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1. Algebras and Representations

By a *-algebra, we shall mean an algebra A over the complex num-
ber field C which is furnished with a distinguished conjugate linear
transformation ∗ : A→ A (called a *-operation) satisfying

(a∗)∗ = a (ab)∗ = b∗a∗, a, b ∈ A.

Exercise 1. If A has a unit 1A (i.e., A is unital), then 1∗ = 1.

An element a in a *-algebra A is said to be hermitian if a∗ = a. A
hermitian element p is called a projection if p2 = p. When A has a
unit 1, a is said to be unitary if aa∗ = a∗a = 1.

A *-algebra is said to be unitary1 if it is generated by unitaries.

Example 1.1. Given a *-algebra A, the n× n matrix algebra Mn(A)
with entries in A is a *-algebra.

Example 1.2. Let C[X] be the polynomial algebra of indeterminate
X and make it into a *-algebra by (

∑
n≥0 anX

n)∗ =
∑

n≥0 anX
n. Then

0 and 1 are all the projections and constant polynomials of modulus 1
are all the unitaries.

1Warning: This is not a common usage of terminology.
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Example 1.3. Given a group G, the free vector space CG =
∑

g∈G Cg
generated by elements in G is a *-algebra (called a group algebra) by
extending the group product to the algebra multipliction and defining
the *-operation so that elements in G are unitary. The group algebra
CG is unitary.

Exercise 2. Let A be the vector space of functions of finite support
on a group G and make it into a *-algebra (convolution algebra) by

(ab)(g) =
∑
g′g′′=g

a(g′)b(g′′), a∗(g) = a(g−1).

The convolution algebra A of G is naturally isomorphic to the group
algebra CG.

Given *-algebras A and B, their direct sum A⊕B and tensor product
A⊗B are again *-algebras in an obvious manner.

Exercise 3. The matrix algebra Mn(A) is naturally identified with the
tensor product Mn(C)⊗A.

Let H be a pre-Hilbert space; H is a complex vector space with a
positive definite inner product ( | ). A linear operator T : H → H is
called the adjoint of a linear operator S : H → H (and denoted by
S∗) if it satisfies (ξ|Sη) = (Tξ|η) (for ξ, η ∈ H). A linear operator S
on H is sadi to be bounded (on the unit ball) if ‖S‖ = sup{‖Sξ‖; ξ ∈
H, ‖ξ‖ ≤ 1} is finite. Let L(H) be the set of linear operators on
H having adjoints, which is a unital *-algebra in an obvious way. The
subset B(H) of L(H) consisting of bounded operators is a *-subalgebra.
When H is complete, a linear operator on H has an adjoint if and only
if it is bounded thanks to the closed graph theorem and the Riesz
lemma, whence L(H) = B(H).

By a *-representation of a *-algebra A on a pre-Hilbert space H,
we shall mean an algebra-homomorphism π : A → L(H) satisfying
π(a)∗ = π(a∗) for a ∈ A. When ‖π(a)‖ <∞ for every a ∈ A, π is said
to be bounded. If A is unitary, any *-representation is automatically
bounded, i.e., π(A) ⊂ B(H). Two *-representations πi : A → L(Hi)
(i = 1, 2) are said to be unitarily equivalent if we can find a unitary
map T : H1 → H2 satisfying Tπ1(a) = π2(a)T (a ∈ A).

It is often convenient to regard the representation space H as a left
A-module by aξ = π(a)ξ. A right A-module structure then corre-
sponds to a *-antirepresentation, i.e., an algebra-antihomomorphism
π : A → L(H) satisfying π(a)∗ = π(a∗), by the relation ξa = π(a)ξ.
A pre-Hilbert space H is called an A-B bimodule (B being another
*-algebra) if we are given a *-representation λ : A → L(H) and a
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*-antirepresentation ρ : B → L(H) satisfying λ(a)ρ(b) = ρ(b)λ(a) for
a ∈ A and b ∈ B, i.e., (aξ)b = a(ξb) in the module notation. An A-A
bimodule H is called a *-bimodule if we are given an antiunitary 2

involution ξ∗ on H satisfying (aξb)∗ = b∗ξ∗a∗ for a, b ∈ A and ξ ∈ H.
A linear functional ϕ on a *-algebra A is defined to be positive if

ϕ(a∗a) ≥ 0 for a ∈ A. A positive linear functional ϕ on a unital *-
algebra A is called a state if ϕ(1A) = 1 (1A being the unit element of
A). A linear functional τ on an algebra A is called a trace or said to
be tracial if τ(ab) = τ(ba) for a, b ∈ A.

Example 1.4. Given a *-representation π : A → L(H) and a vector
ξ ∈ H, ϕ(a) = (ξ|π(a)ξ) gives a positive linear functional. When ξ is
a unit vector, ϕ is a state. This kind of state is called a vector state.

Exercise 4. Given a bounded *-representation π : A → B(H) and a
sequence {ξn}n≥1 of vectors in H satisfying

∑
n≥1(ξn|ξn) = 1, observe

that

ϕ(a) =
∞∑
n=1

(ξn|π(a)ξn)

defines a state on A. By specializing to A = M2(C), recognize the
difference between states of this form and vector states.

Example 1.5. Let C0(H) be the set of finite rank operators on a
Hilbert space H. Then C0(H) is a *-ideal of B(H) and the ordinary
trace defines a positive tracial functional tr on C0(H).

Example 1.6. Every probability measure µ on the real line of finite
moments defines a state on the polynomial algebra C[X] by

ϕ

(∑
n

anX
n

)
=
∑
n

an

∫
R
tnµ(dt).

Conversely, any state arises in this way (the existence part of the Ham-
burger moment problem). See §X.1 in Reed-Simon for more informa-
tion.

Example 1.7. In the group algebra CG, positive linear functionals ϕ
are one-to-one correspondence with positive definite functions on G by
restriction and linear extension. The state associated to the positive
definition function

δ(g) =

{
1 if g = e,

0 otherwise

2A conjugate-linear operator J on a pre-Hilbert space H is called an antiunitary
if it satisfies (Jξ|Jη) = (η|ξ) and JH = H.
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is called the standard trace.

Exercise 5. The standard trace δ has the trace property: δ(ab) = δ(ba)
for a, b ∈ CG.

Given a positive linear functional ϕ on a *-algebra A, we define a
*-representation as follows: The inner product (a|b) = ϕ(a∗b) on A

is positive semidefinite and the representation space is given by the
associated pre-Hilbert space H, i.e., H is the quotient vector space
relative to the kernel of ( | ). The non-degenerate inner product on
the quotient space is also denoted by ( | ), whereas the quotient vector
of x ∈ A in H is denoted by xϕ1/2. The inner product then looks
like (xϕ1/2|yϕ1/2) = ϕ(x∗y) and we introduce a representation π by
π(a)(xϕ1/2) = (ax)ϕ1/2, which is well-defined in view of the Schwarz
inequality

|ϕ(a∗b)|2 ≤ ϕ(a∗a)ϕ(b∗b), a, b ∈ A.

In fact, if x is in the kernel of the inner product,

ϕ(x∗a∗ax) ≤ ϕ(x∗a∗aa∗ax)1/2ϕ(x∗x)1/2 = 0

shows that ax is in the kernel as well. Moreover, the relation

(xϕ1/2|π(a)yϕ1/2) = ϕ(x∗ay) = (π(a∗)xϕ1/2|yϕ1/2)

shows that π(a)∗ = π(a∗), whence π is a *-representation.
The representation obtained in this way is referred to as the GNS-

representation or its process as the GNS-construction. When A is
unital, we have a distinguished vector ϕ1/2 = 1Aϕ

1/2 in the repre-
sentation space, which is cyclic with respect to π in the sense that
H = π(A)ϕ1/2.

Conversely, if we are given a *-representation (π,H) of a *-algebra
A and a cyclic vector ξ ∈ H for π, the formula ϕ(a) = (ξ|π(a)ξ) defines
a positive linear functional and the associated GNS-representation is
unitarily equivalent to the initial one by the unitary map aϕ1/2 7→ π(a)ξ
(a ∈ A).

Remark 1. GNS is named after I.M. Gelfand, M.A. Naimark and I.E. Se-
gal.

As a simple application of GNS-representation, we can show that
tensor products of positive functionals are again positive: Let A, B be
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*-algebras and ϕ : A→ C, ψ : B→ C be positive. Then

(ϕ⊗ ψ)(
∑
j

aj ⊗ bj)∗(
∑
k

ak ⊗ bk)) =
∑
j,k

ϕ(a∗jak)ψ(b∗jbk)

= (
∑
j

ajϕ
1/2 ⊗ bjψ1/2|

∑
k

akϕ
1/2 ⊗ bkψ1/2) ≥ 0.

This can be also seen from the fact that entry-wise multiplications of
positive matrices are again positive.

Example 1.8. Given a positive trace τ on a *-algebra A, the asso-
ciated GNS-representation space Aτ 1/2 is made into a *-bimodule by
(aτ 1/2)∗ = a∗τ 1/2 (a ∈ A).

Proposition 1.9. Let ω be a positive functional on a unitary algebra
A with π : A → B(H) the associated GNS-representation. Then the
following formula gives a one-to-one correspondence between positive
functionls ωT on A majorized by ω and positive operators T in the
commutant π(A)′ = {T ∈ B(H);Tπ(a) = π(a)T, ∀a ∈ A} majorized
by the identity operator 1H .

ωT (a) = (Tω1/2|π(a)ω1/2), a ∈ A.

Proof. Let ϕ be majorized by ω, i.e., ϕ(a∗a) ≤ ω(a∗a) for a ∈ A. Then
by Schwarz inequality

|ϕ(x∗y)| ≤ ϕ(x∗x)1/2ϕ(y∗y)1/2 ≤ ω(x∗x)1/2ω(y∗y)1/2 = ‖xω1/2‖ ‖yω1/2‖,

we see that xω1/2 × yω1/2 7→ ϕ(x∗y) gives a bounded sesquilinear form
on the completed Hilbert space H, whence we can find a bounded linear
operator T on H satisfying

ϕ(x∗y) = (xω1/2|T (yω1/2)) x, y ∈ A.

By equating ϕ(x∗(ay)) and ϕ((a∗x)∗y), we have T ∈ π(A)′. Further-
more, the condition 0 ≤ ϕ(a∗a) ≤ ω(a∗a) means the operator inequality
0 ≤ T ≤ 1H.

The converse implication is immediate and the proof is left to the
reader. �

Definition 1.10. Given a vector η in a Hilbert space H, the linear
functional η∗ : H → C is defined by η∗(ξ) = (η|ξ) for ξ ∈ H. By Riesz
lemma, the dual space H∗ of H is of the form H∗ = {η∗; η ∈ H} and it
is a Hilbert space by the inner product (ξ∗|η∗) = (η|ξ). The *-algebra
B(H) then naturally acts on H∗ from the right by η∗a = (a∗η)∗. For
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ξ, η ∈ H, define a rank one operator ξη∗ ∈ C0(H) by3

(ξη∗)ζ = (η|ζ)ξ, ζ ∈ H.

The notation is compatible with the multiplications by elements in
B(H): a(ξη∗)b = (aξ)(η∗b).

Example 1.11. Let tr be the ordinary trace on the finite rank operator
algebra C0(H). Then the correspondence ξη∗tr1/2 7→ ξ ⊗ η∗ gives rise

to a unitary map from the GNS-representation space C0(H)tr1/2 onto
H ⊗H∗.

Example 1.12. The GNS-representation associated to the state on
C[X] realized by a probability measure µ on R is identified with the
multiplication operator by polynomial functions on the Hilbert space
L2(R, µ).

Example 1.13. The GNS-representation of the standard trace of a
group algebra CG is identified with the regular representation of G:

(aδ1/2|bδ1/2) = δ(a∗b) =
∑
g∈G

agbg for a =
∑
g∈G

agg, b =
∑
g∈G

bgg.

By the trace property of δ, the representation space `2(G) is a *-
bimodule of CG.

When G is commutative, `2(G) is unitarily mapped onto L2(Ĝ) (Ĝ
being the Pontryagin dual of G) with the representation of CG unitarily

transformed into the multiplication operator on L2(Ĝ) given by the
function

Ĝ 3 ω 7→
∑
g∈G

ag〈g, ω〉 for a =
∑
g∈G

agg ∈ CG.

Exercise 6. For G = Z, identify Ẑ with T and the unitary map `2(Z)→
L2(T) with the Fourier expansion.

On a *-algebra A, introduce a seminorm ‖ · ‖C∗ by

‖a‖C∗ = sup{‖π(a)‖; π is a bounded *-representation},
which satisfies

‖ab‖C∗ ≤ ‖a‖C∗ ‖b‖C∗ , ‖a∗a‖C∗ = ‖a‖2
C∗ .

Exercise 7. Check the following: ‖a∗‖C∗ = ‖a‖C∗ for a ∈ A and
{a ∈ A; ‖a‖C∗ = 0} is a *-ideal of A.

Example 1.14. If G is commutative, we shall see later that ‖a‖C∗ =
‖π(a)‖ for a ∈ CG, where π is the regular representation of G. The
condition is known to be equivalent to the so-called amenability of G.

3According to Dirac, ξη∗ is often denoted by |ξ)(η|.
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2. Gelfand Theory

Definition 2.1. An algebra A is called a Banach algebra if it is
furnished with a complete norm satisfying ‖ab‖ ≤ ‖a‖ ‖b‖ for a, b ∈ A.
A Banach algebra A is called a Banach *-algebra if it is further equipped
with a *-operation satisfying ‖a∗‖ = ‖a‖ for a ∈ A. A Banach *-algebra
A is called a C*-algebra if the norm satisfies ‖a∗a‖ = ‖a‖2 for a ∈ A.

The completion of the quotient *-algebra A/I relative to ‖ · ‖C∗ (I =
{a ∈ A; ‖a‖C∗}) is a C*-algebra. For a group algebra A = CG, I =
{0} and the associated C*-algebra is called the group C*-algebra and
denoted by C∗(G).

Example 2.2. If we introduce a norm on the group algebra CG by

‖
∑
g∈G

f(g)g‖1 =
∑
g∈G

|f(g)|,

then it satisfies ‖ab‖1 ≤ ‖a‖1 ‖b‖1 and ‖a∗‖1 = ‖a‖1, whence the norm
completion `1(G) of CG is a Banach *-algebra.

Example 2.3. The closure of the finite rank operator algebra C0(H)
in the operator topology on B(H) is a C*-algebra as a norm-closed *-
ideal of B(H), which is referred to as the compact operator4 algebra
and denoted by C(H).

Exercise 8. If H1 is compact in the norm topology, then dimH <∞.

The norm ‖a‖2 = ‖atr1/2‖ =
√

tr(a∗a) on C0(H) is known to be the
Hilbert-Schmidt norm and satisfies

‖ab‖2 ≤ ‖a‖‖b‖2, ‖b∗‖2 = ‖b‖2 ≥ ‖b‖, a ∈ B(H), b ∈ C0(H).

Thus the completion of C0(H) relative to the Hilbert-Schmidt norm,
which is included in C(H) and denoted by C2(H), is a Banach *-algebra
and realized as a *-ideal of B(H).

The norm ‖a‖1 = sup{|tr(ab)|; b ∈ C0(H), ‖b‖ ≤ 1} on C0(H) is
known to be the trace norm and satisfies

‖ab‖1 ≤ ‖a‖‖b‖1, ‖b∗‖1 = ‖b‖1 ≥ ‖b‖2, |tr(b)| ≤ ‖b‖1

for a ∈ B(H), b ∈ C0(H). Thus the completion of C0(H) relative to
the trace norm, which is included in C2(H) and denoted by C1(H), is
a Banach *-algebra and realized as a *-ideal of B(H) with the trace
functional extended to C1(H) by continuity.

4The terminology is based on the fact that an element T in C(H) is characterized
by the property that the norm closure of T (H1) (H1 being the unit ball in H) is
compact.
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Exercise 9. Check the inequalities for the Hilbert-Schmidt and the
trace norms.

Exercise 10. Show that, for a positive operator a ∈ B(H),

tr(a) =
∑
j

(ξj|aξj)

does not depend on the choice of an orthonormal basis {ξj} in H.

Exercise 11. Show that a ∈ B(H) belongs to C1(H) if and only if
tr(|a|) <∞. Here |a| =

√
a∗a. If this is the case, ‖a‖1 = tr(|a|).

Exercise 12. For a ∈ C1(H), ‖a‖1 = ‖a‖2 if and only if a is a rank-one
operator.

Exercise 13. Show that C1(H) = C2(H)C2(H) and deduce the in-
equality ‖ab‖1 ≤ ‖a‖2‖b‖2 from |tr(ab)| ≤ ‖a‖2‖b‖2 (the Cauchy-
Schwarz inequality).

Example 2.4. Given a compact (Hausdorff) space K, the set C(K)
of complex-valued continuous functions on K is a commutative C*-
algebra by point-wise operations. If F ⊂ K is a closed subset,

A = {f : K → C; f is continuous and vanishing on F}

is a closed *-ideal of C(K), which is unital if and only if F is open in
K.

If Ω is a locally compact but non-compact space with K = Ω∪{∞}
the one-point compactification and F = {∞}, we write A = C0(Ω).
A positive functional ϕ on C0(Ω) is one-to-one correspondence with a
Radon measure µ on Ω of finite total mass by the formula

ϕ(a) =

∫
Ω

a(ω)µ(dω).

The functional norm is then calculated by ‖ϕ‖ = µ(Ω).
The associated GNS-representation π on H is identified with the

multiplication operators on the Hilbert space L2(Ω, µ) through a nat-
ural unitary map H→ L2(Ω, µ) specified by

Aϕ1/2 3 aϕ1/2 7→ a ∈ C0(Ω) ⊂ L2(Ω, µ).

Exercise 14. The C*-algebra C(K) has a non-trivial projection if and
only if K is not connected.

Exercise 15. Let [µ] ⊂ Ω be the support of µ. Then

‖π(a)‖ = sup{|a(ω)|;ω ∈ [µ]}.
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Theorem 2.5. ] With respect to the non-degenerate bilinear map
B(H) × C1(H) 3 (b, c) 7→ tr(bc) = tr(cb) ∈ C, we have the duality
relations of C(H): C(H)∗ = C1(H) and C1(H)∗ = B(H).

Proof. The equality C1(H) ⊂ C(H)∗ is by definition and the inclusion
B(H) ⊂ C1(H)∗ is a consequence of

‖b‖ ≥ sup{|tr(bc)|; c ∈ C1(H), ‖c‖1 ≤ 1} ≥ sup{|(ξ|bη)|; ξ, η ∈ H1} = ‖b‖.

In view of ‖ξη∗‖1 = ‖ξ‖ ‖η‖ = ‖ξη∗‖ for ξ, η ∈ H, any ϕ ∈ C1(H)∗

defines a bounded sesquilinear form by ϕ(ξη∗) and hence b ∈ B(H)
by the relation ϕ(ξη∗) = (η|bξ). By rewriting (η|bξ) = tr(bξη∗), we
see that ϕ(c) = tr(bc) for c ∈ C0(H) and then, for c ∈ C1(H), by the
density of C0 and the continuity of trace. �

Exercise 16. A ϕ on C(H) described by a trace class operator ρ ∈
C1(H) is positive of the form if and only if ρ ≥ 0.

Any algebra A is enhanced to have a unit:

Ã =

{
A if 1 ∈ A,

C1 + A otherwise.

0 −−−→ A −−−→ Ã −−−→ C −−−→ 0

If A is a *-algebra, so is Ã by setting (λ1+a)∗ = λ1+a∗. For a Banach

*-algebra A without unit, the unital *-algebra Ã is a Banach *-algebra
by the norm ‖λ1 + a‖ = |λ|+ ‖a‖. When A is a C*-algebra, the unital

*-algebra Ã is again a C*-algebra and it is in a unique way. Existence:

Ã is a C*-algebra by the norm

‖λ1 + a‖ = sup{‖λb+ ab‖; b ∈ A, ‖b‖ ≤ 1}.

The uniqueness will be established later.

Exercise 17. Check all these other than the uniqueness.

Definition 2.6. Let a be an element in a Banach algebra A and a
power series f(z) =

∑
n≥0 fnz

n (fn ∈ C) be absolutely convergent at

z = ‖a‖. Then f(a) ∈ Ã is defined by

f(a) =
∞∑
n=1

fna
n.

Note that, if f0 = 0, then f(a) ∈ A.
Example 2.7.

