The parity automorphism is inner on M¢ if and only if we can find a Fock
projection F such that v/C' — F is in the Hilbert-Schmidt class.
(ii) Mc is not a factor if and only if we can find a non-Fock extremal covariance
operator E such that v/C' — v/E is in the Hilbert-Schmidt class.

Theorem 10.8. Let C' be a covariance operator with Mc not a factor. Then
g € O(V) is C-inner if and only if gC — Cyg is in the Hilbert-Schmidt class and
det(g) = 1, i.e., g belongs to the connected component SO(V) in O(V) of the
identity transformation.

Proof. By the previous theorem, we can find a non-Fock extremal covariance oper-
ator E such that v/C' —+/FE is in the Hilbert-Schmidt class. Let g be C-inner. Then
0, leaves L?(C) = L*(E) leaves invariance, whence vEgy/1 — E — /1 — EgVE is
in the Hilbert-Schmidt class by Corollary 9.3. Let E = P + %|h)(h| be the spectral
decomposition with h = h € V satisfying (h|h) = 2 and set W = (P + P)V. Then
VE =P+ %|h)(h| and V1 —FE =P+ %|h)(h| are used to see that Pg— gP is in
the Hilbert-Schmidt class. On the other hand, v/C' = P + HS implies C = P + HS
and hence gC' — Cg is in the Hilbert-Schmidt class.

If h is an eigenvector of g, gh = +h and g commutes with P+ P = 1 — |h)(h|.
Then the reduced transformation gy is P-inner and we can find an implementing
unitary u satisfying 2 = 1.

In terms of the decomposition C(V)gp};/2 = C(W)QO}E/Q ® C(W)@}E/zuh, Mg =

End(C(V)go}E/QC(V)) is realized by the matrix representation

(Y

with x,y € Mp so that the left multiplication by h is represented by = =0, y = 1.
The unitary operator Adf, is then represented by

6 &)
b 8626 2)-G )

and
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shows that 0, leaves central projections

1/1 +#1

2 (il 1 )
of Mg invariant if and only if gh = h. Thue 0, is C-inner or not C-inner according
to gh = £h. Note here that under the invariance of Ch by g, the condition gh = h
is equivalent to the condition g € SO(V).

Now assume that h and gh are linearly independent. Then we can find a rotation
operator on {h,gh) which maps gh into h. So, if we extend it by the identity on
(h, gh)*, then we have a rotation transformation r € SO(V) such that rg preserves
Ch and r — 1 is of rank 2. Cleraly r is E-inner and the FE-innerness of g is reduced
to that of rg, i.e., whether rg belongs to SO(V) or not, which is equivalent to
g € SO(V) or not because r € SO(V). O

Investigate the state of density operator

exp(haa™ 4+ ka*a + za + Za™).

11. FREE STATES ON EVEN SUBALGEBRAS

Recall that the CAR algebra C(V) is Zy-graded and we have the parity decompo-
sition C(V') = Co(V)+C1(V) with Co(V) = C(V)Z2 the even subalgebra. We shall
here investigate the restriction of free states to Cyp(V') and their representations.

Let E : C(V) 3 z — (z+ €(x))/2 € Cy(V) be the conditional expectation.
An isometric embedding L?(Co(V)) — L2(C(V)) is then defined by yw'/?y’
y(wo E)Y/%y where y,y € Co(V) and w is a state of Cy(V).

Given an even state ¢ of C'(V) with the restriction to Co(V') denoted by g, we
have an orthogonal decomposition

C(V)p!/2C(V) = (C(V)p!/2C(V))o + (C(V)e!/2C (V)

with

(C(V)p/2C(V))o = Co(V)p!/2Co(V) + C1(V)e!/2C1(V),
(C(V)@2C(V))1 = Co(V)p!2C1L(V) + CoL(V)p!2Co (V)

and Cy(V)p!/2Cy(V) isometrically isomorphic to CO(V)go(l)/QCO(V). This simple
observation is already enough to see that, if two even states ¢ and 1 are disjoint,
then so are g and 9. Thus, for the analysis of representations free states on
Co(V), we may suppose that they are not disjoint as states on C(V), which is
equivalent to assuming that they are quasi-equivalent thanks to the dichotomy.