(i) If ab = ba, eaeb = ea+b.
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(ii) If ‖a‖ < |λ| with λ ∈ C, then

1

λ− a
=
∞∑
n=0

an

λn+1

is the inverse of λ1− a in Ã.

Definition 2.8. Define the spectrum of an element a of an algebra
A by

σA(a) = {λ ∈ C;λ1− a is not invertible in Ã}.

Exercise 18. If a ∈ B(H) is a finite rank operator, σB(H)(a) = {λ ∈
C; aξ = λξ for some 0 6= ξ ∈ H}

Exercise 19. If 1 6∈ A, then 0 ∈ σA(a) for any a ∈ A.

Exercise 20. Assume that elements a and b in a Banach algebra A
with unit 1 satisfy ab− ba = 1. Show eabe−a = b + 1, σ(b) = 1 + σ(b)
and derive a contradiction.

Lemma 2.9. In a unital Banach algebra A, the set G of invertible
elements is open in A and the map G 3 g 7→ g−1 ∈ G is analytic.

Proof. For a ∈ G, g = a − (a − g) = a(1 − a−1(a − g)) is invertible if
‖a−1(a− g)‖ ≤ ‖a−1‖ ‖a− g‖ < 1 with the inverse given by the power
series

g−1 = a−1

∞∑
n=0

(a−1(a− g))n.

�

Theorem 2.10 (Gelfand). In a Banach algebra A, σA(a) is non-empty
compact subset of C for any a ∈ A.

Proof. If z1 − a is invertible for any z ∈ C, (z1 − a)−1 is a bounded
holomorphic function, a contradiction. �

Corollary 2.11. If a Banach algebra A is a field, then A = C1.

Exercise 21. Spell out the details of the proof.

Exercise 22 (Analytic Functional Calculus). Let A be the algebra of
functions which are holomorphic in a neighborhood of σA(a). If we set

f(a) =
1

2πi

∮
f(λ)

λ− a
dλ

for f ∈ A, where the contour integral is performed by surrounding

σA(a), then A 3 f 7→ f(a) ∈ Ã gives an algebra-homomorphism.
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Theorem 2.12 (Spectral Radius Formula). For an element a of a
Banach algebra A,

ρ(a) = sup{|λ|;λ ∈ σA(a)} = lim
n→∞

‖an‖1/n.

Proof. From the geometric series formula

(λ1− a)−1 =
∞∑
n=0

an

λn+1
, |λ| > ‖a‖,

we have ρ(a) ≤ ‖a‖, which is combined with σ(a)n ⊂ σ(an) to get
ρ(a) ≤ ‖an‖1/n;

ρ(a) ≤ inf
n≥1
‖an‖1/n ≤ lim sup

n→∞
‖an‖1/n.

Let r > ‖a‖ and apply the Cauchy integral formula:

an =
1

2πi

∫
|λ|=r

λn(λ1− a)−1 dλ.

The radius r is then decreased to r > ρ(a) by the Caychy inttegral
theorem and we obtain the estimate

‖an‖ ≤ rn+1 max{‖(λ1− a)−1‖; |λ| = r}.
Consequently

lim sup
n→∞

‖an‖1/n ≤ r

for r > ρ(a). �

Proposition 2.13. If A is a C*-algebra and aa∗ = a∗a, then

‖a‖ = sup{|λ|;λ ∈ σA(a)}.

Proof. If aa∗ = a∗a,

‖a2‖ = ‖(aa)∗aa‖1/2 = ‖a∗aa∗‖1/2 = ‖a∗a‖ = ‖a‖2,

which is used repeatedly to get ‖a2n‖ = ‖a‖2n . �
Corollary 2.14.

(i) The C*-norm of a C*-algebra A is unique: ‖a‖ = sup{|λ|;λ ∈
σA(a∗a)} with the right hand side determined by the *-algebra
structure of A.

(ii) Let φ : A→ B be a *-homomorphism from a Banach *-algebra
A into a C*-algebra B. Then ‖φ(a)‖ ≤ ‖a‖ for a ∈ A.

Proposition 2.15. In a Banach *-algebra, we have the following.

(i) σA(u) ⊂ T for a unitary u.
(ii) σA(h) ⊂ R for a hermitian h.
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Proof. By the spectral radius formula, σ(u) is included in the unit disk
but σ(u−1) = σ(u)−1 shows that λ ∈ σ(u) implies |λ−1| ≤ 1.

For λ ∈ C, eiλ − eih = (λ− h)a = a(λ− h) with

a = i

∞∑
n=1

(iλ)n−1 + · · ·+ (ih)n−1

n!

shows that, if eiλ − eih is invertible, then so is λ− h because it admits
left and right inverses. Thus λ ∈ σ(h) implies eiλ ∈ σ(eih), whence
|eiλ| = 1, i.e., λ ∈ R. �

Theorem 2.16. If A is a closed *-subalgebra of a Banach *-algebra
B. Then σA(a) = σB(a) for a ∈ A.

Proof. Since Ã is naturally regarded as a subalgebra of B̃ with a com-

mon unit, we may assume that Ã = A and B̃ = B with the trivial
inclusion σB(a) ⊂ σA(a) from the outset.

First assume that a∗ = a. Since open sets C \ σA(a) and C \ σB(a)
in C are connected thanks to σA(a) ⊂ R, it suffices for the equality
σA(a) = σB(a) to show that C \ σA(a) is a closed subset of C \ σB(a).

Let λn 6∈ σA(a) converge to λ 6∈ σB(a). Then λn − a converges in B
to an invertible element λ−a, whence (λn−a)−1 converges to (λ−a)−1

in B but (λn − a)−1 ∈ A implies (λ− a)−1 ∈ A, i.e., λ 6∈ σA(a).
Since the non-trivial inclusion σA(a) ⊂ σB(a) is equivalently stated

that an element c ∈ A is invertible in A if it is invertible in B, assume
that bc = cb = 1 for some b ∈ B. Then bb∗c∗c = bc = 1 shows that a
hermitian c∗c is invertible in B and hence it is invertible in A as well:
we can find a ∈ A so that ac∗c = 1. Now b = ac∗cb = ac∗ ∈ A. �

The above theorem allows us to simply write σ(a) to stand for σA(a)
when a is an element in a Banach *-algebra A.

Definition 2.17. The spectrum σA of a commutative Banach algebra
A is the set of non-zero homomorphism A→ C.

Example 2.18. If A = C(K), σA = {δx;x ∈ K}. Here δx(f) = f(x).

Each ω ∈ σA satisfies ‖ω‖ ≤ 1. To see this, we observe that ω̃(λ1 +

a) = λ+ ω(a) defines a homomorphism Ã→ C, which gives us ω(a) ∈
σ(a) and then |ω(a)| ≤ ‖a‖ for a ∈ A by the spectral radius formula.

Thus Ω = σA ∪ {0} is a w*-compact subset of A∗1 and σA is locally
compact if furnished with the relative w*-topology. Write

C0(σA) = {f : Ω→ C; f is continuous and f(0) = 0}.
Note that σA is compact if and only if A is unital.
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For a ∈ A, the function σA 3 ω 7→ ω(a) is continuous and denoted
by â. The correspondance A 3 a 7→ â ∈ C0(σA) is referred to as the
Gelfand transform on A. From definition, the Gelfand transform is
multiplicative.

Let A be unital and we shall show that, given a proper ideal I of A,
there exits a non-zero homomorphism ω : A→ C satisfying ω(I) = 0.

In fact let B be the open unit ball of A at 0. Then every element in
1 + B is invertible, which means that J ∩ (1 + B) = ∅ if J is a proper
ideal of A. Thus J ∩ (1 + B) = ∅ and any maximal ideal J ⊃ I is
closed. Since the quotient Banach algebra A/J is a field, A/J ∼= C and
a non-zero homomorphism is obtained as a composition A→ A/J ∼= C.

Theorem 2.19. Let a be an element in a Banach algebra A.

(i) If A is unital, σA(a) = {ω(a);ω ∈ σA}.
(ii) If A is non-unital, σA(a) = {ω(a);ω ∈ σA} ∪ {0}.

Proof. Since ω : A→ C is an algebra-homomorphism, ω(a) ∈ σA(a). If
1 ∈ A and λ ∈ σ(a), then A(λ− a) is a proper ideal of A, we can find
an ω ∈ σA vanishing on A(λ− a), whence λ = ω(a). �

Proposition 2.20. For a commutative Banach *-algebraA, the Gelfand
transform is a *-homomorphism.

Proof. In fact, for h = h∗ ∈ A and ω ∈ σA, ω(h) ∈ σ(h) ⊂ R. �

Corollary 2.21. If a unital Banach *-algebra A is generated by {1, a}
with a ∈ A, then σA 3 ω 7→ ω(a) ∈ σA(a) is a homeomorphism.

Proof. The compact (Hausdorff) space σA is continuously mapped onto
σA(a), which is injective because {1, a} generates A. �

Theorem 2.22 (Gelfand). If A is a commutative C*-algebra, the
Gelfand transform is an isomorphism of C*-algebras between A and
C0(σA).

Proof. The Gelfand transform is isometric because of

‖a‖2 = ‖a∗a‖ = sup{|λ|;λ ∈ σ(a∗a)} = sup{|â(ω)|2;ω ∈ σA} = ‖â‖2.

Since {â; a ∈ A} is a *-subalgebra of C0(σA) and it separates points in
σA, it coincides with the whole C0(σA) thanks to the Stone-Weierstrass
theorem. �
Example 2.23.

(i) Let A = C0(Ω) with Ω a locally compact space. Then Ω 3
x 7→ δx ∈ σA is a homeomorphism.
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(ii) LetK is a compact subset of R, h ∈ C(K) be a continuous func-
tion defined by h(t) = t (t ∈ X) and A be the C*-subalgebra
of C(K) generated by h. Then σA is naturally identified with
K \ {0}, whereas σ(h) = K.

Exercise 23. For a commutative C*-algebra A, σA is compact if and
only if A has a unit.

In a unital C*-algebra A, let a ∈ A generate a commutative *-
subalgebra; aa∗ = a∗a and C be the C*-subalgebra of A generated by
{1, a}. Then the spectrum of C is identified with σ(a) and the Gelfand
theorem enables us to define the element f(a) in C for a continuous
function f on σ(a). This is referred to as the continuous functional
calculus of a.

Exercise 24. If g is a continuous function on σ(f(a)) = {f(λ);λ ∈
σ(a)}, then we have g(f(a)) = (g ◦ f)(a).

Example 2.24. A unital C*-algebra is unitary: If h = h∗ with ‖h‖ ≤
1, then u = h+ i

√
1− h2 is unitary and h = (u+ u∗)/2.

Let A be a commutative *-algebra with A the associated C*-algebra.
Any ω ∈ σA restricts to a non-zero *-homomorphism A → C. Con-
versely, any non-zero *-homomorphism of A into C defines a bounded
representation of A, whence it is continuous with respect to the C*-
seminorm and lifted to a *-homomorphism of A into C. Thus σA is
identified with the set of non-zero *-homomorphisms of A into C. If
one applies this to a commutative group algebra CG, then σA is iden-

tified with the set Ĝ of group homomorphisms of G into T and C∗(G)

with C(Ĝ). Let `2(G) → L2(Ĝ) be the Fourier transform. Then it
intertwines the left regular representation of C∗(G) and the multipli-
cation operator of the Gelfand transform of C∗(G), which shows that
the regular representation is norm-preserving on C∗(G).

Example 2.25. The spectrum of the group C*-algebra C∗(Z) is iden-
tified with Ẑ = T and C∗(Z) itself with C(T).

Exercise 25. Let G be an abelian group and a =
∑

g∈G agg ∈ CG with

ag ≥ 0. Then the C*-norm of a is simply calculated by ‖a‖ =
∑

g∈G ag.

The Gelfand theorem establishes a categorical duality between the
category of compact spaces and the category of unital commutative
C*-algebras. Here morphisms are continuous maps for compact spaces,
unit-preserving *-homomorphisms for C*-algebras, which are in a con-
travariant relation. Thus a conitnuous map f : X → Y corresponds to
a *-homomorphism φ : C(Y ) → C(X) by φ(b) = b ◦ f . Note that φ
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is injective (resp. surjective) if and only if f is surjective (resp. injec-
tive). As an immediate application of this observation, we see that φ
is isometric if it is injective.

Theorem 2.26. Let φ : A → B be an injective *-homomorphism
between C*-algebras. Then φ preserves the C*-norms.

Proof. Let C × A be the C*-algebra obtained by adding an external

unit to A. Thus C × A = Ã if A is not unital and C × A ∼= C ⊕ A if
A is unital. By extending φ to an injective *-homomorphism C× A 3
(λ, a) 7→ (λ, φ(a)) ∈ C× B, the problem is reduced to the unital case.
Let a ∈ A and we shall show that ‖φ(a)‖ = ‖a‖. By passing to the
commutative C*-subalgebras C∗(1 + a∗a) and C∗(1 + φ(a)∗φ(a)), the
problem is further reduced to the case of commutative C*-algebras and
we are done. �

Related to this, the following reveals a kind of algebraic rigidity in
C*-algebras. For the proof, we need the positivity of elements of the
form a∗a and it will be postponed until the end of the next section.

Theorem 2.27. Any closed ideal I of a C*-algebra is a *-ideal and
the quotient *-algebra A/I is a C*-algebra with the C*-norm given by
the quotient norm.

Corollary 2.28. Let φ : A → B be a *-homomorphism between C*-
algebras. Then the image φ(A) is closed in B.

3. Positivity in C*-algebras

A hermitian element h in a C*-algebra A is said to be positive and
denoted by h ≥ 0 if σA(h) ⊂ [0,∞). Let A+ be the set of positive
elements in A, which is invariant under the scalar multiplication of
positive reals.

Lemma 3.1. For a hermitian element h in a C*-algebra, the following
conditions are equivalent.

(i) h is positive.
(ii) ‖r1− h‖ ≤ r for some r ≥ 0.
(iii) ‖r1− h‖ ≤ r for any r ≥ 0.

Consequently, the positive part A+ is a closed subset of A.

Proof. Realize h as a continuous function on a compact subset of R. �

Corollary 3.2. If a ≥ 0 and b ≥ 0, then a + b ≥ 0. Thus A+ is a
convex cone.
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Proof. From the positivity, ‖‖a‖−a‖ ≤ ‖a‖ and ‖‖b‖−b‖ ≤ ‖b‖, which
are used to get∥∥∥‖a‖+ ‖b‖ − a− b

∥∥∥ ≤ ∥∥∥‖a‖ − a∥∥∥+
∥∥∥‖b‖ − b∥∥∥ ≤ ‖a‖+ ‖b‖.

�

Exercise 26. If an element a in a C*-algebra satisfies ‖r1−a‖ ≤ r for
any r ≥ r0 with r0 some positive real number, then a is hermitian and
therefore positive.

Theorem 3.3 (Kelley-Vaught). For any element a in a C*-algebra,
a∗a ≥ 0.

Proof. Let a∗a = b − c with b, c positive and bc = cb = 0. Then
ca∗ac = −c3 ≤ 0. Thus the problem is reduced to showing that x∗x ≤ 0
implies x∗x = 0. Let x = h+ ik. Then

xx∗ = 2h2 + 2k2 − x∗x ≥ 0

and σ(xx∗) ⊂ [0,∞), which is combined with the next lemma to get
σ(x∗x) = {0}. �

Lemma 3.4. In a Banach algebra A,

σA(ab) ∪ {0} = σA(ba) ∪ {0}
for a, b ∈ A.

Proof. Formally

(λ1− ab)−1 =
1

λ
+
ab

λ2
+
abab

λ3
+ · · · = 1

λ
+

1

λ2
a

(
1 +

ba

λ
+
baba

λ2
+ . . .

)
b

=
1

λ
+

1

λ
a(λ− ba)−1b

for λ 6= 0 but the conclusion is true because of

(λ− ab)
(

1

λ
+

1

λ
a(λ− ba)−1b

)
= 1− ab

λ
+
a

λ
(λ− ba)(λ− ba)−1b = 1

and(
1

λ
+

1

λ
a(λ− ba)−1b

)
(λ− ab) = 1− ab

λ
+
a

λ
(λ− ba)−1(λ− ba)b = 1.

�

Definition 3.5. An order relation in the set of hermitian elements is
introduced by a ≤ b ⇐⇒ b− a ∈ A+.

Exercise 27. For a hermitian element h and an arbitrary element a,

−‖h‖a∗a ≤ a∗ha ≤ ‖h‖a∗a.
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Proposition 3.6. Any positive linear functional ϕ on a C*-algebra A
is continuous and

‖ϕ‖ = sup{ϕ(a); a ≥ 0, ‖a‖ ≤ 1}.

Proof. Let M = sup{ϕ(a); a ≥ 0, ‖a‖ ≤ 1} and assume that M = ∞.
Then we can find a sequence {an} of positive elements in the unit ball
such that ϕ(an) ≥ n. From ‖an‖ ≤ 1, a =

∑∞
n=1

1
n2an defines a positive

element in A and
∑n

k=1 ak/k
2 ≤ a implies

ϕ(a) ≥
n∑
k=1

1

k2
ϕ(ak) ≥

n∑
k=1

1

k
→∞ (n→∞),

a contradiction. Thus M <∞.
For a hermitian h ∈ A, −|h| ≤ h ≤ |h| imples |ϕ(h)| ≤ ϕ(|h|) ≤

M‖h‖ and, for an arbitrary a,

|ϕ(a)| ≤ |ϕ(
a+ a∗

2
)|+|ϕ(

a− a∗

2i
)| ≤M‖a+ a∗

2
‖+M‖a− a

∗

2i
‖ ≤ 2M‖a‖.

Now, for x, y ∈ A,

|ϕ(y∗x)|2 ≤ ϕ(y∗y)ϕ(x∗x) ≤M2‖y∗y‖ ‖x∗x‖.

If we choose y = xx∗

t+xx∗
with t > 0, then

(x− y∗x)(x− y∗x)∗ = t2
xx∗

(t+ xx∗)2

implies ‖x− y∗x‖2 ≤ t→ 0 (t→ +0) and we obtain the inequality

|ϕ(x)|2 ≤M2‖x‖2,

showing ‖ϕ‖ ≤M . �

Definition 3.7. An increasing net {uα}α∈I of positive elements in a
unit ball of a C*-algebra A is called an approximate unit if a =
limα→∞ auα for any a ∈ A.

Proposition 3.8. An approximate unit exists.

Proof. As an index set, choose the directed set of finite subsets of A+

and, for α = {a1, . . . , an}, set

uα =
n(a1 + · · ·+ an)

1 + n(a1 + · · ·+ an)
.
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Then, for α 3 a∗a,

(a− auα)∗(a− auα) =
1

1 + n(a1 + · · ·+ an)
a∗a

1

1 + n(a1 + · · ·+ an)

≤ a1 + · · ·+ an
(1 + n(a1 + · · ·+ an))2

≤ sup{ t

(1 + nt)2
; t ≥ 0} =

1

4n

reveals that limα→∞ auα = a. �

Theorem 3.9. For a linear functional ϕ on a unital C*-algebra A, the
following conditions are equivalent.

(i) ϕ is positive.
(ii) ‖ϕ‖ = ϕ(1).

Proof. (i) =⇒ (ii) is a consequence of the previous proposition in view
of a ≤ ‖a‖1 for a ∈ A+.

(ii) =⇒ (i): We may assume that ‖ϕ‖ = ϕ(1) = 1. Let h = h∗ and
ϕ(h) = λ+ iµ with λ, µ ∈ R. Then

|λ+ i(µ+ t)| = |ϕ(h+ it)| ≤ ‖h+ it‖ =
√
‖h‖2 + t2,

i.e., λ2 + (µ+ t)2 ≤ ‖h‖2 + t2 for t ∈ R, which implies µ = 0.
Now let 0 ≤ h ≤ 1. Then

|1− ϕ(h)| = |ϕ(1− h)| ≤ ‖1− h‖ ≤ 1.

Since ϕ(h) is real, the above inequality requires ϕ(h) ≥ 0. �

Corollary 3.10. Let ϕ be a positive linear functional on a non-unital

C*-algebra A and ψ : Ã→ C be an extension of ϕ. Then ψ is positive
if and only if ψ(1) ≥ ‖ϕ‖.

Proof. Assume that ψ is positive and let a ∈ A+.

0 ≤ ψ((t+ a)2) = ψ(1)t2 + 2ϕ(a)t+ ϕ(a2)

for any t ∈ R, whence

ϕ(a)2 ≤ ψ(1)ϕ(a2).

If we restrict ‖a‖ ≤ 1, this implies ϕ(a)2 ≤ ψ(1)‖ϕ‖ and then ‖ϕ‖2 =
sup{ϕ(a)2; 0 ≤ a ≤ 1} ≤ ψ(1)‖ϕ‖.

Conversely assume that ψ(1) ≥ ‖ϕ‖. Then ψ(λ + a) = (ψ(1) −
‖ϕ‖)λ + ϕ̃(λ + a) and the positivity of ψ is reduced to that of ϕ̃.
Clearly ‖ϕ̃‖ ≥ ‖ϕ‖ and the problem is further reduced to showing that
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‖ϕ̃‖ ≤ ‖ϕ‖. From 0 ≤ uαauα ≤ u2
α for 0 ≤ a ≤ 1 and uαauα → a

(α→∞), we have

ϕ(a) ≤ lim inf ϕ(u2
α) ≤ lim supϕ(u2

α) ≤ ‖ϕ‖
and then, by taking supremum on 0 ≤ a ≤ 1, ‖ϕ‖ = limα→∞ ϕ(u2

α),
which is used to conclude that

|ϕ̃(λ+x)| = lim
α
|λϕ(u2

α)+ϕ(xu2
α)| ≤ lim sup

α
‖ϕ‖ ‖λu2

α+xu2
α‖ ≤ ‖ϕ‖ ‖λ+x‖.

�

Exercise 28. For a bounded linear functional ϕ of a C*-algebra A and
an approximate unit {uα} in A, ϕ is positive if and only if

‖ϕ‖ = lim
α→∞

ϕ(uα).

Theorem 3.11. Let A be a closed *-subalgebra of a C*-algebra B.
Given a positive linear functional ϕ on A, we can find a positive linear
functional ψ on B so that ϕ(a) = ψ(a) for a ∈ A and ‖ϕ‖ = ‖ψ‖.
Proof. By adding unit, we may assume that B has a unit 1. If 1 6∈ A, we
first extend ϕ to a positive linear functional ϕ̃ by putting ϕ̃(λ1 + a) =
‖ϕ‖+ ϕ(a) (the above corollary). Thus the problem is reduced to the
case 1 ∈ A ⊂ B.

Now ψ be a Hahn-Banach extension of ϕ: ψ is a linear functional
on B satisfying ϕ(a) = ψ(a) for a ∈ A and ‖ϕ‖ = ‖ψ‖. Then ψ(1) =
ϕ(1) = ‖ϕ‖ = ‖ψ‖ by Theorem 3.9, which guarantees the positivity of
ψ again by the same theorem. �

Corollary 3.12. For any a ∈ A, we can find a positive linear functional
ϕ on A so that ‖ϕ‖ = 1 and ϕ(a∗a) = ‖a‖2.

Let {ϕi}i∈I be a family of positive linear functionals on a C*-algebra
and assume that, for each 0 6= a ∈ A, ϕi(a

∗a) > 0 for some i ∈ I. Then
the direct sum π =

⊕
i∈I πi of GNS representations is faithful.

In fact, if π(a) = 0, ϕi(b
∗a∗ab) = 0 for b ∈ A and i ∈ I, and then, by

letting b→ 1, ϕi(a
∗a) = 0 for all i ∈ I, whence a = 0.

Theorem 3.13 (Gelfand-Naimark). Any C*-algebra is *-isomorphic
to a closed *-subalgebra of B(H).

Proof of Theorem 2.27

Proof. Let a ∈ I. Then a∗a
t+a∗a

∈ I for t > 0 and a∗ is approximated by
a∗a
t+a∗a

a∗ ∈ I.
Let {uα} be an approximate unit for I. We claim that

‖a+ I‖ = lim
α
‖a− auα‖ = lim

α
‖a− uαa‖.
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For x ∈ I,

‖a+I‖ ≤ ‖a−auα‖ ≤ ‖(1−uα)(a+x)‖+‖x−xuα‖ ≤ ‖a+x‖+‖x−xuα‖
implies

‖a+ I‖ ≤ lim inf ‖a− auα‖ ≤ lim sup ‖a− auα‖ ≤ ‖a+ x‖.
Let a, b ∈ A. For x, y ∈ I,

‖ab+ I‖ ≤ ‖(a+ x)(b+ y)‖ ≤ ‖a+ x‖ ‖b+ y‖
implies ‖ab+ I‖ ≤ ‖a+ I‖ ‖b+ I‖.

‖a+ I‖2 = lim ‖a− auα‖2 = lim ‖(1− uα)a∗a(1− uα)‖
≤ lim ‖a∗a(1− uα)‖
= ‖a∗a+ I‖ ≤ ‖a∗ + I‖ ‖a+ I‖.

shows that ‖a∗ + I‖ = ‖a + I‖ and then the equality ‖a + I‖2 =
‖a∗a+ I‖. �

The *-algebraic operations of a C*-algebra A is now transferred into
the dual Banach space A∗: For ϕ ∈ A∗ and a ∈ A, aϕ, ϕa and ϕ∗ are
defined in A∗ by

(aϕ)(x) = ϕ(xa), (ϕa)(x) = ϕ(ax), ϕ∗(x) = ϕ(x∗), for x ∈ A
with the following relations

(aϕ)b = a(ϕb), (aϕb)∗ = b∗ϕ∗a∗.

A linear functional ϕ ∈ A∗ is said to be hermitian if ϕ∗ = ϕ. Let A∗+
be the set of positive functionals on A. Then aA∗+a

∗ ⊂ A∗+ for a ∈ A.

Lemma 3.14. Let H be the set of hermitian elements in A, which is
a closed real-linear subspace of A. Then the real Banach space H∗ of
bounded linear functional on H is identified with the set of hermitian
functionals on A.

The following is an analogue of Jordan decomposition in measure
theory.

Theorem 3.15 (Grothendieck). Any hermitian functional θ ∈ A∗ is
expressed by θ = ϕ − ψ with ϕ, ψ ∈ A∗+ satisfying ‖θ‖ = ‖ϕ‖ + ‖ψ‖
and such an expression is unique.

Proof. The positive unit ball A∗+,1 is compact in the weak* topology
and so is the convex hull C of A∗+,1 ∪ (−A∗+,1). Clearly C ⊂ H∗1 and,
if f ∈ H∗1 \ C, we can find h ∈ H such that f(h) > sup{g(h); g ∈ C}
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by Hahn-Banach theorem (H being identified with the weak* dual of
H∗).

The Gelfand transform of the C*-algebra C∗(h) generated by h ∈ A
enables us to find ω ∈ σC∗(h) satisfying |ω(h)| = ‖h‖. Let ϕ ∈ A∗+,1 be
an extension of ω. Then ±ϕ ∈ C implies |f(h)| ≥ f(h) > |ϕ(h)| = ‖h‖,
which contradicts with ‖f‖ ≤ 1.

Now we express θ/‖θ‖ ∈ H∗1 as an element in C: θ/‖θ‖ = tϕ1− (1−
t)ψ1 with 0 ≤ t ≤ 1 and ϕ1, ψ1 ∈ A∗+,1. Then the choice ϕ = t‖θ‖ϕ1

and ψ = (1− t)‖θ‖ψ1 does the job for the existence part because of

‖θ‖ ≤ ‖ϕ‖+‖ψ‖ = t‖θ‖‖ϕ1‖+(1−t)‖θ‖‖ψ‖1 ≤ t‖θ‖+(1−t)‖θ‖ = ‖θ‖.

The uniqueness will be established later on as a consequence of po-
lar decomposition for linear functionals (see Pedersen §3.2 for a direct
proof). �

4. Representations and W*-algebras

In connection with representations, the notion of W*-algebra arises
in two ways: as the space of intertwiners or as a weaker notion of
equivalence of representations. For the analysis of these, the norm
topology turns out to be not much adequate.

As an example, consider the Schur’s criterion on irreducible repre-
sentations, which can be achieved by appealing to the spectral decom-
position theorem. To get spectral projections starting with a hermitian
operator h, a weaker notion of convergence comes into, although the
process of recovering h as a limit of linear combinations of projections
can be norm-convergent. Cumbersomeness here is that lots of related
notions of weaker topologies arise on sets of operators.

Definition 4.1. Too many topologies on operators. Write `2 = `2(N).

(i) The weak operator topology is the one described by semi-
norms |(ξ|aη)| (ξ, η ∈ H).

(ii) The strong operator topology is the one described by semi-
norms ‖aξ‖ (ξ ∈ H).

(iii) The *strong operator topology is the one described by
seminorms ‖aξ‖, ‖a∗ξ‖ (ξ ∈ H).

(iv) The σ-weak topology is the one described by seminorms
|(ξ|(a⊗ 1)η)| (ξ, η ∈ H ⊗ `2).

(v) The σ-strong topology is the one described by seminorms
‖(a⊗ 1)ξ‖ (ξ ∈ H ⊗ `2).

(vi) The σ-*strong topology is the one described by seminorms
‖(a⊗ 1)ξ‖, ‖(a∗ ⊗ 1)ξ‖ (ξ ∈ H ⊗ `2).
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Exercise 29. Given a vector ξ ∈ H ⊗ H∗, we can find a (at most)

countable orthonormal system {ηn} in H such that ξ ∈
∑

nH ⊗ η∗n.

Proposition 4.2. Regard H ⊗H∗ as a B(H)-bimodule.

(i) The σ-weak topology is given by seminorms |(ξ|aη)| (ξ, η ∈
H ⊗H∗).

(ii) The σ-strong topology is the one described by seminorms ‖aξ‖
(ξ ∈ H ⊗H∗).

(iii) The σ-*strong topology is the one described by seminorms
‖aξ‖, ‖ξa‖ (ξ ∈ H ⊗H∗).

Proof. If dimH =∞, the topologies are controlled by vectors of count-
able decomposition, whereas all these collapse to the single euclidean
topology for a finite-dimensional H. In the assertion (iii), note that
‖ξa‖ = ‖(ξa)∗‖ = ‖a∗ξ∗‖ covers the adjoint part. �

Proposition 4.3. The operator multiplication is separately continuous
in any of these topologies. The star operation is continuous in each of
weak, σ-weak and σ-*strong topologies. Given a bounded subset B of
H, the operator multiplication on B × B(H) is jointly continuous in
strong operator topology.

Exercise 30. Let S : `2 → `2 be the unilateral shift operator. Then
(S∗)n → 0 in the strong operator topology but not for its adjoint {Sn}.
Exercise 31. Let T : `2(Z) → `2(Z) be the bilateral shift operator.
Then T n → 0 (n→∞) in the weak operator topology, but not in the
strong operator topology.
Proposition 4.4.

(i) On a bounded subset B of B(H), the weak (resp. strong or
*strong) operator topology is equivalent to the σ-weak (resp. σ-
strong or σ-*strong) topology.

(ii) On the set U(H) of unitary operators on H, all of these six
topologies are equivalent and U(H) is a topological group with
respect to this common topology.

Example 4.5. Let H be a separable Hilbert space and choose a count-
able dense set {ξn} in the unit sphere of H. For x ∈ B(H),

‖x‖w =
∑
m,n≥1

1

2m+n
|(ξm|xξn)|

defines a norm weaker than the operator norm. Then the topology
induced from the distance function ‖x − y‖w coincides with the weak
operator topology when restricted to the unit ballB of B(H). Moreover
B is complete with respect to this metric.
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Exercise 32. If a sequence {Tn} of bounded operators converges to
a bounded operator T in the weak operator topology, then {‖Tn‖} is
bounded and therefore Tn → T in the σ-weak topology. (Use Banach-
Steinhauss theorem twice.)

Exercise 33. Let {ξn} be a countable dense subset of the unit sphere
of a Hilbert space H. Consider the directed set of pairs α = (e, ε)
(ε > 0 and e being a finite rank projection) with (e, ε) ≺ (e′, ε′) if and
only if e ≤ e′ and ε ≥ ε′. Let Tα = εe+m2(1− e)|ξm)(ξm|(1− e), where
m = min{n ≥ 1; ‖eξn‖2 ≤ ε}.

Show that Tα → 0 in the weak operator topology, whereas∑
n

1

n2
|(ξn|Tαξn)| ≥ 1

m2
|(ξm|Tαξm)| ≥ (1− ε)2

for any α = (e, ε).

By a conjugation on a Hilbert space H, we shall mean a conjugate-
linear involution Γ : H → H satisfying (Γξ|Γη) = (η|ξ) for ξ, η ∈ H.
A conjugation enables us to identify H∗ with H itself: ξ∗ 7→ Γξ gives
a unitary map between H∗ and H.

As an example, the Hilbert space H ⊗H∗ is self-dual through the
natural conjugation defined by (ξ ⊗ η∗)∗ = η ⊗ ξ∗. In other words, the
linear functional (ξ⊗η∗)∗ on H⊗H∗ is identified with the vector η⊗ξ∗
in H ⊗H∗.

Proposition 4.6. The following conditions on a linear functional ϕ :
B(H)→ C are equivalent.

(i) ϕ is of the form ϕ(a) = tr(Ta) with T ∈ B(H) in the trace
class.

(ii) ϕ is σ-weakly continuous.
(iii) ϕ is σ-*strongly continuous.
(iv) There exist vectors ξ, η ∈ H⊗ `2 such that ϕ(x) = (ξ|(x⊗1)η)

for x ∈ B(H).

Proof. (i)⇐⇒ (ii): Write T = x∗y with x, y ∈ C2 and let ξ, η ∈ H⊗H∗

be the vector representatives of x, y. Then tr(Ta) = (ξ|aη) is σ-weakly
continuous.

(ii) =⇒ (iii) is obvious. Assume (iii). Then there exists ξ ∈ H⊗H∗

such that
|ϕ(a)| ≤ ‖aξ ⊕ ξa‖

whence aξ ⊕ ξa 7→ ϕ(a) defines a bounded linear functional on {aξ ⊕
ξa; a ∈ B(H)} ⊂ H ⊗H∗ ⊕H ⊗H∗ and, by the Riesz lemma, we can
find η, ζ ∈ H ⊗H∗ so that

ϕ(a) = (η ⊕ ζ|aξ ⊕ ξa) = (η|aξ) + (ζ|ξa) = (η|aξ) + (ξ∗|aζ∗),
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which reveals the σ-weak continuity of ϕ.
(i) ⇐⇒ (iv): If we express T as a product of two operators in

the Hilbert-Schmidt class, then we see that ϕ(x) = (ξ|(ξ ⊗ 1)η) with
ξ, η ∈ H ⊗H∗. Let {ζ∗i∈I} be an orthonormal basis in H∗, then ξ and
η are supported by a countable subset {i1, i2, . . . }, whence ξ and η are
identified with vectors in H ⊗ `2. �

Exercise 34. If a linear functional ϕ : B(H)→ C is continuous relative
to the *strong operator topology, then it is continuous relative to the
weak operator topology.

Proposition 4.7. An operator a ∈ B(H) is in the σ-strong closure of

a subset S ⊂ B(H) if and only if (a⊗1)ξ ∈ (S⊗ 1)ξ for any ξ ∈ H⊗`2.

Here (S⊗ 1)ξ denotes the norm closure of {(s⊗ 1)ξ; s ∈ S} in H⊗ `2.

Proof. Controls at finitely many families {ξi = ⊕jξij}1≤i≤n are man-
aged by a single vector ξ = ξ1 ⊕ · · · ⊕ ξn, which is identified with a
vector in H ⊗ `2 through any bijection Nn ∼= N. �

The following is an analogue of the monotone convergence theorem
in Lebesgue integration, which describes a completely different feature
from the norm topology.

Proposition 4.8. A bounded increasing net {aα} of positive elements
in B(H) converges to a positive element in the σ-strong topology.

Proof. By the polar identity, the sesquilinear form (ξ|aαη) converges
point-wise: there is a positive element a ∈ B(H) such that

(ξ|aη) = lim
α→∞

(ξ|aαη), ξ, η ∈ H

and then

‖|(a− aα)ξ|‖2 ≤ ‖(a− aα)1/2‖ ‖(a− aα)1/2ξ‖2

= ‖a− aα‖1/2 (ξ|(a− aα)ξ)

≤ ‖a‖1/2(ξ|(a− aα)ξ)→ 0 (α→∞).

We now apply this convergence to the net {aα ⊗ 1} in B(H⊗ `2) to
find a positive operator â on H⊗`2. Since aα⊗1 commutes with 1⊗pjp∗k
(j, k ≥ 1) and the operator multiplication is seperately continuous in
the strong operator topology, we see that ã commutes with 1⊗ pjp∗k as
well, whence ã is of the form a⊗ 1 with a ∈ B(H). �

Definition 4.9. A *-subalgebra A of B(H) is said to be non-degenerate
if AH is dense in H.

A W*-algebra on a Hilbert space H is a σ-weakly closed non-
degenerate *-subalgebra of B(H).
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Definition 4.10. The commutant S′ of a subset S of B(H) is defined
to be

S′ = {c ∈ B(H); cs = sc for every s ∈ S}.
Note that by the separate continuity of multiplication, S′ = S

′
, where

S denotes the closure of S in the weak operator topology.

Exercise 35. Show that S′ = S′′′.

Example 4.11. Given a subset S = S∗ ⊂ B(H), its commutant S′

is a W*-algebra. As a special case of this, given a *-representation
π : A→ B(H), the space of self intertwiners is a W*-algebra.

Example 4.12. For the left and right regular representations λ, ρ of
a group G on `2(G), λ(G)′ = ρ(G)′′.

Recal that that `2(G) is a *-bimodule of CG. Let r ∈ λ(G)′ and set
η = r(δ1/2) ∈ `2(G). Notice r(aδ1/2) = ar(δ1/2) = aη (a ∈ CG shows
that r is given by a right multiplication of η and one may expect that
it can be approximated by cutting the support of ξ down to finite sets.
Real life is, however, not so easy but still simple enough:

Let l ∈ ρ(G)′ and express it as a left multiplication of ξ ∈ `2(G):
l(aδ1/2) = ξa for a ∈ CG. Then l∗ is given by the left multiplication of
ξ∗ and r∗ by the right multiplication of η∗, which are used to see

(aδ1/2|lr(bδ1/2)) = (l∗(aδ1/2)|r(bδ1/2)) = (ξ∗a|bη) = (η∗b∗|a∗ξ)
= (aη∗|ξb) = (r∗(aδ1/2)|l(bδ1/2)) = (aδ1/2|rl(bδ1/2)).

Exercise 36. Let two subsets A,B ⊂ B(H) commute with each other.
Then A′ = B′′ if and only if A′ commutes with B′.

Lemma 4.13. Let A be a *-subalgebra of B(H) and pj : H⊗ `2 → H

be the projection to the j-th component.

(i) Then an element C ∈ B(H⊗`2) belongs to (A⊗1)′ if and only
if pjCp

∗
k ∈ A′ for any j, k ≥ 1.

(ii) We have (A⊗ 1)′′ = A′′ ⊗ 1.
(iii) A projection e ∈ B(H) belongs to A′ if and only if eH is

invariant under A.

Proof. (i) is a consequence of pj(a⊗ 1) = apj for a ∈ A and j ≥ 1.
The inclusion A′′⊗ 1 ⊂ (A⊗ 1)′′ follows from (i). To get the reverse

inclusion, assume that C ∈ B(H⊗ `2) is in the commutant of (A⊗ 1)′.
Then C commutes with p∗jpk for any j, k ≥ 1, whence pjCp

∗
k = δj,kc

with c ∈ B(H), i.e., C = c⊗1. Since C commutes with p∗ja
′pj (a′ ∈ A′)

as well, we see that c is in the commutant of A′.
Non-trivial is the if part: since A is a *-subalgebra, the invariance

of eH under A implies the invariance of the orthogonal complement
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(1 − e)H as well and we see that aeξ = aξ = eaξ for ξ ∈ eH, while
aeξ = 0 = eaξ for ξ ∈ (1− e)H. �

Lemma 4.14. If a *-subalgebra A ⊂ B(H) is non-degenerate, then
ξ ∈ Aξ for any ξ ∈ H.

Proof. Passing to the norm closure, we may assume that A is a C*-
subalgebra of B(H) and let {uα} be an approximate unit in A. Then,
on a dense subspace AH,

lim
α→∞

uα

n∑
j=1

ajξj =
n∑
j=1

lim
α→∞

uαajξj =
n∑
j=1

ajξj

shows that limα→∞ uα = 1 in the strong operator topology. Particu-
larly, ξ = limα uαξ belongs to the closure of Aξ. �

Theorem 4.15 (von Neumann’s Bicommutant Theorem). Let A be
a non-degenerate *-subalgebra of B(H). Then the bicommutant A′′ is
the σ-strong closure of A.