Lemma 11.1. Let S be a covariance operator for V' and assume that S is not a
projection. Then

Co(V)g!/2Co(V) = C1(V)g!/2C1(V).

Proof. Let wC = ker(S(I — S))t as in the proof of Proposition (main). By using
the expression C1(V) = C1(WL)Co(W) 4+ Co(WL)C1 (W) and its adjoint relation,
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we need to deal with four subspaces

Since C(W)pl/2 = @/2C(W) as witnessed in the proof of Proposition (main or
quadrature), Co(W)pl/2 = o1/2Co(W) and Cy(W)pl/2 = o1/2C (W) as even and
odd parts of this, which is then used to get (note that W # {0})

Co(W)pl/2Co(W) = Co(W)pl/2 = CL(W)CL(W)pl/2 = CL(W)pl/2C1 (W)
and

CL(W)pl/2Co(W) = Co(W)pl/2C1 (W), CL(W)pl/2C1 (W) = Co(W)pt/2Co(W).

Thus the four subspaces are included in Cy(V)p!/2C(V) and the claim is proved.
(I

Corollary 11.2. Let S and T be non-Fock covariance operators for V. Then
the restricted states (¢g)o and (7)o of Co(V) are quasi-equivalent if and only
if so are pg and @r. Furthermore, (ps)o and (¢7)o are disjoint unless they are
quasi-equivalent.

Proof. Since 1)'/? is an even vector and belongs to W by the quasi-
equivalence assumption, it in fact belongs to Co(V)¢/2Co(V') and then Cy(V)p1/2Cy(V) C
Co(V)pl/2Co(V). By symmetry, the reverse inclusion and therefore the equal-
ity Co(V)91/2Co(V) = Co(V)9'/2Co(V) hold, which means Co(V)ihy/>Co(V) =
Co(V)eq*Co(V). O

Before going into the exceptional case of Fock projections, we study the factori-
ality of restricted states first. Recall that, if a compact group G acts continuously
on a W*-algebra N by a group homomorphism 0 : G — Aut(N), then the crossed
product N x G is represented on L?(N) through the covariance representations of
{Ad(0y)}4ec together with the left or right action of N (the reason: the trivial rep-
resentaion is contained in the regular representation of G as a subrepresentation).
Since the fixed point subalgebra N¢ is identified with End(L?(N)yxc), we have
an imprimitivity bimodule yeL?(N)ywqg, which gives a kind of duality between
N& and N x G. For example, if N is a factor, G is finite and the action 6 is
outer, then N x G is a factor again, whence N¢ is a factor as well. If we apply
this observation to the W*-algebra M¢ generated from a free state oo of C(V)
and the parity automorphism, we obtain the following (Example 10.37 and Araki’s
characterization of factoriality of M¢):

Proposition 11.3. Let C be a covariance operator and assume that ¢¢c is not
quasi-equivalent to either a Fock state or a pseudo-Fock state. Then M¢ is a factor
and the parity automorphism is outer on M¢, whence (¢¢)o is a factor state of

Co(V).
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Proposition 11.4. Let P be a Fock projection for V. Then the left representations

of Cyp(V') on C’O(V)gp}:,/ * and on Cl(V)g@})/Q are irreducible and inequivalent.
Let ps be a pseudo-Fock state of C'(V'). Then the left representations of Cy(V)

on C’O(V)gqlg/ * and on Cl(V)cpls/ ? are irreducible and equivalent.

Proof. As a commutant of the parity operator II in Mp = B’(C(V)gp}f)7 Co(V)
generates the W*-algebra isomorphic to B(C’O(V)@}D/Q) ) B(Cl(V)gogQ).
Let h be a real central element of V such that h? = 1. Then C’O(V)@g2 is

isometrically isomorphic to Cl(V)go}g/ 2 by the right multiplication of A and, under
this identification, we see that Mg consists of elements of the form

a b
b a
. 1/2
with a, b € B(Co(V)pg 7). O

Now assume that C' is a covariance operator such that C'*/2 — P is in the Hilbert-

Schmidt class but C' is not a projection. Then C(V)gﬁ}:,/QC’(V) = C(V)galc/QC’(V)
and then by extracting the even part

Co(V)p i 2Co(V) & C1L(V)p *Cr(V) = Co(V ) *Co(V)

with C’O(V)@}D/ZCO(V) and Cl(V)(p})/ch(V) inequivalent components. Thus the
even part of L2(C) contains two inequaivalent factorial components, one of which

is equal to C’O(V)@}g/ 2CyV); the dichotomy breaks down here.

Choose an orthonormal basis {h;};>1 in V and consider the orthogonal transfor-
mation Ad(h1); Ad(h1)h; = —h; for j # 1 and Ad(h1)h1 = hi. Let @ be another
Fock projection defined by

1 1 -1 -1
Q= -1 P —1 _ 1 P 1

Then Co(V)(p)s>Co(V) and Co(V)(g)s >Co(V) are orthogonal and

Co(V)(pc)y *Co(V) = Co(V)(p)y > Co(V) + Co(V)(9@)e *Co(V).

Proposition 11.5. Let P and @ be Fock projections such that P — @ is in the
Hilbert-Schmidt class. Then pure states (¢p)o and (pg)o of Co(V') are equivalent
if and only if index(P, Q) = (—1)dmPA0=Q)] — 1,

Proof. According to the parity of index(P, @), <p1Q/2 belongs to C()(V)(,O}g/ 2Co(V) or
C’l(V)go}g/QCl(V) by Lemma parity. O

Remark 6. A covariance operator C satisfys the condition that we can find an
extremal covariance operator D (thus ¢p is either a Fock state or a pseud-Fock
state) such that v/C' — /D is in the Hilbert-Schmidt class if and only if C'(I —C) is
in the trace class. In fact,the condition is sufficient if we choose a spectral operator
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of C as D. To see the reverse implication, note that D(I — D) is an at most rank
one operator for an extremal D, whence

VC(I=C) = (VC—VDWWCT+VDNT - VD) + /DI - D)

is in the Hilbert-Schmidt class.
Note that D is a projection or not according to the parity of dim ker(C' — 1/2).

APPENDIX A. ANGLE OPERATORS
Let P, Q be projections in a Hilbert space H and set C' = (P — Q)2
Since —-Q<P-Q<P,0<(P-Q)><1and
P(P-Q)?=P(1-Q)(P-Q)=P(1-Q)P=(P-Q)*P,
QC=Q(P-Q)*=Q(1-P)Q

show that C' commutes with both of P and Q.
Note that

ker(P— Q) =(PAQ+(1—-P)A(1-Q)H,
ker(1 — (P-Q)*)=(PA(1-Q)+(1—-P)AQ)H.
We think of these subspaces being trivial and focus on operators reduced by the
spectral projection E = [C(1 — C)] of C = (P — Q)?, which is the orthogonal
complement to

PAQ+1-P)N1-Q)+PAN(1-Q)+(1-P)AQ.

In other words, subtracting these trivial subspaces out of H, we assume that £ =1
in what follows.
Consider the polar decomposition of (1 — Q)PQ. From the relation

QP(1-Q)PQ =QPCQ =QPQC =QC(1-C),
if we denote the phase part by U, it satisfies

1-Q)PQR=U/QC(1-C) and U'U=[QC(1-0C)]=Q.
Here in the last equality, we have used [C'(1—C)] = 1. From a similar computation
(1-Q)PQP(1-Q) = (1-Q)P(1-C)(1-Q) = (1-Q)P(1-Q)(1-C) = (1-Q)C(1-0),
we have UU* = [(1 — Q)C(1 — C)] = 1 — Q, which is used to get U?> = 0 = U*U*
and (U —U*)? = —1.
If we set iH = (U — U*) arcsin V/C, ¢! = /1= C 4 /C(U — U*) is a unitary
and e Qe = P.