Proof. Since A′′ is closed in the weak operator topology, we need to
show that any a′′ ∈ A′′ is in the σ-strong colosure of A. In fact, in view
of Proposition 4.7, let ξ ∈ H⊗ `2 and P be the projection to (A⊗ 1)ξ.
Then P ∈ (A⊗ 1)′ commuets with a′′⊗ 1 by Lemma 4.13 (ii), (iii) and

P (a′′ ⊗ 1)ξ = (a′′ ⊗ 1)Pξ = (a′′ ⊗ 1)ξ.

Here the non-degeneracy of A⊗1 on H⊗`2 is used to ensure Pξ = ξ. �

Corollary 4.16. For a non-degenerate *-subalgebra M of B(H), the
following conditions are equivalent.

(i) M = M ′′.
(ii) M is closed in the weak operator topology.

(iii) M is a W*-algebra.
(iv) M is closed in the σ-*strong topology.

Proof. (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) are trivial. Assume that M is
closed in the σ-*strong topology. Then it is closed in the σ-strong
topology by Hahn-Banach theorem in view of Proposition 4.6, whence
M = M ′′. �

Example 4.17. Let M be a W*-algebra on H and a = v|a| be the
polar decomposition of a ∈M . Then |a| and v belong to M . In fact, if
u is a unitary in M ′, then a = uau∗ = uvu∗u|a|u∗ and the uniqueness
of polar decomposition shows that uvu∗ = v and u|a|u∗ = |a|.

By a similar argument, for a hermitian h ∈ M , the spectral projec-
tions of h belong to M .
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Lemma 4.18. Let M be a W*-algebra on a Hilbert space H and
e ∈ B(H) be a projection. Then e ∈ M if and only if eH is invariant
under M ′.

Corollary 4.19. The set of projections in a W*-algebra M is a com-
plete lattice.

Proof. This is because projections in B(H) are in one-to-one correspon-
dence with M ′-invariant closed subspaces of H. �

Exercise 37. Any σ-weakly closed left ideal of a W*-algebra M is of
the form Mp with p ∈M a projection. If it is an ideal, then p belongs
to the center M ∩M ′ of M .

Example 4.20. The *-subalgebra of finite rank operators is dense in
B(H) with respect to the σ-*strong topology.

Example 4.21. Let µ be a σ-finite measure on a Borel space Ω and
regard L∞(Ω, µ) as a *-subalgebra of multiplication operators on the
Hilbert space L2(Ω, µ). Then (L∞(Ω, µ))′ = L∞(Ω, µ): L∞(Ω, µ) is a
commutative W*-algebra on L2(Ω, µ), which is maximally commutative
in B(L2(Ω, µ)).

In fact, if b ∈ B(L2(Ω, µ)) is in the commutant of L∞(Ω, µ) and
bE ∈ L2(Ω, µ) is defined by b(1Eµ

1/2) = bEµ
1/2 for a Borel subset

E ⊂ Ω satisfying µ(E) < ∞, then these are patched together to a
µ-measurable function bΩ on Ω satisfying 1EbΩ = bE (the σ-finiteness
of µ is used here). Then, for a ∈ L∞(Ω, µ) and for E with µ(E) <∞,

b(a1Eµ
1/2) = ab(1Eµ

1/2) = bEa1Eµ
1/2 = bΩa1Eµ

1/2.

Since ∪EL∞(Ω, µ)1Eµ
1/2 is dense in L2(Ω, µ), the boundedness of b

compels bΩ to be bounded and we see that b is the multiplication op-
erator by bΩ.

We now construct the universal representation of a commutative C*-
algebra A = C0(Ω). Consider the free A-module over the set of formal
symbols {ϕ1/2;ϕ ∈ A∗+} on which we introduce a positive sesquilinear
form by(∑

ϕ

xϕϕ
1/2

∣∣∣∣∣∑
ϕ

yϕϕ
1/2

)
=
∑
ϕ,ψ

∫
Ω

xϕ(ω)yψ(ω)
√
ϕ(dω)

√
ψ(dω).

Here ϕ (resp. ψ) is identified with the Radon measure ϕ(dω) (resp. ψ(dω))
on Ω and the Hellinger integral is defined by∫

Ω

f(ω)
√
ϕ(dω)

√
ψ(dω) =

∫
Ω

f(ω)

√
dϕ

dµ
(ω)

dψ

dµ
(ω)µ(dω)
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with µ any auxillirary measure satisfying ϕ ≺ µ and ψ ≺ µ. Note
that the positivity as well as the boundedness of left multiplication by
elements in A follows from this expression:(∑

ϕ

axϕϕ
1/2

∣∣∣∣∣∑
ϕ

axϕϕ
1/2

)
=

∫
Ω

|a(ω)|2
∣∣∣∣∣∑
ϕ

xϕ(ω)

√
dϕ

dµ
(ω)

∣∣∣∣∣
2

µ(dω).

The associated Hilbert space is denoted by L2(A) on which A is rep-
resented by multiplication. Moreover L2(A) is a *-bimodule by the
involution (

∑
ϕ xϕϕ

1/2)∗ =
∑

ϕ x
∗
ϕϕ

1/2.

We shall later generalize the construction to non-commutative C*-
algebras in a far-reaching way.

Theorem 4.22. A W*-algebra M is order-complete in the sense that
every norm-bounded increasing net {aı} of positive elements in M ad-
mits a least upper bound a in M and the net {aı} converges to a in
the σ-strong topology.

Proof. Let M be on H. Then {aı} converges to a positive element
a ∈ sB(H) in the σ-strong topology by Proposition 4.8, whence it
converges in the weak operator topology. Since M is closed in the
weak operator topology by Corollary 3.13, we have a ∈ M . Let b be
an upper bound of {aı} in M . Then

(ξ|aξ) = lim(ξ|aıξ) ≤ (ξ|bξ) for ξ ∈ H

shows that a ≤ b. Thus a is the least upper bound of {aı} in M . �

Theorem 4.23 (Kaplansky Density Theorem). Let A be a *-subalgebra
of B(H) and a ∈ B(H) be in the closure of A with repsect to the weak
operator topology. Then we can find a net {aı} of elements in A such
that ‖aı‖ ≤ ‖a‖ and a = limı aı in the *strong topology.

Proof. Since

(
0 a
a∗ 0

)
is in the weak operator closure of M2(A), the

problem is reduced to approximating a = a∗ by aı = a∗ı in the strong
operator topology.

Let f(t) = 2‖a‖t/(1+t2) be a R-valued function in C0(R), which gives
a homeomorphism between [−1, 1] and [−‖a‖, ‖a‖] when restricted to
the interval [−1, 1].

Given a closed subset S of R, let BS(H) be the set of hermitian
elements, say h, in B(H) satisfying σ(h) ⊂ S. Then f(BR(H)) ⊂
B[−‖a|,‖a‖](H) and the functional calculus by f gives a bijection between
B[−1,1](H) and B[−‖a‖,‖a‖](H) with the inverse map given by g(h) (h ∈
B[−‖a|,‖a‖](H)), where g : [−‖a‖, ‖a‖] → [−1, 1] is the inverse function
of f |[−1,1].
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Now choose b ∈ B[−1,1](H) so that a = f(b). Then, for a unitary
u ∈ A′, ubu∗ = f−1(uau∗) = b shows that b ∈ A′ and we can find a
net {bı = b∗ı }ı∈I in A′′ so that b = limı→∞ bı in the strong operator

topology. From the expression f(t) = ‖a‖
i+t

+ ‖a‖
−i+t ,

f(bı)− f(b) =
‖a‖
i+ bı

(
b− bı

) 1

i+ b
+
‖a‖
−i+ bı

(
b− bı

) 1

−i+ b

reveals that f(bı)→ f(b) in the strong operator topology. �

Example 4.24. Let H be a separable Hilbert space and ‖x−y‖w be the
complete metric on the unit ball B of B(H) discussed in Example 4.5.
The complete metric space B is then separable. In fact, each operator
in B is σ-weakly approximated by finite rank operators in B, which
in turn are approximated in norm by finite rank operators of rational
entries.

At the closing of this section, we introduce standard terminologies on
*-representations. To simplify the description, it is convenient to view
representations as left A-modules; π(a)ξ is simply denoted by aξ. Let

AH and AK be two *-representations of A. A bounded linear map T :
H → K is called an intertwiner between them if it satisfies T (aξ) =
aT (ξ) for a ∈ A and ξ ∈ H. Regarding the space Hom(AH, AK)
of such intertwiners as a hom-set, we have the category AMod of *-
representations of A.

Clearly End(AH) = Hom(AH, AH) is a W*-algebra on H and each
hom-vector space as an off-diagonal part of the block presentation of
the W*-algebra

End(A(H ⊕K)) =

(
End(H) Hom(K,H)

Hom(H,K) End(K)

)
.

A closed A-submodule AH
′ of AH is called a subrepresentation

of AH. Let e be the projection to H′ ⊂ H. Then e ∈ End(AH) and
there is a one-to-one correspondence between subrepresentations of AH
and projections in End(AH). To make the commutativity with the left
action of A visible, let M be the oppositive W*-algebra5 of End(AH),
which acts on H from the right: ξa◦ = aξ for a ∈ End(AH) and ξ ∈ H.
Then two subrepresentations AHe and AHf with e, f projections in M
are unitarily equivalent if and only if e, f are equivalent in M in the
sense that there exists a partial isometry v ∈M such that v∗v = e and
vv∗ = f .

5If N is a W*-algebra on a Hilbert space H, then the opposite algebra N◦ is a
W*-algebra on H∗: a◦ξ∗ = (a∗ξ)∗ for a ∈ N and ξ ∈ H.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 31

Lemma 4.25 (Bernstein). Assume that e is equivalent to a subpro-
jection f ′ of f and conversely f is equivalent to a subprojection e′ of
e. Then e and f are equivalent in M .

Proof. We just imitate the set-theoretical proof: Let u and v be partial
isometries satisfying u∗u = e, v∗v = f , uu∗ ≤ f and vv∗ ≤ e.

Then

u, vu, uvu, vuvu, · · · and v, uv, vuv, uvuv, · · ·

are sequence of partial isometries with their initial projections satisfy-
ing

e ≥ u∗u ≥ u∗v∗vu ≥ u∗v∗u∗uvu ≥ · · · ,
f ≥ v∗v ≥ v∗u∗uv ≥ v∗u∗v∗vuv ≥ · · · .

Let e = e0 +e1 + · · ·+e∞ and f = f0 +f1 + · · ·+f∞ be the acompanied
decomposition, where e0 = e−u∗u, e1 = u∗u−u∗v∗vu and so on. Since
v∗e0v = f1, u∗f0u = e1, v∗e1v = f2, u∗f1u = e2 and so on, partial
isometries defined by

u0 = u(e0 + e2 + · · · ), v0 = v(f0 + f2 + · · · ), u∞ = ue∞

satisfy

u∗∞u∞ = e∞, u∞u
∗
∞ = f∞,

u∗0u0 = e0 + e2 + · · · , u0u
∗
0 = f1 + f3 + · · · ,

v∗0v0 = f0 + f2 + · · · , v0v
∗
0 = e1 + e3 + · · · .

Thus the partial isometry w = u∞+u0+v∗0 gives an equivalence between
e and f : w∗w = e and ww∗ = f . �

A *-representation AH is said to be irreducible if End(AH) =
C1H. A positive functional is said to be pure if the associated GNS-
representation is irreducible. A family {AHj} of *-representations of
A is said to be disjoint if Hom(AHj, AHk) = {0} for j 6= k. Two
*-representations of A, π on H and σ on K, are said to be quasi-
equivalent if the correspondance π(a) 7→ σ(a) (a ∈ A) extends to a
*-isomorphism of π(A)′′ onto σ(A)′′. Two positive functionals ϕ and ψ
of A are said to be disjoint (resp. quasi-equivalent) if the associated
(left) GNS representations are disjoint (resp. quasi-equivalent).
Theorem 4.26.

(i) A positive functional ϕ is pure if and only if any positive func-
tional ψ satisfying ψ ≤ ϕ is proportional to ϕ.

(ii) A *-representation AH is irreducible if and only if Aξ = H for
any 0 6= ξ ∈ H.
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(iii) Two *-representations AH and AK are not disjoint if and only if
we can find non-zero subrepresentations AH

′ ⊂ AH and AK
′ ⊂

AK such that AH
′ and AK

′ are unitarily equivalent.
(iv) Two *-representations AH and AK are quasi-equivalent if and

only if there are setsX, Y such that AH⊗`2(X) and AK⊗`2(Y )
are unitarily equivalent.

Corollary 4.27. The set of pure states of a C*-algebra A is invariant
under *-automorphisms of A.

Exercise 38. The following conditions on a family {πi : A→ B(Hi)}
of *-representations of a *-algebra A are equivalent.

(i) The representations πi (i ∈ I) are mutually disjoint.
(ii) (

⊕
i πi)(A)′ =

⊕
i πi(A)′.

(iii) (
⊕

i πi)(A)′′ =
⊕

i πi(A)′′.

5. Linear Functionals on W*-algebras

The Lp-duality is usually established via Radon-Nikodym derivatives
and in a measure theoretical way (see Rudin’s Real and Complex Anal-
ysis Chapter 6 for example.) Try to give a functional analytic proof
based on the Riesz lemma, i.e., by modifying the von Neumann’s proof
of the Radon-Nikodym theorem.

A positive linear functional ϕ of a W*-algebra M is said to be com-
pletely additive if ϕ(

∑
ı∈I eı) =

∑
ı∈I ϕ(eı) for any family {eı}ı∈I of

pair-wise orthogonal projections in M . It is said to be normal6 if
ϕ(supı∈I aı) = supı∈I ϕ(aı) for any bounded increasing net {aı}ı∈I of
positive elements in M , where supı∈I aı denotes the least upper bound
of {aı}ı∈I . Clearly complete additivity follows from normality.

Theorem 5.1 (Dixmier). The following conditions on a positive func-
tional ϕ of a W*-algebra are equivalent.

(i) ϕ is σ-weakly continuous.
(ii) ϕ is normal.
(iii) ϕ is completely additive.

Proof. The implication (i) =⇒ (ii) is a consequence of σ-weak conver-
gence of supı aı and (ii) =⇒ (iii) is obvious.

We first show that, given any projection 0 6= p ∈ M , we can find
a subprojection 0 6= p′ ≤ p such that M 3 x 7→ ϕ(xp′) is σ-strongly
continuous. To see this, choose a positive ψ ∈ M∗ so that ϕ(p) <
ψ(p). Since both of ϕ and ψ are completely additive, we can find a

6This is a standard but not illuminating terminology; order-continuity would
have been much better.
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subprojection p′′ ≤ p which is maximal among subprojections satisfying
ϕ(p′′) ≥ ψ(p′′). From ϕ(p) < ψ(p), p′ = p−p′′ 6= 0 and, by maximality,
any subprojection e of p′ has the property ϕ(e) ≤ ψ(e), which implies
ϕ(a) ≤ ψ(a) for a ∈ p′M+p

′ by spectral decomposition. Now M 3 x 7→
ϕ(xp′) is σ-strongly continuous becuase of

|ϕ(xp′)| ≤ ϕ(1)1/2ϕ(p′x∗xp′)1/2 ≤ ϕ(1)1/2ψ(p′x∗xp′)1/2.

To complete the implication (iii) =⇒ (i), choose a maximal family {pı}
of pairwise orthogonal projections satisfying pıϕ ∈M∗. Then

∑
ı pı = 1

by the previous step and, for a finite subset J ⊂ I,∣∣∣∣∣ϕ(x(1−
∑
j∈J

pj))

∣∣∣∣∣ ≤ ϕ(xx∗)1/2ϕ(1−
∑
j∈J

pj)
1/2 ≤ ‖ϕ‖1/2‖x‖ϕ(1−

∑
j∈J

pj)
1/2

shows that

‖
∑
j∈J

pjϕ− ϕ‖ ≤ ‖ϕ‖1/2ϕ(1−
∑
j∈J

pj)
1/2 → 0 (J ↗ I).

�

Proposition 5.2. Let M∗ be the set of σ-weakly continuous linear
functionals on a W*-algebra M , which is referred to as the predual of
M .

(i) Aa a subset of M∗, M∗ is a norm-closed *-subbimodule of M .
(ii) The Banach spaceM is the dual ofM∗ and the σ-weak topology

on M is equal to the weak* topology as the dual of M∗.

Proof. Since M ⊂ B(H) is σ-weakly closed, this follows from C1(H)∗ =
B(H) and the polar relations. �

Example 5.3. The predual of B(H) is naturally identified with the
Banach space C1(H) of trace class operators (cf. Theorem 2.5). A nor-
mal state on B(H) is then represented by a positive trace class operator
ρ satisfying tr(ρ) = 1, which is referred to as a density operator.

Since any trace class operator is a linear combination of four den-
sity operators, any normal functiona of a W*-algebra M is a linear
combination of four positive normal states.

Exercise 39. Let S be the unitary shift on `2(Z). Then limn→∞ S
n = 0

in the weak* topology of M = B(`2(Z)) but ‖φSn‖ = ‖φ‖ for 0 6= φ ∈
M∗ does not converge to 0.
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Definition 5.4. Let M ⊂ B(H) and N ⊂ B(K) be W*-algebras. A
*-homomorphism φ : M → N is said to be normal if it is order-
continuous: if {aı} is a norm-bounded increasing net of positive ele-
ments in M , then

φ

(
sup
ı
aı

)
= sup

ı
φ(aı).

A *-representation π of M on a Hilbert space H is said to be normal
if π : M → B(H) is normal.

Proposition 5.5. The following conditions on a *-homomorphism be-
tween W*-algebras are equivalent.

(i) φ is normal.
(ii) If a positive functional ω : M → C is normal, then so is ω ◦ φ.
(iii) N∗ ◦ φ ⊂M∗.

Proof. (i) =⇒ (ii) is trivial.
(ii) =⇒ (iii): Any ψ ∈ N∗ is a difference of two normal functionals.
(iii) =⇒ (i) follows from the σ-weak convergence of suprema. �

Corollary 5.6. If φ : M → N is a *-isomorphism between W*-
algebras, φ and its inverse φ−1 are σ-weakly continuous.

Theorem 5.7. If φ : M → N is a normal *-homomorphism of W*-
algebras, then φ(M) is σ-weakly closed in N .

Proof. Since φ is continuous with respect to the weak* topologies and
the unit ball B ⊂ M is σ-weakly compact, φ(B) ⊂ N is σ-weakly
compact and therefore it is σ-weakly closed in N . If b is in the σ-weak
closure of φ(M), then it is in the σ-weak closure of ‖b‖φ(B).

Note that (1 + ε)φ(B) contains the unit ball of the C*-algebra φ(M)
for any ε > 0. �
Example 5.8.

(i) An ampliation M 3 x 7→ x⊗ 1 ∈M ⊗ 1 is an injective normal
*-homomorphism.

(ii) A unitary map H → K induces an *-isomorphism of W*-
algebras M 3 x 7→ UxU∗ ∈ UMU∗.

(iii) Let K = e′H be M -invariant with e′ ∈M ′ a projection. Then
M 3 x 7→ xe′ ∈Me′ is a surjective normal *-homomorphism.

These are simple examples of normal *-homomorphisms but they are
enough to describe general ones.

Theorem 5.9 (Dixmier). Let M on H and N on K be W*-algebras,
φ : M → N be a normal *-homomorphism and suppose that N =
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φ(M). Then we can find an index set I, a projection e ∈ (M ⊗ 1`2(I))
′

and a unitary map U : e(H ⊗ `2(I))→ K so that

U(a⊗ 1)U∗ = φ(a) for a ∈M .

Proof. Choose vectors {ηj}j∈J in K so that K =
⊕

j∈J Nηj and let ϕj
be positive normal functionals on M defined by ϕj(a) = (ηj|φ(a)ηj).
Then we can find vectors ξj in H⊗ `2 satisfying ϕj(a) = (ξj|(a⊗ 1)ξj)

(a ∈M), which allows us to introduce unitary maps Uj : (M ⊗ 1)ξj →
Nηj by Uj((a ⊗ 1)ξj) = φ(a)ηj. Note that N = φ(M) is used here to
guarantee the surjectivity of Uj.