Qe ™ = (1-C)Q+/C(1-C)U ++/CA-O)W*+C(1-Q)
=(1-(P-Q)Q+(1-QPQ+QP(1-Q)+(P-Q)*1-Q)
=R-(1-P)Q-(1-Q)PQ

+(1-QPR+QPA-Q)+P(1-Q)-QP(1-Q)
=P
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Remark 7. A model for computation is the following: Let 0 < 6 < m/2.
P=(comnams o) @=(0 o)
=(P-QF= (Sirge sir102 9) ’
(). )
re ().

Now le P and Q be Fock projections on a *-Hilbert space V. In view of C = C,
we observe

UyCO(1-C)=Q(1-P)(1-Q)=-QP(1-Q)=-U*/C(1-0),
which gives U = —U* by the uniqueness of polar decomposition, whence e¢’# is an
orthogonal transformation on EV.

Since P A (1 — Q) = (1-P)AQ, we can find a partial isometry u from PA(1-Q)

o(l1-P)AQ and
T=PAQ+(1-P)AN1-Q)+u+a+VE—-C+VCU-U")

is an orthogonal transformation on V satisfying TPT™* = Q.
The obstruction to writing T" of the form T = €' is the parity of n = rank(P A
(1 -Q)) = rank((1 — P) A Q. In fact, choose an orthonormal basis {&;}1<j<n of

[PA(1—Q)] and set vj = (§;+&;)/V2, wj = (£ — &;)/+/2i, which constitute a real
basis of [P A (1 — Q)+ (1 — P) A Q] and, if a real partial isometry u is defined by

it has a matrix representation of the form

1, 0
0 —1,

with respect to the basis {v;,w;}. Thus, if the rank n is finite and odd, it is
impossible to express u + @ in the form e*® with h* = h = —h, while for the even
rank, we can find such an operator h of spectrum {0, £7}, and T = €' if we set

= (U - U*)arcsin VC + ih,

which is in the Hilbert-Schmidt class, i.e., in 02(V). For example, we may choose
00 0 O
. 00 0 O
th=10 0 0 -
00 @ O

in the case of n = 2. Note that, in the last matrix representation, the conjugation
is given by the ordinary component-wise complex conjugation, which guarantees
th = ih.

Remark 8. The previous model does not serve Fock projections.
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In the text, we are faced with the situation where P—(@ is in the Hilbert-Schmidt
class. In that case, the spectrum o(C) is discrete except for the value 0 and, for an
eigenvalue 0 < ¢ < 1, ker(C — ¢) is finite-dimensional. Note that @ leaves invariant
these eigenspaces.

Let £ € V satisfy C¢ = ¢€ and Q€ = &. Then U € (1 — Q)V is orthogonal to &*

from
(Ugle) = (€|U™e") = —(€UE") = —(€|(U€)") = —(UE[¢7).
In this way, we have an orthonormal system {£,n,&*,n*} of ker(C' — ¢) satisfying
QE=¢ Qn=n Us=n", Un=-¢".

If this is not a basis for ker(C' — ) we can repeat the construction to conclude that
we can find a Fock system {a}, b T a], b;} constiting of eigenvectors of C(1 — C') of
non-zero eigenvalues such that aj, b € QV and

Ua;zbj, Ub;f:—

If we use § = arcsinc (0 < § < 7/2) as a parameter, on the reducing subspace

(a] ,a3,a4,0b; i), we have the following matrix representation with respect to a Fock

basis {a}, J,a],b }:

« (0 J w2, (10
U-U _<J O)’ C =sin 9]<0 I)’
(0 Jb; i (IcosB; Jsinf;
ZH(JGj O)’ € <Jsin9j Icosf; )’

Q= p_ I cos? 0; —J cosfsinf;
—\0 0/ J005951n9 Isinzﬁj

0 -1 1 0
(G o) =G0
Consequently, the Hilbert-Schmidt class operator ¢H is given by

iH = Ze(w — Jag) (b1 + 165 (al = |a})(b1).

with

Since P is represented by

sin9j 0
Isinf; . 0 sin 6; sin 6 0 0 —cosb;
(Jcos%‘j) (Ismﬁj Jcosﬁj) - 0 cosﬂjj < 0 ! sinf; cosd; 0 ]> ’
—cos b 0
we have

P(a},b5,a5,b;) = (a} sin0; — b; cos0;, b5 sinf; + aj cos ).
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APPENDIX B. DETERMINANT

Let A be a linear operator on a vector space V. If V is finite-dimensional and A
is diagonalized with respect to an eigenbasis (v;) so that Av; = a;v;, then

ANFA=AN---ANA

is diagonalized relative to the basis (vp), where F' is a finite subset of {j} such that
|F| = k and vp = Ajepv;. Therefore (AFA)vp = (ITjer aj)vr and

trace(A*A) = Z H aj.

|F|=k jEF
With these trace relations, we have
det(A\ — A) = H()\ —a;) = A" — X" trace(A) + - - + (—1)"trace(A" A)
J
and then, by replacing A with —1/z,
det(I + zA) = 1 + trace(A)z + - - - + trace(A" A)z".
Now assume that V' is a Hilbert space and A is in the trace class. Recall that
for a positive operator A, the value

trace(A4) = Z(fg |AE;)

j
is independent of the choice of an orthonormal basis (§;). A bounded operator A

is said to be trace-class if ||Al|; = trace(]A|) < oo. For a trace-class operator, the
value (called the trace of A)

PG

J
is again independent of the choice of an orthonormal basis (¢;) and denoted by
trace(A).

A bounded operator A is called a Hilbert-Schmidt operator if A*A is in the trace
class. The Hilbert-Schmidt norm of a Hilbert-Schmidt operator A is then defined

by ||Allgs = y/trace(A*A).

Let A and B be hermitian operators. Then
A+ iBllp = max{|[|Al|p, | Bll,}

for 1 <p<+co.
Let

P, = % Z e(o)o

" o€eS,
be the projection to A"V C V&, We set

vl/\-~-/\vn=\/mPn(v1®~-~®vn)

so that

(Vi Ao Avplwr A - Awy,) = det(vj|wy).
Wedge operation is also applied to operators: Given operators Ap,..., A, on V|
set

AN NA, =P, (A1® - ®A,)P, =.
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When A; = A for 1 < j <n, we write A" A and remark that
(A"A)(vr A~ Avp) = Avp A -+ A Awy,

in view of the commutativity of P, and A®™. The following is immediate from the
definition.

(Ag N ANA)) =AT A NAS
and
(A"A)(A"B) = \"(AB).
In particular, if A = U|A| is a polar decomposition, then so is A" A = (A"U)(A"|A]).

If |A| is trace-class with {a;} eigenvalues of |A],

Eltrace(A¥|Al) < Zag = || Alf

shows that || AF (A)|l; < ||A||¥/k!. Taking summation on k > 0, we define the
(Fredholm) determinant

det(I + A) Ztrace kA
k>0

of I + A as an absolutely covergent series, which satisfies
|det(I + A)| < el

The estimate for A" A is now generalized in a multiple way: If A, B and C are
trace-class operators on V,

k-times l-times m-times

1 m
| AN A ANB A ABATA A C < A BILICIE

In fact,

| Petiym (A% @ B2 @ C®™) Pryiimlia
= | Peri4m(A®" @ B¥ @ C*™)(Py @ Pi @ Ppn) Pryitmlh
< Prtieml (A% @ B! @ C¥™)(P, @ Pr @ Po) |1 || Priom||
= A*A@ A B AC|L = (| A Al | A" By | A™ Clla
Al 1B IC|T
- k! I m!