Since
⊕

j∈J (M ⊗ 1)ξj is identified with an M ⊗ 1-invariant closed

subspace of H ⊗ `2 ⊗ `2(J), the projection e to the subspace belongs
to (M ⊗ 1)′.

Now, with the choice I = N × J and the identification `2(I) = `2 ⊗
`2(J), the unitary map U : e(H⊗ `2(I))→ K defined by U =

⊕
j∈J Uj

meets the desired property. �

As a simple application of this theorem, we shall show that the tensor
product of W*-algebras has a space-free meaning.

Let Mj (resp. Nj) be W*-algebras on Hj (resp. Kj) for j = 1, 2
and α : M1 → M2, β : N1 → N2 be *-isomorphisms. Then the
correspondence x ⊗ y 7→ α(x) ⊗ β(y) is (uniquely) extended to a *-
isomorphism of M1⊗N1 (acting on H1⊗K1) onto M2⊗N2 (acting on
H2 ⊗K2).

Exercise 40. Describe the details in the proof of the assertion.

In view of the intrinsic nature of σ-weakly continuous linear func-
tionals, it is natural to expect a Jordan type decomposition for ϕ =
ϕ∗ ∈M∗.
Definition 5.10. Given a normal linear functional ϕ on a W*-algebra
M , its left and right supports [ϕ]l and [ϕ]r are the largest projection e
and f in M satisfying eϕ = ϕ and ϕf = ϕ respectively.

Note that, if ϕ∗ = ϕ, left and right supports coincide and are denoted
by [ϕ]. If ϕ is positive, ‖ϕ‖ = ϕ(1) = ϕ([ϕ]) and ϕ is faithful on
[ϕ]M [ϕ] in the sense that ϕ(a) = 0 implies a = 0 for any positive
a ∈ [ϕ]M [ϕ] (apply ϕ to the spectral projections of a).

Example 5.11. Let M = B(H) and represent ϕ in terms of a trace
class operator operator T on H. Then left and right supports of ϕ are
those of T .

Proposition 5.12. A projection e in a W*-algebra M is of the form
e = [ϕ] for some ϕ ∈M+

∗ if and only if it is σ-finite in the sense that



36 YAMAGAMI SHIGERU

an orthogonal decomposition
∑

i∈I ei of e in M is possible only for a
countable index set I.

Theorem 5.13 (Sakai). Each normal linear functional ϕ on a W*-
algebra M is of the form u |ϕ|, where |ϕ| is a positive normal linear
functional and u is a partial isometry in M satisfying u∗u = [ϕ]r =
[|ϕ|] and the pair (u, |ϕ|) is uniquely determined by these properties.
Moreover we have uu∗ = [ϕ]l.

Proof. By replacing ϕ with ϕ/‖ϕ‖, we may assume that ‖ϕ‖ = 1. Let
e = [ϕ]r and [ϕ]l = f .

We first check the uniqueness. Let (u, ω) be such a pair. From ‖ϕ‖ ≤
‖u‖ ‖ω‖ = ‖ω‖ and ‖ω‖ ≤ ‖u∗‖ ‖ϕ‖ = ‖ϕ‖, we see ‖ω‖ = ‖ϕ‖ = 1,
whence 1 = ω(1) = ϕ(u∗).

Assume that ϕ(a) = ‖ϕ‖ = 1 with a in the unit ball of eMf . Then
1 = ω(b) with b = au in the unit ball of eMe and

1 = ω(b) ≤
√
ω(1)

√
ω(b∗b) =

√
ω(b∗b) ≤ 1

shows that ω(b∗b) = 1 = ω(1) = ω(e). Since b∗b is in the unit ball of
eMe and ω is faithul on eMe, ω(e− b∗b) = 0 implies e = b∗b. Likewise,
starting with ω(b∗) = 1, we obtain e = bb∗. Thus b is a unitary in the
unital C*-algebra eMe and te + (1 − t)b (0 < t < 1) can be identified
with the continuous function t+ (1− t)z of z ∈ σ(b) ⊂ T. Let µ be the
probability measure in σ(b) associated with the state ω. Then

1 = ω(te+ (1− t)b) =

∫
σ(b)

(t+ (1− t)z)µ(dz)

≤
∫
σ(b)

|t+ (1− t)z|µ(dz)

≤
∫
σ(b)

(t+ (1− t)|z|)µ(dz) = 1.

Since |t + (1 − t)z| < 1 for 1 6= z ∈ σ(b), µ must be supported by a
single point {1} and we have

ω((e− b)∗(e− b)) =

∫
σ(b)

|1− z|2 µ(dz) = 0,

which means b = e by the faithfulness of ω on eMe, i.e., a = u∗. Thus
the partial isometry part u ∈ fMe is uniquely determined by ϕ(u∗) = 1
and so is ω = u∗ϕ.

Now we establish the existence. Since the unit ball B of M is σ-
weakly compact, the function B 3 x 7→ |ϕ(x)| is σ-weakly continous,
and since 1 = ‖ϕ‖ = sup{|ϕ(x)|;x ∈ B}, we can find x ∈ B such that
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|ϕ(x)| = 1 and then a = x/ϕ(x) ∈ B satisfies ϕ(a) = 1. Replacing
a with eaf , we may further assume that a belongs to the unit ball of
eMf . Let a∗ = uh be the polar decomposition of a∗ with 0 ≤ h ≤ 1
and p ≤ e be the support projection of h. Then the linear functional
ω = u∗ϕ satisfies ‖ω‖ = 1 and ω(h) = ϕ(a) = 1.

We claim that ω is positive. In fact, ‖h + eiθ(1 − h)‖ ≤ 1 and, for
the choise of θ ∈ R satisfying eiθω(1− h) ≥ 0,

1 ≤ 1 + eiθω(1− h) = ω(h+ eiθ(1− h)) ≤ ‖h+ eiθ(1− h)‖ ≤ 1

ω(1−h) = 0, i.e., ω(1) = ω(h) = 1 with ‖ω‖ = 1, whence ω is positive.
Now the existence is proved by checking p = e, i.e., ϕp = ϕ. If not,

ϕ(1−p) 6= 0 and we can find b ∈ B satisfying (1−p)b = b and ϕ(b) > 0.
Then a∗b = a∗p(1− p)b = 0 and, for t > 0,

‖a+ tb‖2 = ‖(a+ tb)∗(a+ tb)‖ = ‖a∗a+ t2b∗b‖ ≤ 1 + t2

and therefore

1 + tϕ(b) = ϕ(a+ tb) ≤ ‖a+ tb‖ ≤
√

1 + t2,

which is impossible for ϕ(b) > 0. �

6. Tomita-Takesaki Theory

Mainly we follow the presentation in [Bratteli-Robinson 1].
A positive normal functional ϕ on a W*-algebra M is said to be

faithful if ϕ(a) = 0 for a positive a ∈ M implies a = 0. A positive
normal functional ϕ is faithful if and only if [ϕ] = 1 and any positive
normal functional ϕ is faithful when restricted to [ϕ]M [ϕ].

Example 6.1. Let M = B(H) and represent ϕ in terms of a positive
trace class operator operator ρ on H. Then ϕ is faithful if and only if
ker ρ = {0}.

Exercise 41. A W*-algebra M admits a faithful positive normal func-
tional if and only if it is sigma-finite in the sense that any mutually
orthogonal family {ei}i∈I of non-zero projections in M has counatble
cardinarity in the index set I.

Let M+
∗ be the set of positive normal functionals. Then M+

∗ and M+

are in the polarity relation: M+ = {a ∈M ;ω(a) ∈ R+ ∀ω ∈M+
∗ } and,

if a ∈M+ satisfies ω(a) = 0 for all ω ∈M+
∗ , then a = 0.

Given a faithful ϕ ∈ M+
∗ , we shall identify the left and right GNS

representation spaces Mϕ1/2 and ϕ1/2M in such a way that the iden-
tified Hilbert space L2(M) allows a *-bimodule structure satisfying
(ϕ1/2)∗ = ϕ1/2 and the closed convex hull of {aϕ1/2a∗; a ∈ M} gives a
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positive cone in L2(M), i.e., (ϕ1/2a|aϕ1/2) = (ϕ1/2|aϕ1/2a∗) ≥ 0 for any
a ∈M and ϕ ∈M+

∗ .
To get a hint for the construction, think of a (possibly unbounded)

operator ∆1/2 formally defined by ∆1/2(aϕ1/2) = ϕ1/2a, which is posi-
tive by the positive cone assumption, and introduce the notation J to
stand for the conjugate-linear isometric involution ξ 7→ ξ∗ (ξ ∈ L2(M)).
Then the combination J∆1/2 satisfies

J∆1/2(aϕ1/2) = a∗ϕ1/2.

In other words, if we introduce a (possibly unbounded) conjugate-linear

involution S on the left GNS space H = Mϕ1/2 by S(aϕ1/2) = a∗ϕ1/2,
then J and ∆1/2 can be captured as parts of the polar decomposition of
S. Now we regard M ⊂ B(H) and introduce the *-operation as well as
the right multiplication of a ∈M on H by ξ∗ = Jξ and ξa = Ja∗Jξ for
ξ ∈ H. At this point, we have (ϕ1/2)∗ = ϕ1/2 because ϕ1/2 is invariant
under S.

The condition (aξ)b = a(ξb) is then equivalent to JMJ ⊂M ′, which
turns out to be enough to ensure (aξb)∗ = b∗ξ∗a∗ for a, b ∈M . We also
need to show the inequality (a∗ϕ1/2|J(aϕ1/2)) ≥ 0 (a ∈ M) to realize
the positive cone assumption.

Under these backgrounds, we introduce two conjugate-linear involu-
tions S0 and F0 by

S0(aϕ1/2) = a∗ϕ1/2, F0(a′ϕ1/2) = (a′)∗ϕ1/2, a ∈M,a′ ∈M ′

Lemma 6.2. Both of S0 and F0 are closable with their closure S and
F being adjoints of F0 and S0 respectively. Moreover, the following
conditions on ξ, η ∈ H are equivalent.

(i) ξ ∈ D(F ) and η = Fξ.
(ii) There is a closed operator ρ affiliated7 withM ′ satisfying ρϕ1/2 =

ξ and ρ∗ϕ1/2 = η.

A similar statement holds for S and M .

Proof. Inclusions S0 ⊂ F ∗0 and F0 ⊂ S∗0 are immediate.
For ξ ∈ H, a densely defined operator ρξ in H is set to be ρξ(aϕ

1/2) =
aξ for a ∈M . If ξ ∈ D(S∗0) and η = S∗0ξ, i.e., if

(aϕ1/2|η) = (ξ|a∗ϕ1/2) for all a ∈M ,

then

(aϕ1/2|ρξ(bϕ1/2)) = (b∗aϕ1/2|ξ) = (η|a∗bϕ1/2) = (ρη(aϕ
1/2)|bϕ1/2)

7If v|ρ| denotes the polar decomposition of ρ, this means that v and spectral
projections of |ρ| belong to M ′.
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shows that ρξ ⊂ ρ∗η and ρη ⊂ ρ∗ξ . Let ρ = ρ∗∗ξ be the closure of ρξ with
v|ρ| the polar decomposition of ρ (cf. Reed-Simon §VIII.9).

If u ∈ M is a unitary, ρξ(uaϕ
1/2) = uaξ = uρξ(aϕ

1/2) shows that
u∗ρξu = ρξ and hence u∗ρu = ρ. By the uniqueness of the polar
decomposition, v ∈ M ′ and the spectral projections of |ρ| belong to
M ′, i.e., ρ is affiliated to M ′. Let e′n ∈M ′ be the one associated to the
interval [0, n] and set ρn = v|ρ|e′n ∈M ′. Then, the convergence

ρnϕ
1/2 = ve′nv

∗ρξϕ
1/2 = ve′nv

∗ξ → ξ,

ρ∗nϕ
1/2 = e′nρ

∗
ξϕ

1/2 = e′nη → η

shows that ξ ⊕ η is in the closure of the graph of F0. �

Let S = J∆1/2 be the polar decomposition. Recall that ∆1/2 is
a positive self-adjoint operator specified by ‖∆1/2ξ‖2 = ‖Sξ‖2 with
D(∆1/2) = D(S) and the antiunitary operator J by J : ∆1/2ξ 7→ Sξ
for ξ ∈ D(S). Since S = S−1 as the closure of S0 = S−1

0 , we have
J∆1/2 = ∆−1/2J−1 = J−1J∆−1/2J−1 and the uniqueness of the polar
decomposition gives

J−1 = J, J∆1/2J = ∆−1/2.

Thus the polar decomposition of F is given by S∗ = ∆1/2J = J∆−1/2

and the positive self-adjoint operator FS = SF is equal to the square
∆ of ∆1/2.

Lemma 6.3 (Fundamental Lemma). Let a ∈ M , λ ∈ C \ [0,∞) and
set ξ = 1

λ−∆−1aϕ
1/2. Then an element ρλ in M ′ is defined by

ρλ(xϕ
1/2) = xξ for x ∈M

with an estimate

‖ρλ‖ ≤
‖a‖√

2|λ| − λ− λ∗
.

Proof. Since ξ = 1
λ−∆−1aϕ

1/2 is in the domain D(S∗) = D(∆−1/2), we
can find a closed operator ρλ affiliated to M ′ satisfying

ρλ(xϕ
1/2) = xξ for x ∈M

and the problem is reduced to showing the estimate on ‖ρλ‖.
Let x ∈M . In the expression

‖xξ‖2 = (x∗xξ|ξ) =

(
1

λ∗ −∆−1
x∗xξ

∣∣∣∣ aϕ1/2

)
,
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we use the fact that 1
λ∗−∆−1x

∗xξ is in the domain of F to find a closed
operator ρ affiliated to M ′ and satisfying

ρϕ1/2 =
1

λ∗ −∆−1
x∗xξ, ρ∗ϕ1/2 = F

(
1

λ∗ −∆−1
x∗xξ

)
.

Let v|ρ| be the polar decomposition of ρ. Then

‖xξ‖2 = (ρϕ1/2|aϕ1/2) =
(
|ρ|1/2ϕ1/2

∣∣∣a|ρ|1/2v∗ϕ1/2
)

≤ ‖a‖ ‖|ρ|1/2ϕ1/2‖ ‖|ρ|1/2v∗ϕ1/2‖.

Since ‖|ρ|1/2v∗ϕ1/2‖2 = (ρϕ1/2|vϕ1/2) and ‖|ρ|1/2v∗ϕ1/2‖2 is equal to

(v∗ϕ1/2|ρ∗ϕ1/2) = (F (vϕ1/2)|F (ρϕ1/2)) = (ρϕ1/2|∆−1vϕ1/2),

we observe that∣∣∣λ‖|ρ|1/2ϕ1/2‖2 − ‖|ρ|1/2v∗ϕ1/2‖2
∣∣∣ =

∣∣∣((λ∗ −∆−1)ρϕ1/2|vϕ1/2)
∣∣∣

=
∣∣∣(x∗xξ|vϕ1/2)

∣∣∣ =
∣∣∣(xξ|vxϕ1/2)

∣∣∣
≤ ‖xξ‖ ‖xϕ1/2‖,

which is combined with the quadratic inequality

|λs− t|2 ≥ |λs− t|2 − (|λ|s− t)2 = (2|λ| − λ− λ∗)st

for the choice s = ‖|ρ|1/2ϕ1/2‖2, t = ‖|ρ|1/2v∗ϕ1/2‖2 to get√
2|λ| − λ− λ∗‖xξ‖2 ≤

√
2|λ| − λ− λ∗‖a‖‖|ρ|1/2ϕ1/2‖ ‖|ρ|1/2v∗ϕ1/2‖

≤ ‖a‖ ‖xξ‖ ‖xϕ1/2‖.

�

Lemma 6.4 (Fundamental Relation). As a sesquilinear form relation,
we have

JaJ = λ∆−1/2ρ∗λ∆
1/2 −∆1/2ρ∗λ∆

−1/2

on D(∆1/2) ∩D(∆−1/2).

Proof. We start with the relation ρλϕ
1/2 = (λ − ∆−1)−1aϕ1/2 in the

form

(x′(y′)∗ϕ1/2|aϕ1/2) = λ(x′(y′)∗ϕ1/2|ρλϕ1/2)− (x′(y′)∗ϕ1/2|∆−1ρλϕ
1/2)

for x′, y′ ∈M ′ and rewrite each of three terms as follows:

(x′(y′)∗ϕ1/2|aϕ1/2) = ((y′)∗ϕ1/2|a(x′)∗ϕ1/2) = (F (y′ϕ1/2)|aF (x′ϕ1/2))

= (JaJ∆−1/2x′ϕ1/2|∆−1/2y′ϕ1/2),
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(x′(y′)∗ϕ1/2|ρλϕ1/2) = ((y′)∗ϕ1/2|(x′)∗ρλϕ1/2) = (F (y′ϕ1/2)|F (ρ∗λx
′ϕ1/2))

= (∆−1/2ρ∗λx
′ϕ1/2|∆−1/2y′ϕ1/2)

and

(x′(y′)∗ϕ1/2|∆−1ρλϕ
1/2) = (F (ρλϕ

1/2)|F (x′(y′)∗ϕ1/2))

= (ρ∗λϕ
1/2|y′(x′)∗ϕ1/2) = ((y′)∗ρ∗λϕ

1/2|(x′)∗ϕ1/2)

= (F (ρλy
′ϕ1/2)|F (x′ϕ1/2))

= (∆−1/2x′ϕ1/2|∆−1/2ρλy
′ϕ1/2)

Note here that we need to be alert on the domain of undounded oper-
ators.

To get rid of these nuisances, we again apply the fundamental lemma.
For any x ∈ M , (1 + ∆−1)−1xϕ1/2 is of the form x′ϕ1/2 with x′ ∈ M ′

and similarly for y′. With this special choice of x′ and y′, we obtain
the following bounded version:

(x′(y′)∗ϕ1/2|aϕ1/2) =

(
∆−1/2

1 + ∆−1
JaJ

∆−1/2

1 + ∆−1
xϕ1/2

∣∣∣yϕ1/2

)
(x′(y′)∗ϕ1/2|ρλϕ1/2) =

(
∆−1

1 + ∆−1
ρ∗λ

1

1 + ∆−1
xϕ1/2

∣∣∣yϕ1/2

)
(x′(y′)∗ϕ1/2|∆−1ρλϕ

1/2) =

(
1

1 + ∆−1
ρ∗λ

∆−1

1 + ∆−1
xϕ1/2

∣∣∣yϕ1/2

)
Since x, y ∈M are arbitrary, these relations lead us to

∆−1/2

1 + ∆−1
JaJ

∆−1/2

1 + ∆−1
= λ

∆−1

1 + ∆−1
ρ∗λ

1

1 + ∆−1
− 1

1 + ∆−1
ρ∗λ

∆−1

1 + ∆−1

and, as a sesquilinear form relation, we conclude8 that

JaJ = λ∆−1/2ρ∗λ∆
1/2 −∆1/2ρ∗λ∆

−1/2

on D(∆1/2) ∩D(∆−1/2). �

Theorem 6.5 (Tomita-Takesaki). We have ∆itJMJ∆−it = M ′ for
t ∈ R.

Proof. We shall prove ∆itJMJ∆−it ⊂ M ′ for t ∈ R in a series of
arguments below. Then the inclusion for M ′ gives ∆−itJM ′J∆it ⊂
M ′′ = M for t ∈ R in view of J ′ = J and ∆′ = ∆−1, whence the
equality holds. �

8Recall that the range of 1
∆1/2+∆−1/2 is a core for ∆1/2 and ∆−1/2.
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Before giving a proof, we discuss a general fact on one-parameter
automorphism group of the form Ad∆it.

Let ∆it be a one-parameter group of unitaries on H and C ∈ B(H).
Let ξ, η ∈ H be entirely analytic vectors for ∆z (z ∈ C) and consider a
holomorphic function of the form G(z) = g(z)(∆zξ|C∆−zη), where g(z)
is a holomorphic function in the punctured strip domain {|Re(z)| ≤
1/2}\{0} with a residue r at z = 0, and try to have the following form
of Cauchy’s formula:

2πr(ξ|Cη) =

∫ ∞
−∞

(G(it+ 1/2)−G(it− 1/2)) dt,

where the right hand side is equal to∫ ∞
−∞

dt (ξ|∆it

(
g
(
it+

1

2

)
∆1/2C∆−1/2 − g

(
it− 1

2

)
∆−1/2C∆1/2

)
∆−itη).