Let A and B be trace-class operators on V. Then

|det(I + ) — det(I + B)| < | A — Bllyel4I+1ZI1,
If the identity
A®n_Bon _ g8n_ A®m-1op i A®n-1)op_  A®n-2)oBaBy...4 AgB®M-1)_pgén
is reduced by the projection P,, then we have

A"A—A"B=A"TANA-B)+A"?AN(A-B)AB+---+(A-B)AA""'B
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and its trace norm is estimated by the previous inequality as
n—1
A" A= AB™lL < [|A= Bl Y [ A"* 1 Al A Bl
k=0

n—1

1 ke
< ||A—B|\1Zm||f4”? "Bl
prs k!

1 —
= GoillA — Bl (4l + 1B1)" "

Let C), be a sequence of positive operators and assume that it converges to a

positive operator C' in the weak operator topology. By a simple manipulation like
Fatou’s lemma, we see

lim inf trace(C,,) > trace(C).

n—0o0

If we further assume that 0 < C,, <1 and trace(C) = 400, then
lim det(I — C,) =0.
n— 00

In fact, if limsup,, , ., det(I — C,) > 0, then we can find § > 0 and a subsequence
(n') such that

det(I - Cn/) 2 1)
for n > 1. This particularly implies C,,y < (1 —§)I and

SN

and hence
trace(C,,/) < trace(Cps 4+ C2, +...) <

)

SRS

which contradicts with

lim inf trace(C,,) > trace(C) = oco.

n—oo

APPENDIX C. PURIFICATION

Consider a measurable family {M;}:cr of W*-algebras with the integrated W*-

algebra
@
M = / Mt .
T

Here T is a measure space with a specified measure class. Then the purification
representation m of M ® M?° is disintegrated as

(&)
7r(a®b°):/ m(ar ® by)
T

[52] 52
CL:/ Qg b:/ bt
T T

soz/T%u(dt)

for

in M. Let
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be an integrated positive normal functional of M. Note that the measure y is the
pullback of ¢ by L>(T) C M and the measurable family {¢;} is supported by p.
Then the purification ® of ¢ is also decomposed as

B(a®b°) = / (s @ b9) plde).

If each M, is factorial, then ® can be described in terms of a measurable family of
density operators (rank-one operators in this context) as

80 = [ utatys(jel/) (o1 m()

and then ®'/2 corresponds to

1/2 1/2 1/2
p(dt loy ) (g " Jtr
@0 iy

Thus, if ¥ is a purification of ¥ with the pullbacked measure v,

) [
(@2 w1/?) = /\/ dt)v(dt) oD

APPENDIX D. QUADRATURE
Finally consider the case that dim V' is finite and odd. With the notation in §1,
7 ®0): '@y = @Y
7c®0): 2’ @y — 2’ & —y
70 2) 2" ®y — ()2 ®e(a')2
7(0®c): 2 oy — e(y) ® —e(2)).
The third and the fourth are combined to have
70 )\ m0@c): ' &y — —a'2 &y

The commutativity with the first operators forces us to take

/ b/
e @) (5 )

with o/, 0, ¢/,d’ € C(V'). The commutativity with the second operator then re-
quires b’ = ¢’ = 0, whereas the combined operations show that a’ and d’ are scalars
in view of the factoriality of C(V'). Lastly, the commutativity with the fourth
operator means o' = d’, proving the triviality of #(C(V & V))".

APPENDIX E. BILINEAR FORMS ON HILBERT SPACES

Let 8(x,y) be a bounded bilinear form on a Hilbert space H. The unitary group
U(H) naturally acts on the set of bilinear forms by

(BT)(z,y) = B(Tz,Ty),  x,y€eH.

Choose a real structure on H, i.e., a conjugation x — T on H, and the associated
transposed map operation on T' € H(H) is denoted by *T. If we express 8 by a
bounded operator B so that

B(x,y) = (Z|By),
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then BT corresponds to ‘T’BT. Note that, we change the real structure to a new
one 'z = VV*z = V'VZ with V € U(H), then B is changed to V'V B.