To tie the integrand to the fundamental relation in Lemma 6.4, we
require

g
(
it− 1

2

)
= λg

(
it+

1

2

)
for t ∈ R.

Then, by the choice µ = log(−λ), the function f(z) = g(z)eµz is ex-
tended to an entire function satisfying f(z + 1) = −f(z) with sim-
ple poles at integer points. Thus it is reasonable to set9 g(z)eµz =
1/ sin(πz), i.e., g(z) = e−µz/ sin(πz).

With this choice, g(it + s) (t ∈ R, −1/2 ≤ s ≤ 1/2) is rapidly
decreasing as t → ±∞ if and only if −π < Imµ < π. Thus, for µ in
this range, the above integral formula in fact holds and takes the form

2C = e−µ/2
∫ ∞
−∞

dt
e−iµt

cosh(πt)
∆it
(
∆1/2C∆−1/2 − λ∆−1/2C∆1/2

)
∆−it.

as sesquilinear forms on D(∆1/2) ∩D(∆−1/2).
Now apply the formula just established for the choice C = JaJ to

get

−2eµ/2ρ∗λ =

∫ ∞
−∞

dt
e−iµt

cosh(πt)
∆itJaJ∆−it.

Note here that µ in the range |Imµ| < π meets the condition λ 6∈ [0,∞).
Finally, let b ∈M . Then, for ξ, η ∈ H, we have∫ ∞

−∞
dt

e−iµt

cosh(πt)
(ξ|[∆itJaJ∆−it, b]η) = 0

9The choice is effectively unique up to scalar multiplication, see Appendix M.
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first for 0 < |Imµ| < π and then for µ ∈ R by continuity on the
parameter µ. Thus ∆itJaJ∆−it commutes with every b ∈ M and we
are done.

Corollary 6.6. We have JMJ = M ′ and ∆itM∆−it = M for t ∈ R.

Exercise 42. It is instructive to see what is going on in the case
M = B(H).

Let N be another W*-algebra and ψ ∈ N+
∗ be faithful. In view of

the expression

ϕ(x)ψ(y) = (ϕ1/2 ⊗ ψ1/2|(x⊗ y)(ϕ1/2 ⊗ ψ1/2), x ∈M, y ∈ N

M ⊗N 3 x⊗ y 7→ ϕ(x)ψ(y) defines a normal positive functional ϕ⊗ψ
of M ⊗ N . Note that ϕ ⊗ ψ is faithful because M ′ ⊗ N ′ ⊂ (M ⊗ N)′

and (M ′ ⊗ N ′)(ϕ1/2 ⊗ ψ1/2) is dense in Mϕ1/2 ⊗ Nψ1/2 in view of

M ′ϕ1/2 = Mϕ1/2 and N ′ψ1/2 = Nψ1/2. Since the algebraic tensor
product of M and N is σ-weakly dense in M ⊗N , Kaplansky densitiy
theorem 4.23 ensures that Mϕ1/2 ⊗ Nψ1/2 is a core of Sϕ⊗ψ and we
have

Jϕ⊗ψ = Jϕ ⊗ Jψ, ∆ϕ⊗ψ = ∆ϕ ⊗∆ψ.

Now, on the Hilbert space Mϕ1/2 ⊗Nψ1/2, we have

(M ⊗N)′ = Jϕ⊗ψ(M ⊗N)Jϕ⊗ψ = (JϕMJϕ)⊗ (JψNJψ) = M ′ ⊗N ′

Theorem 6.7 (Tomita). Let M ⊂ B(H) and N ⊂ B(K) be W*-
algebras. Then (M ⊗N)′ = M ′ ⊗N ′ on H ⊗K.

Proof. We use a general fact that, given a projection e ∈M , (eMe)′ =
M ′e. By the previous discussion, we know

(M⊗N)′(e⊗f) = ((e⊗f)(M⊗N)(e⊗f))′ = (eMe⊗fNf)′ = M ′e⊗N ′f

if e = [ϕ], f = [ψ] with ϕ ∈ M+
∗ , ψ ∈ N+

∗ and the theorem follows
from the next lemma. �

Lemma 6.8. For the directed set structure in M+
∗ , we have

1 = lim
ϕ↗∞

[ϕ]

with respect to the σ-weak convergence in M .

Proof. This is a consequence of the fact that, for a ∈M+, ϕ(a) = 0 for
all ϕ ∈ M+

∗ implies a = 0, which in turn follows from M = (M∗)
∗ and

M∗ = M+
∗ −M+

∗ + iM+
∗ − iM+

∗ . �
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7. Standard Hilbert Spaces

We now identify the left GNS space Mϕ1/2 and the right GNS Hilbert

space ϕ1/2M by the unitary map J(xϕ1/2) 7→ ϕ1/2x∗ with the identified
Hilbert space denoted by L2(M,ϕ) as a non-commutative analogue of
L2(Ω, µ). On the Hilbert space L2(M,ϕ), we have J(xϕ1/2) = ϕ1/2x∗ =
(xϕ1/2)∗; J is the star operation on L2(M,ϕ) as expected.

Let ρ(b) be the right multiplication operator by b ∈M . Then

ρ(b)J(xϕ1/2) = ϕ1/2x∗b = J(b∗xϕ1/2) = Jb∗JJ(xϕ1/2)

shows that ρ(b) = Jb∗J on the left GNS space and the associativity
(aξ)b = a(ξ)b for a, b ∈ M and ξ ∈ L2(M,ϕ) follows from the com-
mutativity JMJ ⊂ M ′. The compatibility (aξb)∗ = b∗ξ∗a∗ is also
reduced to the commutativity Ja(Jb∗J) = b∗(JaJ)J . The positivity
assumption (at the beginning of the previous section) is a consequence
of the positivity of ∆1/2: (a∗ϕ1/2|J(aϕ1/2)) = (aϕ1/2|∆1/2aϕ1/2) ≥ 0.
Note that another positivity holds also: For a, b ∈M+, (aϕ1/2|ϕ1/2b) =
(ϕ1/2|aJbJϕ1/2) ≥ 0 because aJbJ is a positive operator on L2(M,ϕ).

Though the J operation is enough to identify left and right GNS
Hilbert spaces, the fact ∆itM∆−it = M is also fundamental in further
analysis of ϕ.

When ϕ ∈M+
∗ is not faithful, we set L2(M,ϕ) = L2([ϕ]M [ϕ], ϕ).

Definition 7.1. The modular automorphism group10 {σt}t∈R of
M associated to a faithful ϕ ∈ M+

∗ is defined by σt(a) = ∆ita∆−it

(a ∈M).

Let M be the set of entirely analytic elements for {σt}. Then M is
a *-subalgebra of M . In fact, if f(z) = σz(x) and g(z) = σz(y) are
analytic continuations of σt(x) and σt(y) for x, y ∈M, then f(z)∗ and
f(z)g(z) are analytic continuations of σt(x

∗) and σt(xy) respectively.
Moreover, thanks to the Gaussian regularization and the Kaplansky
density theorem 4.23, {xx∗;x ∈ M, ‖x‖ ≤ 1} is strongly dense in the
operator interval {a ∈M+; ‖a‖ ≤ 1}.

For a natural number n ≥ 2, let Mn(M) = M⊗Mn(C) be the matrix
ampliation of M . Given a finite family {ωj} in M+

∗ , let ω ∈ Mn(M)+
∗

be defined by

ω({ajk}) =
n∑
j=1

ωj(ajj).

10Whereas the natural notation is definitely ϕit(·)ϕ−it, it is customary to use
the same symbol σ with the spectrum.
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Then [ω] = diag([ω1], · · · , [ωn]) and [ω]Mn(M)[ω] is of the form
M11 M12 . . . M1n

M21 M22 . . . M2n
...

...
. . .

...
Mn1 Mn2 . . . Mnn

 with Mjk = [ωj]M [ωk].

The left and right GNS spaces are obviously identified with

[ω]Mn(M)ω1/2 =


M11ω

1/2
1 M12ω

1/2
2 . . . M1nω

1/2
n

M21ω
1/2
1 M22ω

1/2
2 . . . M2nω

1/2
n

...
...

. . .
...

Mn1ω
1/2
1 Mn2ω

1/2
2 . . . Mnnω

1/2
n


and

ω1/2Mn(M)[ω] =


ω

1/2
1 M11 ω

1/2
1 M12 . . . ω

1/2
1 M1n

ω
1/2
2 M21 ω

1/2
2 M22 . . . ω

1/2
2 M2n

...
...

. . .
...

ω
1/2
n Mn1 ω

1/2
n Mn2 . . . ω

1/2
n Mnn


respectively. Here ω1/2 is identified with the diagonal matrixω

1/2
1 O

.. .

O ω
1/2
n


to utilize the matrix structure in L2(Mn(M), ω).

Since [ω]Mn(M)ω1/2 = L2(Mn(M), ω) = ω1/2Mn(M)[ω], we have

a natural identification Mjkω
1/2
k = ω

1/2
j Mjk, the explicit procedure of

which will be recalled in the present context:
A densely defined conjugate-linear map

Mjkω
1/2
k 3 ajkω1/2

k 7→ a∗jkω
1/2
j ∈Mkjω

1/2
j

is closable with its closure Sjk satisfying S−1
jk = Skj. Let Sjk = Jjk∆

1/2
jk

be the polar decomposition11 with Jjk : Mjkω
1/2
k →Mkjω

1/2
j antiunitary

and the identification of Hilbert spaces is given by

Mjkω
1/2
k 3 ξ 7→ (Jjkξ)

∗ ∈ ω1/2
j Mjk.

Note here that the diagonal stuff is associated to the restriction of ϕj
on the reduced algebras [ϕj]M [ϕj].

11∆j,k are referred to as relative modular operators.
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The unitaries ∆it
jk on Mjkω

1/2
k induces a σ-weakly continuous one-

parameter group σjkt of isometries on Mjk so that

∆it
jkajkω

1/2
k = σjkt (ajk)ω

1/2
k

and, for entirely analytic elements of σjk, the identification is also spec-
ified by

ajkω
1/2
k = ω

1/2
j σjki/2(ajk)

We notice, in particular, that the identification depends not on the
whole family {ωj} but only on the pair (ωj, ωk), and the modular au-
tomorphism group of ω is realized by

σt


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

 =


σ11
t (a11) σ12

t (a12) . . . σ1n
t (a1n)

σ21
t (a21) σ22

t (a22) . . . σ2n
t (a2n)

...
...

. . .
...

σn1
t (an1) σn2

t (an2) . . . σnnt (ann)

 .

Note also that Jjk is the restriction of the J for ω to the subspace

Mjkω
1/2
k .

For a pair (ϕ, ψ) in M+
∗ , it is cusomary use the more memorable

notation such as ∆ϕ,ψ, Jϕ,ψ and σϕ,ψt .
The pair-wise identifications are now patched up to a single Hilbert

space. For each ϕ ∈M+
∗ , let M⊗ϕ1/2⊗M be a dummy of the algebraic

tensor product M ⊗M , which is an M -M bimodule in an obvious way
with a compatible *-operation defined by the relation (a⊗ϕ1/2⊗ b)∗ =
b∗ ⊗ ϕ1/2 ⊗ a∗. On the algebraic direct sum⊕

ϕ∈M+
∗

M ⊗ ϕ1/2 ⊗M

of these *-bimodules, introduce a sesquiliear form by(⊕
j

xj ⊗ ω1/2
j ⊗ yj

∣∣∣∣∣⊕x′k ⊗ ω
1/2
k ⊗ y

′
k

)
=
∑
j,k

([ωk](x
′
k)
∗xjω

1/2
j |ω

1/2
k y′ky

∗
j [ωj]),

which is positive because of∑
j,k

([ωk]x
∗
kxjω

1/2
j |ω

1/2
k yky

∗
j [ωj]) = (Xω1/2|ω1/2Y )

= (X1/2ω1/2Y 1/2|X1/2ω1/2Y 1/2) ≥ 0.
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Here

X = [ω]

x∗1...
x∗n

(x1 . . . xn
)

[ω] and Y = [ω]

y1
...
yn

(y∗1 . . . y∗n
)

[ω]

are positive elments in [ω]Mn(M)[ω]. Recall that [ω] = diag([ω1], . . . , [ωn]).
The associated Hilbert space is denoted by L2(M) and the image of

a⊗ϕ1/2⊗ b in L2(M) by aϕ1/2b. Here the notation is compatible with
the one for L2(M,ϕ) because

[ϕ]M [ϕ]⊗ ϕ1/2 ⊗ [ϕ]M [ϕ] 3 a⊗ ϕ1/2 ⊗ b 7→ aϕ1/2b ∈ L2(M,ϕ)

gives an isometric map by the very definition of inner products. Similar
remarks are in order for left and right GNS spaces.

The left and right actions of M are compatible with taking quotients
and they are bounded on L2(M): For a ∈M ,∥∥∥∥∥⊕

j

axj ⊗ ω1/2
j ⊗ yj

∥∥∥∥∥
2

= (ω1/2|ZJY Jω1/2)

with

0 ≤ Z = [ω]

x∗1...
x∗n

 a∗a
(
x1 . . . xn

)
[ω] ≤ ‖a‖2X.

Moreover, these actions give *-representations of M : (aξ|η) = (ξ|a∗η)
and (ξa|η) = (ξ|ηa∗) for ξ, η ∈ L2(M) and a ∈M , which is immediate
from the definition of inner product.

The *-operation on L2(M) is also compatible with the inner product:∥∥∥∥∥
(⊕

j

xj ⊗ ω1/2
j ⊗ yj

)∗∥∥∥∥∥
2

=

∥∥∥∥∥⊕
j

y∗j ⊗ ω
1/2
j ⊗ x∗j

∥∥∥∥∥
2

= (Y ω1/2|ω1/2X)

= ((ω1/2X)∗|(Y ω1/2)∗) = (Xω1/2|ω1/2Y )

=

∥∥∥∥∥⊕
j

xj ⊗ ω1/2
j ⊗ yj

∥∥∥∥∥
2

.

So far, we have constructed a *-bimodule L2(M) of M in such a
way that L2(M,ϕ) ⊂ L2(M) for each ϕ ∈ M+

∗ and the closed sub-

spaces Mϕ1/2, ϕ1/2M in L2(M) are naturally identified with the left
and right GNS spaces of ϕ respectively. Moreover, for ϕ, ψ ∈ M+

∗ , we

have [ϕ]Mψ1/2 = ϕ1/2M [ψ] in L2(M), which is just a reflection of the
fact that the same identification inside L2(Mn(M), ω) is used in the
definition of inner product.
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Lemma 7.2. Given a countable family {aj} in M and a countable
family {ϕj} in M+

∗ , let ϕ ∈M+
∗ be defined by

ϕ =
∑
j,k≥1

1

2j+k
ajϕka

∗
j

ϕk(a∗jaj)
.

Then [ϕ]ajϕ
1/2
k = ajϕ

1/2
k for j, k ≥ 1.

Proof. In fact, 0 = ϕ(1 − [ϕ]) =
∑

j,k
1

2j+k
‖(1 − [ϕ])ajϕ

1/2
k ‖2/‖ajϕk‖2.

�

Proposition 7.3. Let ϕ ∈ M+
∗ and p be the central support12 of ϕ.

Then we have

ϕ1/2M = [ϕ]L2(M), L2(M,ϕ) = [ϕ]L2(M)[ϕ], Mϕ1/2M = pL2(M).

Proof. The first equality follows from

[ϕ]
∑
j

ajω
1/2
j bj ∈

∑
j

[ϕ]Mω
1/2
j bj =

∑
ϕ1/2M [ωj]bj ⊂ ϕ1/2M.

The second equality is a consequence of the first equality by

L2(M,ϕ) = ϕ1/2[ϕ]M [ϕ] = ϕ1/2M [ϕ].

Let U be the set of unitaries in M . Then p =
∨
u∈U

u[ϕ]u∗ and

pL2(M) =
∑
u∈U

u[ϕ]u∗L2(M) =
∑
u∈U

u[ϕ]L2(M) =
∑
u∈U

uϕ1/2M ⊂Mϕ1/2M.

�

Corollary 7.4. The algebraic sum
∑

ϕ∈M+
∗
Mϕ1/2 is dense in L2(M).

Consequently the left and right representations of M on L2(M) are
σ-weakly continuous.

Proof. By the previous lemma, [ϕ] ↗ 1 as ϕ ↗ ∞, which is used to
have

L2(M) = lim
ϕ↗∞

[ϕ]L2(M) = lim
ϕ↗∞

ϕ1/2M.

�

Lemma 7.5. Let ϕ, ψ ∈M+
∗ satisfy ϕ ≤ ψ. Then there exists exactly

one a ∈M satisfying ϕ1/2 = aψ1/2 and a[ψ] = a.

12p is the minimal projection in M ∩M ′ satisfying pϕ = ϕ.
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Proof. If cψ1/2 = 0 with c[ψ] = c, then c∗c ∈ [ψ]M [ψ] and ψ(c∗c) = 0
imply c∗c = 0, showing the uniqueness of a. In particular, a satisfies
[ϕ]a = a, whence a ∈ [ϕ]M [ψ] ⊂ [ψ]M [ψ]. Thus, replacing M with
[ψ]M [ψ], we may assume that ψ is faithful for the existence.

The map ψ1/2M 3 ψ1/2x 7→ ϕ1/2x ∈ L2(M) is contractive and it
gives a bounded linear operator a on L2(M) by the density of ψ1/2M
in L2(M). Clearly a commutes with the right action of M and therefore
it belongs to M . �

Proposition 7.6. Let ϕ =
∑

n≥1 ϕn with ϕn ∈M+
∗ . Then

Mϕ1/2 =
∑
n≥1

Mϕ
1/2
n .

Moreover M(ϕ1 + · · ·+ϕn)1/2 is increasing in n ≥ 1 and their union is
dense in Mϕ1/2.

Proof. First note that there is a one-to-one correspondence between
closed M -submodules of ML

2(M) and projections in M : Given a pro-
jection e ∈M , L(M)e is a closed submodule and any closed submodule

is of this form. Consequently, L2(M)(
∨
i∈I ei) =

∑
i∈I L

2(M)ei.
Now [ϕ] =

∨
n≥1[ϕn] shows that∑

n≥1

Mϕ
1/2
n =

∑
n≥1

L2(M)[ϕn] = L2(M)(
∨
n≥1

[ϕn]) = L2(M)[ϕ] = Mϕ1/2.

Finally, by the previous lemma, ϕ
1/2
j = aj(ϕ1 + · · ·+ϕn)1/2 for some

aj ∈M (1 ≤ j ≤ n) shows that

Mϕ
1/2
1 ⊂M(ϕ1 + ϕ2)1/2 ⊂ · · · ⊂Mϕ1/2

and
n∑
j=1

Mϕ
1/2
j =

n∑
j=1

Maj(ϕ1 + · · ·+ ϕn)1/2 ⊂M(ϕ1 + · · ·+ ϕn)1/2,

which give the density in question. �

Corollary 7.7. Let ϕ1, . . . , ϕn ∈M+
∗ . Then

M(ϕ
1/2
1 + · · ·+ ϕ

1/2
n ) = Mϕ

1/2
1 + · · ·+Mϕ

1/2
n = M(ϕ1 + · · ·+ ϕn)1/2.

Proof. We rely on L4-calculation in the first equality: If (ϕ
1/2
1 + · · · +

ϕ
1/2
n )e = 0, eϕ

1/2
1 e + · · · + eϕ

1/2
n e = 0, which implies eϕ

1/2
j e = 0 for

1 ≤ j ≤ n. Thus ϕ
1/4
j e = 0 and hence ϕje = 0. �
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The projection e associated to M(ϕ
1/2
1 + · · ·+ ϕ

1/2
n ) satisfies [ϕj]

which supports

Lemma 7.8. Let f ∈ M be a projection of the form f = [ω] for
some ω ∈M+

∗ . Then each T ∈ End(ML
2(M)f) is realized by the right

multiplication of a uniquely determined element in fMf .

Proof. Let T ∈ B(L2(M)f) commute with the left action of M . Let
ϕ ∈M+

∗ satisfy [ϕ] ≥ f and Tϕ ∈ B([ϕ]L2(M)[ϕ]) be defined by

Tϕ(ξ) = [ϕ]T (ξf) for ξ ∈ [ϕ]L2(M)[ϕ].

Clearly Tϕ commutes with the left action of [ϕ]M [ϕ] and it is realized
by the right multiplication of a uniquely determined element aϕ ∈
[ϕ]M [ϕ]. Since the range of Tϕ is included in L2(M)f and Tϕ vanishes
on [ϕ]L2(M)([ϕ]−f), aϕ belongs to fMf . Now let ψ ∈M+

∗ be another
functional satisfying [ψ] ≥ f . Since ω1/2 ∈ fL2(M)f is separating for
fMf , the equality

ω1/2aϕ = Tω1/2 = ω1/2aψ

implies aϕ = aψ. Thus, writing a for the common aϕ,

[ϕ]T [ϕ]ξ = ξa for ξ ∈ L2(M)f

and then, by taking the limit ϕ ↗ ∞, we conclude that Tξ = ξa for
ξ ∈ L2(M)f . �

Theorem 7.9. The left and right actions of M on L2(M) give the
commutants of each other.

Proof. Let T commute with the left action of M on L2(M). For ϕ ∈
M+
∗ , let [ϕ]′ ∈ B(L2(M)) be given by the right multiplication of [ϕ] ∈

M . Then [ϕ]′T [ϕ]′ on L2(M)[ϕ] is realized by aϕ ∈ [ϕ]M [ϕ]:

[ϕ]′T [ϕ]′ξ = ξaϕ.

For [ψ] ≥ [ϕ] with ψ ∈ M+
∗ , we see aϕ = [ϕ]aψ[ϕ] by the uniqueness,

whence a ∈M is well-defined by the relation aϕ = [ϕ]a[ϕ] and we have

Tξ = lim
ϕ↗∞

ξaϕ = ξa

for ξ ∈ L2(M). �

Definition 7.10. Let L2
+(M) be the closed convex cone generated by

the set {aϕ1/2a∗; a ∈M,ϕ ∈M+
∗ }.

Lemma 7.11. Let ϕ, ψ ∈M+
∗ and a ∈M . Then

(ϕ1/2|aψ1/2a∗) ≥ 0.
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Proof.

0 ≤
((

ϕ1/2 0
0 ψ1/2

)∣∣∣∣ (0 a
0 0

)(
ϕ1/2 0

0 ψ1/2

)(
0 0
a∗ 0

))
= (ϕ1/2|aψ1/2a∗).

�

For ξ, η ∈ L2(M), let ξη ∈M∗ be defined by

〈x, ξη〉 = (η∗|xξ), x ∈M.

Clearly ‖ξη‖ ≤ ‖ξ‖ ‖η‖ and the bilinear map ξ×η 7→ ξη is compatibile
with the *-bimodule sutructure of L2(M): (ξb)η = ξ(bη), (aξ)η = a(ξη)
and (ξη)∗ = η∗ξ∗.

Given ξ ∈ L2(M), its left (resp. right) support is the minimal pro-
jection e (resp. f) in M satisfying (1 − e)ξ = 0 (resp. ξ(1 − f) = 0).
When ξ∗ = ξ, these projections coincide and are denoted by [ξ].

Theorem 7.12 (Polar Decomposition). Each ξ ∈ L2(M) has exactly
one expression of the form ξ = v|ξ|, where |ξ| ∈ L2

+(M) and v ∈ M

satisfies v∗v = [|ξ|]. Moreover the unique |ξ| is equal to (ξ∗ξ)1/2 with
ξ∗ξ ∈M+

∗ .

Proof. Let e and f be the left and right supports of ξ. Clearly ϕ ≡
ξ∗ξ ∈M+

∗ and

ϕ1/2x 7→ ξx, x ∈M
defines an isometry of fL2(M) onto eL2(M), which commutes with the
right action of M and gives rise to a partial isometry v ∈M satisfying
v∗v = e, vv∗ = f and ξ = vϕ1/2.

Now assume that ξ ∈ L2
+(M) and we shall show that v = e = f .

First, from the invariance ξ∗ = ξ, e = f . By replacing M with the
reduced W*-algebra eMe, we may assume that ϕ is faithful and v is a
unitary.

Then the densely defined conjugate-linear map ϕ1/2x 7→ ξx∗ =
vϕ1/2x∗ has the closure vF = v∆1/2J with its adjoint given by J∆1/2v∗.
Note here that, by the unitarity of v, both of v∆1/2 and ∆1/2v∗ are
closed and adjoints of each other. Now, for x ∈M ,

v∆1/2J(ϕ1/2x) = v(ϕ1/2x∗) = ϕ1/2v∗x∗ = ∆1/2J(ϕ1/2xv)

= ∆1/2J(Jv∗J)(ϕ1/2x) = ∆1/2v∗J(ϕ1/2x),

where we used vϕ1/2 = (vϕ1/2)∗ = ϕ1/2v∗ at the middle of the first line.
Since J(ϕ1/2M) = Mϕ1/2 is a core for v∆1/2 and ∆1/2v∗, we see that
v∆1/2 = ∆1/2v∗ is self-adjoint.
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Finally we take the positivity of ξ ∈ L2(M)+ into account to have

0 ≤ (ξ|xϕ1/2x∗) = (x∗ϕ1/2v∗|ϕ1/2x∗) = (JvJ(x∗ϕ1/2)|ϕ1/2x∗)

= (Jv∆1/2(xϕ1/2)|ϕ1/2x∗) = (xϕ1/2|v∆1/2(xϕ1/2))

for x ∈ M . Since Mϕ1/2 is a core for the self-adjoint operator v∆1/2,
this implies v∆1/2 ≥ 0 and we conclude that v = 1 thanks to the
uniqueness of polar decomposition. �
Corollary 7.13 (Jordan Decomposition).

(i) Each ξ ∈ L2
+(M) is of the form ϕ1/2 with a unique ϕ ∈M+

∗ .
(ii) Each ξ = ξ∗ in L2(M) has a unique decomposition ξ = ξ+−ξ−,

where ξ± ∈ L2
+(M) satisfies (ξ+|ξ−) = 0.

Proof. Let ξ = v|ξ| be the polar decomposition. Then ξ = ξ∗ = |ξ|v∗ =
v∗(v|ξ|v∗) gives another polar decomposition and the uniqueness im-
plies v = v∗ and v|ξ|v∗ = |ξ|. Let v = p+ − p− be the spectral de-
composition. Since v|ξ| = |ξ|v, v∗|ξ| = |ξ|v∗ and p± are weak* lim-
its of polynomials of v = v∗, we see that p± commute with |ξ| and
ξ± = p±|ξ| = |ξ|p± give the decomposition.

Let ξ = η+ − η− be another Jordan decomposition. Then ξ+ − η+ =
ξ− − η− and the uniqueness follows from

‖ξ+ − η+‖2 = (ξ+ − η+|ξ− − η−) = −(ξ+|η−)− (η+|ξ−) ≤ 0.

�

Example 7.14. Let θ be a *-automorphism or a *-antiautomorphism
of a W*-algebra M . Then Θϕ1/2 = (ϕ◦θ)1/2 gives a unitary on L2(M).
Conversely, given a unitary Θ on L2(M) which preserves L2

+(M),

Exercise 43. Let ϕ ∈ M+
∗ and v ∈ M satisfy v∗v = [ϕ]. Then

(vϕv∗)1/2 = vϕ1/2v∗.

Exercise 44. For ξ, η ∈ L2
+(M), the following conditions are equiva-

lent. (i) (ξ|η) = 0. (ii) [ξ][η] = 0. (iii) ξη = 0. (Hint: the construction
and the uniqueness of the Jordan decomposition of ξ − η.)

As applications of this basic fact, we record here two further results.

Theorem 7.15 (Powers-Störmer-Araki). For ϕ, ψ ∈M+
∗ ,

‖ϕ1/2 − ψ1/2‖2 ≤ ‖ϕ− ψ‖ ≤ ‖ϕ1/2 + ψ1/2‖ ‖ϕ1/2 − ψ1/2‖.

Proof. We first remark that

ϕ(a)−ψ(a) =
1

2

(
(ϕ1/2+ψ1/2|a(ϕ1/2−ψ1/2))+(ϕ1/2−ψ1/2|a(ϕ1/2+ψ1/2))

)
,

from which the second inequality follows.
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Let ϕ1/2 − ψ1/2 = ξ − η (ξ, η ∈ L2
+(M), (ξ|η) = 0) be a Jordan

decomposition. Then, for the choice a = [ξ]− [η],

‖ϕ− ψ‖ ≥ ϕ(a)− ψ(a) = Re(ϕ1/2 − ψ1/2|a(ϕ1/2 + ψ1/2))

= Re(ξ − η|a(ϕ1/2 + ψ1/2))

= (ξ + η|ϕ1/2 + ψ1/2)

≥ (ξ − η|ϕ1/2)− (ξ − η|ψ1/2)

= ‖ϕ1/2 − ψ1/2‖2.

�

Theorem 7.16. L2
+(M) is a self-dual cone in the sense that

L2
+(M) = {ξ ∈ L2(M); (ξ|η) ≥ 0 ∀η ∈ L2

+(M)}.

Proof. Assume that ζ ∈ L2(M) is evaluated with elements in L2
+(M)

to have positive reals. Then, in terms of the four sum decomposition of
ζ ∈ L2(M), ζ = ξ+ − ξ− + i(η+ − η−), 0 = Im(η±|ζ) = ±‖η±‖2 implies
η± = 0 and then 0 ≤ (ξ−|ζ) = −‖ξ−‖2 shows that ξ− = 0. �

7.1. More on reduced subspaces. Let L2
+(M,ϕ) be the closure of

{xϕ1/2x∗;x ∈ [ϕ]M [ϕ]} in L2(M,ϕ).

Lemma 7.17. Let ϕ ∈M+
∗ be faithful. Then we have ∆1/4(M+ϕ1/2) =

L2
+(M,ϕ) = ∆−1/4(M ′

+ϕ
1/2).

Proof. Let a ∈ M (= the set of entirely analytic elements). Then the
relation ∆it(aa∗ϕ1/2) = σt(a)σt(a)∗ϕ1/2 is analytically continued to

∆1/4(aa∗ϕ1/2) = σ−i/4(a)(σi/4(a))∗ϕ1/2 = σ−i/4(a)J∆1/2(σi/4(a)ϕ1/2)

= σ−i/4(a)J(σ−i/4(a)ϕ1/2) = σ−i/4(a)ϕ1/2σ−i/4(a)∗.

Since σ−is(M) = M is σ-weakly dense in M , the Kaplansky density
theorem 4.23 shows that each b ∈ M is boundedly approximated
by elements in M in the strong operator topology and we see that

L2
+(M,ϕ) ⊂ ∆1/4M+ϕ1/2.
Conversely, the Kaplansky’s density theorem is again used to approx-

imate a ∈M+ in the strong operator topology by a sequence an = bnb
∗
n

with bn ∈M. Since J∆1/2(anϕ
1/2) = anϕ

1/2 → aϕ1/2 = J∆1/2(aϕ1/2),

‖∆1/4((an − a)ϕ1/2)‖2 = ((an − a)ϕ1/2|∆1/2(an − a)ϕ1/2)→ 0.

Recall that Mϕ1/2 ⊂ D(∆1/2) ⊂ D(∆1/4). Thus ∆1/4(aϕ1/2) is approx-
imated by ∆1/4(bnb

∗
nϕ

1/2) = σ−i/4(bn)ϕ1/2σ−i/4(bn)∗ ∈ L2
+(M,ϕ). �
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Lemma 7.18. Let ϕj ∈M+
∗ be faithful for j = 1, 2. Then L2

+(M,ϕ1) =
L2

+(M,ϕ2).

Proof. Let

(
M11 M12

M21 M22

)
be the set of entirely analytic elements of the

modular automorphism group σt associated to a faithful ϕ = diag(ϕ1, ϕ2)
on M2(M): If we introduce σ-weakly continuous one-parameter groups

{σj,kt } of isometries on M by

σt

(
a11 a12

a21 a22

)
=

(
σ1,1
t (a11) σ1,2

t (a12)

σ2,1
t (a21) σ2,2

t (a22)

)
,

Mj,k is the set of entirely analytic elements of M for σj,kt . The modular
operator ∆ is also split into four parts ∆j,k so that

∆ =

(
∆1,2 ∆1,2

∆2,1 ∆2,2

)
,

where positive self-adjoint operators ∆j,k on L2(M) are specified by

∆
1/2
j,k (xϕ

1/2
k ) = ϕ

1/2
j x (x ∈M).

Let a ∈ M2(M) with aj,k ∈ Mj,k. As in the proof of the previous
lemma, we have the relation ∆1/4(aa∗ϕ1/2) = σ−i/4(a)ϕ1/2σ−i/4(a)∗ and

then, for the choice a =

(
0 x
0 0

)
,

∆
1/4
1,1 (xx∗ϕ

1/2
1 ) = σ1,2

−i/4(x)ϕ
1/2
2 σ1,2

−i/4(x)∗.

Since

(
M1,1 M1,2

M2,1 M2,2

)
is σ-weakly dense in M2(M), the Kaplansky

density theorem 4.23 shows that each y ∈ M is boundedly approx-
imated by elements in σ1,2

−i/4(M1,2) = M1,2 in the *strong topology

and we see that yϕ
1/2
2 y∗ is in the weak closure of ∆

1/4
1,1 (M+ϕ

1/2
1 ) ⊂

L2
+(M,ϕ1). Since L2

+(M,ϕ1) is a convex set, this means that yϕ
1/2
2 y∗ ∈

L2
+(M,ϕ1). �

Recall that L2
+(M,ϕ) is the norm closure of {aϕ1/2a∗; a ∈ [ϕ]M [ϕ]

in L2(M).
Theorem 7.19.

(i) We have L2
+(M,ϕ) = [ϕ]L2

+(M)[ϕ] and the unitary ∆it on
[ϕ]L2(M)[ϕ] leaves L2

+(M,ϕ) invariant globally.
(ii) Let p be the central support of ϕ ∈M+

∗ . Then the closed con-
vex hull C of {aϕ1/2a∗; a ∈M} in L2(M) is equal to pL2

+(M) =
L2

+(M)p.
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Proof. (i) Let ω1/2 ∈ [ϕ]L2
+(M)[ϕ]. Then ω + εϕ with ε > 0 is faithful

on [ϕ]M [ϕ] and we see (ω + εϕ)1/2 ∈ L2
+(M,ω + εϕ) = L2

+(M,ϕ),

whence ω1/2 = limε→+0(ω + εϕ)1/2 ∈ L2
+(M,ϕ).

(ii) Let ω ∈ pM+
∗ . Since p =

∨
u∈U u[ϕ]u∗, we can find a sequence

{un} of unitaries in M such that [ω] =
∨
n≥1 un[ϕ]u∗n. Then [ω] = [ψ]

with ψ1/2 =
∑

n≥1 2−nunϕ
1/2u∗n implies ω1/2 ∈ L2

+(M,ψ) ⊂ C. �

Corollary 7.20. L2
+(M,ϕ) is a self-dual cone in L2(M,ϕ).

Exercise 45. Identify the standard Hilbert space of M = B(H) with
H ⊗H∗ and describe its positive cone.

8. Universal Representations

Let A be a C*-algebra and we shall construct a *-bimodule L2(A) of
A in such a way that it generalizes the commutative case discussed in
§4.

Consider the Hilbert space direct sum U =
⊕

ϕ∈A∗+
Aϕ1/2 of left

GNS spaces on which A is represented by left multiplication. Thanks
to the Gelfand-Naimark theorem, the representation is faithful and
we regard A as a C*-subalgebra of B(U). Let M = A′′ be the W*-
algebra on U generated by A. Since A is a weakly dense *-subalgebra
of M , M∗ is identified with a subspace of A∗ by restriction. Note that
A∗+ ⊂ M+

∗ by the way of our construction. Since elements in A∗ are
linear combinations of positive functionals (Theorem 3.15), the equality
M∗ = A∗ holds as a linear space.

We claim that M∗ = A∗ as a Banach space. This follows from the
Kaplansky density theorem 4.23: Let φ ∈M∗, a ∈M and choose a net
{aı} ⊂ A so that ‖aı‖ ≤ ‖a‖ and a = limı→∞ aı in the σ-weak topology
of M . Then

|φ(a)| = lim
ı→∞
|φ(aı)| ≤ lim sup

ı→∞
‖φ‖‖aı‖ ≤ ‖φ‖‖a‖

shows that the norm of φ in M∗ is equal to that in A∗. Thus M is
identified with the second dual A∗∗ of A.

Now we set L2(A) = L2(M). For an index set I, let

AL
2(A)⊕I =

⊕
i∈I

AL
2(A) = AL

2(A)⊗ `2(I).

The opposite algebra of End(AL
2(A)⊕I) is naturally identified with the

matrix ampliation MI(M) of M , which acts on L2(A)⊕I from the right.
Any *-representation AH of A is unitarily equivalent to AL

2(A)⊕Ie,
where e is a projection in MI(M) and the cardinality of I is specified by
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the existence of an orthogonal decomposition of the form H =
⊕

i∈I Aξi
(see Theorem 5.9).

Denote the associated *-representation of A by πe and let e′ be the
projection onto the subspace L2(A)⊕Ie ⊂ L2(A)⊕I with p the cen-
tral support of e′. Note that p belongs to the center of MI(M) =
M ⊗ B(`2(I)), i.e., p ∈ (M ∩ M ′) ⊗ 1 ∼= M ∩ M ′. By this natural
identification, p is realized by the right multiplication of

∨
u∈UI(M) ueu

∗

as an element in (M ∩M ′) ⊗ 1 and by the left multiplication as an
element in M ∩M ′.

We claim that πe(A)′′ = Me′ is isomorphic toMp. In fact, for x ∈M ,
xe′ = 0, i.e., xL2(A)⊕Ie = 0 if and only if x

∑
u∈UI(M) L

2(A)⊕Ieu = 0,
i.e., xp = 0.

Let f ∈ MI(M) be another projection with πf denoting the associ-
ated *-representation of A. Then πe and πf are quasi-equivalent if and
only if e and f have the same central support in MI(M). From

Hom(AL
2(A)⊕Ie, AL

2(A)⊕If) = fMI(M)e,

πe and πf are disjoint if and only if the central supports of e and f are
orthogonal.

In other words, if we denote the central support of AH by [AH] ∈ A∗∗,
then AH and AK are disjoint (resp. quasi-equivalent) if and only if
[AH][AK] = 0 (resp. [AH] = [AK]).

Theorem 8.1. Let ϕ and ψ be positive functionals on a C*-algebra
A.

(i) ϕ and ψ are disjoint if and only if Aϕ1/2A and Aψ1/2A are

orthogonal. When Aϕ1/2 = ϕ1/2A, this is further equivalent to
(ϕ1/2|ψ1/2) = 0.

(ii) ϕ and ψ are quasi-equivalent if and only if Aϕ1/2A = Aψ1/2A.

(iii) ϕ is pure if and only if Aϕ1/2 ∩ ϕ1/2A = Cϕ1/2.

Proof. (ii) and the first statement of (i) follow from [AAϕ1/2]L2(A) =

Aϕ1/2A. From the identity (ϕ1/2|ψ1/2) = ‖ϕ1/4ψ1/4‖2, the vanishing of
transition probability is equivalent to ϕ1/2ψ1/2 = 0, i.e., the orthogo-L4(M) calculus here!

nality of Aϕ1/2 and Aψ1/2. When Aϕ1/2 = ϕ1/2A, this implies

(Aϕ1/2A|Aψ1/2A) ⊂ (ϕ1/2A|Aψ1/2) ⊂ (Aϕ1/2|Aψ1/2) = {0}.
Let e be the support of ϕ in A∗∗. Then the identity

Aϕ1/2 ∩ ϕ1/2A = L2(A∗∗)e ∩ eL2(A∗∗) = L2(eA∗∗e)

shows that the condition in (iii) is equivalent to eA∗∗e = Ce, i.e., the
purity of ϕ. Note that End(AL

2(A)e) ∼= eA∗∗e. �
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Given a *-representation π of A on a Hilbert space H, let

A∗π = {φ ◦ π;φ ∈ π(A)′′∗},

which is an A-biinvariant closed subspace of A∗ and the Hilbert space

L2
π(A) =

∑
0≤ϕ∈A∗π

Aϕ1/2A is naturally isomorphic to L2(π(A)′′).