The bilinear form is symmetric or alternating according to *B = B or !B = — B,
which is assumed in what follows and we try to find a standard form under the
action of U(H). By passing to the orthogonal complement of

{z e H;B(z,y) =Vy € H} ={y € H; B(z,y) = Vo € H},

we may assume that [ is non-degenerate for this problem.

Let B = U|B| be the polar decomposition. Note that the positive part |B| is
independent of the choice of real structure. Taking transposed, the uniqueness of
polar decomposition implies

U =+U, |B| ='U*!|B|'U.
The first identity is then used to We introduce an antiunitary operator C : H — H
by
Cz=Uz,
which satisfies C? = +1 as a consequence of the first identity *U = +U. The second
identity |B| = U|B|U* is then equivalent to |B|C' = C|B| by
|B|Cx = |B|Uxz = |BlUz = U|B|z = C|Blz.

Proposition E.1. Let § be a non-degenerate bilinear form which is symmetric or
alternating.

Then we can find a positive operator D and an antiunitary operator C' on H so
that C commutes with D, satisfies C? = 41 according to 3(z,y) = +£5(y, x), and

B(z,y) = =(Cx|Dy)

for z,y € H.

Conversely, a pair of operators (C, D) satisfying CD = DC and C? = %1 gives
rise to a symmetric or alternating bilinear form S by the above relation, and the
pair (C, D) is uniquely determined by 7.

We describe the results in the finite-dimensional cases.
(i) Symmetric Case
We fan find an orthonormal basis {£;} with d; > 0 so that

B(&;,Ek) = 0j.kd;-

(ii) Alternating Case
We can find an orthonormal basis {£;,1;} U {(;} with d; > 0 so that {(;} spans
the kernel of 5 and

B(&me) = =B, §;) = dj6ds, B, k) = Bng,mk) = 0.

APPENDIX F. VON NEUMANN’S THEOREM

Lemma F.1. Let 0 < a <1 be a bounded operator on a Hilbert space H. Given
a finite family of vectors {{;}i<j<n in X and € > 0, we can find a finite rank
projection p and a finite-rank hermitain operator h such that

A =p)&ll<e<j<n), [hlz2<e 0<a+th<1, f[athp]=0.
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Theorem F.2. Let a be a bounded hermitian operator on a seperable Hilbert
space H satisfying A\ < a < pl with A < g real numbers. Given any ¢ > 0, we
can find a hermitian operator b of pure point spectra satisfying A\l < b < ul and
la —0b]l2 <e.

Proof. By a linear functional calculus, we may suppose that A = 0 and p = 1.
Choose a countable dense set {&;};>1 of vectors in H. Then applying the lemma
for {£1} and €/2, we can find a finite-rank projection p; and a finite-rank hermitian
hy such that

(T=p)&l <€/2, ||hl2<€/2, 0<a+h <1, [a+hi,pi]=0.

Next, apply the lemma to (1—p1)(a+hy) on (1—p1)H, {(1—p1)&1, (1—p1)&} and
€/22, we can find a finite-rank projection ps < 1 — p; and a finite-rank hermitian
hs = ha(1 —p1) such that 0 <a+ hy + hy <1 and

[(1—p1r—p2)&l <€/2% (1 =1,2), |hall2 <€/2%, [a+hi+ ha,ps] =0.

By an obvious repetition of constructions, we can find a sequence of mutually
orthogonal finite-rank projections {p,} and a sequence of finite-rank hermitians

{hn} such that h,, = hp(1 —p; — -+ — pp_1) and
[(L=pr = =pn)&ll <€/2" 1 <j<n),  |hnll2 < €/27,
0<a+hi+-+h, <1, [a+hi+ - +hyp) =0
for n > 1.
Now set b = a + Zn21 By Then 0 < b < 1 with |la —bll2 < > ||hnllz < e
Since lim, (1 —py — -+ — pp)&; = 0 for each j > 1, we have )  p, = 1. From

hi(p1+ -+ pr—1) =0, we see
[bapn] = [a’+h1 + e + hn,pn] = Oa

whence p,, is a spectral projection of b. ([l
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