Now let A be commutative and choose a family {ϕi}i∈I of states in A∗π

so that they have mutually disjoint supports and L2
π(A) =

⊕
i∈I Aϕ

1/2
i

with Aϕ
1/2
i = ϕ

1/2
i A. Then the Radon measure µi on Ω = σA associated

with ϕi have mutually disjoint supports Ωi and, if we define a measure µ
on Ω by µ|Ωi = µi, then L2

π(A) = L2(Ω, µ) on which π(A)′′ is identified
with L∞(Ω, µ). Note that µ is σ-finite if and only if I is a countable
set.

Example 8.2. Let A = C(Ω) be commutative with expressions

ϕ(a) =

∫
Ω

a(ω)µ(dω), ψ(a) =

∫
Ω

a(ω) ν(dω).

(i) ϕ and ψ are disjoint if and only if we can find Borel subsets Ωµ

and Ων such that Ωµ ∩Ων = ∅ and µ(Ω \Ωµ) = 0 = ν(Ω \Ων),
In fact, in the expression

(ϕ1/2|ψ1/2) =

∫
Ω

√
dµ

d(µ+ ν)
(ω)

dν

d(µ+ ν)
(ω)(µ+ ν)(dω),

let Ωµ and Ων be the (Borel) supports of dµ/d(µ + ν) and
dν/d(µ+ ν) respectively. If (ϕ1/2|ψ1/2) = 0, Ωµ and Ων can be
chosen disjoint by adjustment up to (µ+ ν)-negligible sets.

(ii) ϕ1/2 ∈ Aψ1/2 if and only if µ is absolutely continuous relative
to ν. Consequently, ϕ and ψ are quasi-equivalent if and only
if µ and ν are equivalent measures.

In fact, if µ ≺ ν, µ(dω) = f(ω)ν(dω) with 0 ≤ f ∈ L1(Ω, ν)

(Radon-Nykodym theorem), whence ϕ1/2 =
√
f(ω)

√
ν(dω) ∈

L2(Ω, ν) = Aψ1/2. Conversely, unless µ ≺ ν, µ(Ω \ Ων) > 0

and, if µ1/2 ∈ L2(Ω, ν), i.e.,
√
µ(dω) = g(ω)

√
ν(dω) with g ∈

L2(Ω, ν), then

0 <

∫
Ω\Ων

µ(dω) =

∫
Ω\Ων
|g(ω)|2 ν(dω) = 0,

a contradiction.

Exercise 46. There is a one-to-one correspondence between closed
A-subbimodules in L2(A) and closed A-subbimodules in A∗.
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Let {τt}t∈R be a one-parameter group of *-automorphisms of a C*-
algebra A, which is continuous in the sense that R 3 t 7→ τt(a) is
norm-continuous for any a ∈ A. When A is a W*-algebra, we assume
the weak* continuity in R 3 t 7→ τt(a).

A state ω of a C*-algebra A (or a normal state of a W*-algebra) is
called a τ -KMS state if it satisfies the KMS condition13 with respect
to τ : Given x, y ∈ A, the function R 3 t 7→ ω(xτt(y)) is analytically
extended to a continuous function on the strip {ζ ∈ C;−1 ≤ Im ζ ≤ 0}
so that ω(xτt(y))|t=−i = ω(yx).
Proposition 8.3.

(i) A τ -KMS state is τ -invariant.
(ii) Let A be the set of entirely analytic elements in A for τ .

Then a state ω on A satisfies the KMS condition if and only if
ω(xτ−i(y)) = ω(yx) for x, y ∈ A.

(iii) For x, y ∈ A, the analytic extension f(z) of ω(xτt(y)) in the
KMS condition is estimated by

|f(t− is)| ≤ (‖ω1/2x‖‖yω1/2‖)1−s(‖ω1/2y‖‖xω1/2‖)s.
Proof. If ω is a KMS state, then the KMS condition for x, y ∈ A is
reduced to ω(xτ−i(y)) = ω(yx).

Conversely, assume that ω(xτ−i(y)) = ω(yx) for x, y ∈ A. Since
ω1/2 is approximated in norm by xω1/2 with x = x∗ ∈ A, this implies
ω(τ−i(y)) = ω(y) for any y ∈ A and the entire function ω(τz(y)) is peri-
odic of period −i. Thus it is bounded with a bound sup{‖τ−is(y)‖; 0 ≤
s ≤ 1} and must be a constant function, i.e., ω(τt(y)) = ω(y) for
y ∈ A and t ∈ R. Since A is dense in A, we see that ω is τ -

invariant and one-parameter unitaries v(t) are defined on Aϕ1/2 by
v(t)(aϕ1/2) = τt(a)ω1/2.

The three line theorem is now applied to a bounded analytic function
ω(xτz(y)) on −1 ≤ Im z ≤ 0 with a bound sup

0≤s≤1
{‖x‖‖τ−is(y)‖} to get

|ω(xτt−is(y))| ≤ (‖ω1/2x‖‖yω1/2‖)1−s(‖ω1/2y‖‖xω1/2‖)s

≤ ‖ω1/2x‖‖yω1/2‖ ∨ ‖ω1/2y‖‖xω1/2‖
for t ∈ R and 0 ≤ s ≤ 1. Notice here that

ω(xτt(y)) = (x∗ω1/2|v(t)(yω1/2)), ω(τt(y)x) = (v(t)(y∗ω1/2)|xω1/2).

Thus, if sequences {xnω1/2}, {ω1/2xn}, {ynω1/2} and {ω1/2yn} with
xn, yn ∈ A are convergent in L2(A), the sequence of analytic functions

13recognized by R. Kubo (1957), P.C. Martin and J. Schwinger (1959) as a char-
acterisitc property of thermally equilibrium states and formulated in the operator
algebraic setting by R. Haag, N.M. Hugenholtz and M. Winnink (1967).
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{ω(xnτz(yn))}n is uniformly convergent on the region −1 ≤ Im z ≤ 0
to an analytic function f(z). In view of strong* density of A in A when

these are represented on Aω1/2, we can let sequences {xn} and {yn} in
A converge to arbitrary x and y in A so that the boundary values of
the analytic function f(z) are

f(t) = lim(x∗nω
1/2|v(t)(ynω

1/2)) = (x∗ω1/2|v(t)(yω1/2)) = ω(xτt(y)),

f(t− i) = lim(v(t)(y∗nω
1/2)|xnω1/2) = (v(t)y∗ω1/2|xω1/2) = ω(τt(y)x)

with the whole |f(t− is)| estimated by

lim |ω(xnτt−is(yn)| ≤ lim(‖ω1/2x‖‖yω1/2‖)1−s(‖ω1/2y‖‖xω1/2‖)s

≤ (‖ω1/2x‖‖yω1/2‖)1−s(‖ω1/2y‖‖xω1/2‖)s.

�

Lemma 8.4. If ω satisfies the KMS condition, then Aω1/2 = ω1/2A.

Proof. We argue as in BR2 Corollary 5.3.9:

By the invariance of ω, a unitary operator v(t) on Aω1/2 is defined by
v(t)(xω1/2) = τt(x)ω1/2, which is continuous in t from the continuity
of τt, and the estimate in the previous proposition ensures that, for
x, y ∈ A∗∗, the function R 3 t 7→ (x∗ω1/2|v(t)(yω1/2)) is analytically
continued to the strip {−1 ≤ Im ζ ≤ 0} so that it satisfies the KMS
condition:

(xω1/2|v(t)(yω1/2))|t=−i = (ω1/2x|ω1/2y) for x, y ∈ A∗∗.

Let p be the central support of ω in A∗∗ and assume that a ∈ pA∗∗
satisfies aω1/2 = 0. Then, xaω1/2 = 0 for x ∈ A∗∗ and therefore
(ω1/2(xa)|ω1/2y) = 0 for any y ∈ A∗∗ by analytic continuation, whence

ω1/2xa = 0. Thus L2(A∗∗)a = L2(A∗∗)pa = Aω1/2Aa = 0 and we have
a = 0.

In this way, we have proved that ω1/2 is separating for pA∗∗, which
finally implies

Aω1/2 = A∗∗ω1/2 = L2(A∗∗, ω) = ω1/2A∗∗ = ω1/2A.

�

Conversely suppose that Aω1/2 = ω1/2A. Then the support projec-
tion [ω] ∈ A∗∗ of ω is central and the accompanied modular automor-
phism group {σt} on M = [ω]A∗∗ satisfies the KMS condition: Let M

be the dense *-subalgebra of entirely analytic elements for {σt}. Then
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for a, b ∈M

ω(aσ−i(b)) = (a∗ω1/2|∆(bω1/2))

= (J∆1/2(bω1/2)|J∆1/2(a∗ω1/2))

= (b∗ω1/2|aω1/2) = ω(ba).

Thus by the previous proposition ω is a normal σ-KMS state on M .

Let {u(t)} and {v(t)} be one-parameter groups of unitaries onAω1/2 =

ω1/2A with the induced automorphism groups of M satisfying the KMS
condition for ω.

Let x ∈M be entirely analytic for σt and y ∈M be entirely analytic
for τt. Then xω1/2 ∈ D(u(−i)), yω1/2 ∈ D(v(−i)) and we have

(u(−i)(xω1/2)|yω1/2) = (ω1/2x|ω1/2y) = (xω1/2|v(−i)(yω1/2)).

Since {xω1/2} and {yω1/2} are cores for u(−i) and v(−i) respectively
by Example A.9, we see that u(−i) and v(−i) are adjoints of each
other; u(−i) = v(−i), whence u(t) = v(t) for t ∈ R.

Theorem 8.5 (Takesaki). If a state ω of a C*-algebra A satisfies

Aω1/2 = ω1/2A, then the support projection [ω] ∈ A∗∗ of ω is cen-
tral and ω meets the KMS condition for the modular automorpshim
group {σt} of [ω]A∗∗. Moreover, the modular automorphism group for
ω is characterized as the one making ω a normal KMS state of [ω]A∗∗.

Returning to the case of C*-algebras, given an automorphic action
τt and a τ -invariant state ω of a C*-algebra A, let u(t) be the associ-

ated one-parameter unitary group on the left GNS space Aω1/2. Then,
for a ∈ A, ω(a∗τt(a)) = (aω1/2|u(t)aω1/2) is a positive definition func-
tion of t ∈ R and we have a positive finite measure µ on R satisfying
ω(a∗τt(a)) =

∫
R e

itτµ(dτ). Likewise, ω(τt(a)a∗) is the Fourier transform
of another positive measure ν.

Let ω satisfy the KMS-condition. For f ∈ Cc(R), its Fourier trans-
form

f̂(t) =

∫ ∞
−∞

e−istf(s) ds

is extended to an entirely holomorphic function which decays rapidly
in the real direction with local uniformilty on the imaginary direction.

Then f̂(t)ω(a∗τt(a)) has an analytic extension to a bounded contin-
uous function on the domain i[−1, 0] + R which decays rapidly in the
real direction with uniformity on the imaginary direction. Thanks to
the Cauchy integral theorem, we have∫ ∞

−∞
f̂(t)ω(a∗τt(a)) dt =

∫ ∞
−∞

f̂(t− i)ω(τt(a)a∗) dt,
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which is further rephrased by equalities∫ ∞
−∞

f̂(t)ω(a∗τt(a)) dt = 2π

∫
R
f(τ)µ(dτ),∫ ∞

−∞
f̂(t− i)ϕ(τt(a)a∗) dt = 2π

∫
R
f(τ)e−τν(dτ)

to get µ(dτ) = e−τν(dτ).
Conversely, assume that positve measures associated to correlational

positive definite functions are mutually related in this way. Consider
the expression

F (z) =

∫
R
eiτzµ(dτ),

which is a well-defined and continuous function of z = t−ir ∈ i[−1, 0]+
R in view of |eiτz| = erτ ≤ 1 ∨ eτ (τ ∈ R) and∫

R
(1 ∨ eτ )µ(dτ) =

∫
(−∞,0)

µ(dτ) +

∫
[0,∞)

eτ µ(dτ) <∞.

Moreover, it is analytic by∮
C

F (z) dz =

∫
R

(∮
C

eiτz dz

)
µ(dτ) = 0

with the boundary values

F (t) = ω(a∗τt(a)), F (t− i) = ω(τt(a)a∗).

The KMS-condition now frollows from the polarization identity.

Lemma 8.6 (Araki). A τ -invariant state ω on A satisfies the KMS-
condition if and only if, for each a ∈ A, the positive measure µ on

R defined by ω(a∗τt(a)) =

∫
R
eitτ µ(dτ) satisfies

∫
R
eτ µ(τ) < ∞ and

ω(τt(a)a∗) =

∫
R
eitτ+τ µ(dτ).

9. Modular Algebras

Matrix ampliation technique is simple but very useful as already
witnessed in §7.1 and we record here relations concerning modular au-
tomorphisms of a W*-algebra M . Recall that, for φ, ϕ ∈M+

∗ , {σφ,ϕt } is

a one-parameter group of isometries on [φ]M [ϕ]: σφ,ϕs σφ,ϕt = σφ,ϕs+t and

σφ,ϕ−t = (σφ,ϕt )−1 for s, t ∈ R.

Lemma 9.1. Let φ, ϕ and ψ in M+
∗ . For a ∈ [φ]M [ϕ], b ∈ [ϕ]M [ψ]

and t ∈ R, we have the following relations.

(i) ϕφ,ϕt (a)∗ = σϕ,φt (a∗).
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(ii) σφ,ϕt (a)σϕ,ψt (b) = σφ,ψt (ab).

Proof. Let en (n = 2, 3) be a diagonal matrice in Mn(M) of diagonal
entries [φ], [ϕ] for n = 2 or [φ], [ϕ], [ψ] for n = 3, with σt denoting
the modular automorphim group of enMn(M)en associated the faithful
diagonal functional φ⊕ ϕ or φ⊕ ϕ⊕ ψ.

To get (i) and (ii), just apply σt on e2M2(M)e2 or σt on e3M3(M)e3

to (
0 a
0 0

)∗
=

(
0 0
a∗ 0

)
or 0 a 0

0 0 0
0 0 0

0 0 0
0 0 b
0 0 0

 =

0 0 ab
0 0 0
0 0 0

 .

�

Corollary 9.2. Assume that [ϕ] ≤ [ψ].

(i) σψt (σϕ,ψ−t ([ϕ])) = σψ,ϕt ([ϕ]).

(ii) σψ,ϕt ([ϕ])σϕt (x) = σψt (x)σψ,ϕt ([ϕ]). Here x ∈ [ϕ]M [ϕ].

(iii) σϕ,ψs+t([ϕ]) = σϕ,ψs ([ϕ])σψs (σϕ,ψt ([ϕ])).

Proof. (i): σψ,ϕ−t (a′)σϕ,ψ−t (a) = σψ−t(a
′a).

(ii): If ax = x′a′ with x ∈ [ϕ]M [ϕ] and x′ ∈ [φ]M [φ],

σφ,ϕt (a)σϕ,ϕt (x) = σφ,ϕt (ax) = σφ,φt (x′)σφ,ϕt (a′).

(iii): Cocycle condition follows from

σϕ,ψs+t([ϕ]) = σϕ,ψs ([ϕ]σϕ,ψt ([ϕ])) = σϕ,ψs ([ϕ])σψ,ψs (σϕ,ψt ([ϕ])).

�

Although these cocycle relations bear certain algebraic structures
behind, the customary notation is not self-explanatory in its under-
standing. To remedy this fault, we introduce dummy symbols such
as ϕit of which resolve these cocycle relations and make the algebraic
structures apparent.

For the moment, we deal with faithful positive normal functionals
and we imagine the following situation: various ϕit’s together with
elements of M constitute a *-algebra M(iR) in such a way that (i)
M is a *-subalgebra of M(iR), (ii) {ϕit} is a one-parameter group
of unitaries in M(iR) and (iii) ϕit’s and a ∈ M satisfy the following
commutation relations

ϕita = σϕ,ψt (a)ψit.
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Obviously the condition (iii) implies

ϕita = σϕt (a)ϕit, ϕit = σϕ,ψt (1)ψit,

which, in turn, recover the commutation relations in (iii):

ϕita = σϕt (a)ϕit = σϕt (a)σϕ,ψt (1)ψit = σϕ,ϕt (a)σϕ,ψt (1)ψit = σϕ,ψt (a)ψit.

Let M(it) = Mϕit = ϕitM . Since ϕitψ−it ∈M , this does not depend
on the choice of a faithful ϕ and we notice that M(it)∗ = M(−it),
M(is)M(it) = M(i(s + t)) for s, t ∈ R and M(iR) =

∑
t∈RM(it).

We claim that M(0) = M and
∑

t∈RM(it) is an algebraic direct sum.
To see this, choose a reference functional ω and consider the algebraic
crossed product of M by {σωt }, which is a *-algebra based on a vector
space

⊕
t∈RM =

∑
t∈RMωit with the *-algebra operations defined by

(aωis)(bωit) = (aσφs (b))ωi(s+t), (aωit)∗ = ω−ita∗ = σω−t(a
∗)ω−it.

Here the dummy symbol ωit is introduced to indicate the t-component.
In the crossed product algebra, M is obviously identified with a

subalgebra Mωi0 and, to each ϕit ∈M(it), we associate an element in∑
Mωit by Φit = σϕ,ωt (1)ωit so that

(Φit)∗ = σω−t(σ
ω,ϕ
t (1))ω−it = σϕ,ω−t (1)ω−it = Φ−it

ΦisΦit = σϕ,ωs (1)σωs (σϕ,ωt (1))ωi(s+t) = σϕ,ωs+t(1)ωi(s+t) = Φi(s+t).

Moreover, for a ∈M and Ψit = σψ,ωt (1)ωit, we have

Φita = σϕ,ωt (1)ωita = σϕ,ωt (a)ωit = σϕ,ψt (a)σψ,ωt (1)ωit = σϕ,ψt (a)Ψit.

Thus, we have a homomorphism of M(iR) onto the crossed product
algebra

∑
t∈RMωit, which preserves *-operations in view of (aϕit)∗ =

σϕ−t(a
∗)ϕit in M(iR) and

(aΦit)∗ = Φ−ita∗ = σϕ−t(a
∗)Φ−it.

Since M(iR) =
∑

t∈RM(it) and its image in the crossed product is a
direct sum, the *-homomorphism is in fact a *-isomorphism. Conse-
quently, M(i0) = M and M(iR) =

∑
t∈RM(it) is a direct sum.

Now the notation ϕit is extended to a not necessarily faithful ϕ ∈
M+
∗ : Set

ϕit = σϕ,ωt ([ϕ])ωit,

which does not depend on the choice of a faithful ω. In fact, for another
faithful functional φ in M+

∗ ,

σϕ,φt ([ϕ])φit = σϕ,ωt ([ϕ])σω,φt (1)φit = σϕ,ωt ([ϕ])ωit.

We then notice the following properties.

(i) ϕisϕit = ϕi(s+t) and (ϕit)∗ = ϕ−it with ϕi0 = [ϕ].
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(ii) ϕitaψ−it = σϕ,ψt ([ϕ]a[ψ]).

Proof. (i) The equality ϕi0 = [ϕ] is trivial, while

(ϕit)∗ = ω−itσω,ϕt ([ϕ]) = σω−t(σ
ω,ϕ
t ([ϕ])ω−it = σϕ,ω−t ([ϕ])ω−it = ϕ−it

and

ϕisϕit = σϕ,ωs ([ϕ])σωs (σϕ,ωt ([ϕ]))ωi(s+t) = σϕ,ωs+t([ϕ])ωi(s+t) = ϕi(s+t).

(ii) The commutation relations follow from

ϕitaψ−it = σϕ,ωt ([ϕ])σωt (aσψ,ω−t ([ψ])) = σϕ,ωt ([ϕ])σωt (a)σωt (σψ,ω−t ([ψ]))

= σϕ,ωt ([ϕ])σωt (a)σω,ψt ([ψ]) = σϕ,ψt ([ϕ]a[ψ]).

�

We say that an element a ∈M is finitely supported if a = [ϕ]a[ϕ]
for some ϕ ∈M+

∗ . Let Mf be the set of finitely supported elements in
M .

Lemma 9.3. Mf is a weak* dense *-subalgebra of M and closed under
sequential weak* limits in M . Moreover,

Mf =
∑
ϕ∈M+

∗

M [ϕ] =
∑
ϕ∈M+

∗

[ϕ]M.

Proof. Clearly Mf is closed under the *-operation and Mf is a sub-
algebra in view of [ϕ] ∨ [ψ] ≤ [ϕ + ψ]. The *-subalgebra Mf is then
weak*-dense in M in view of ∨ϕ∈M+

∗
[ϕ] = 1. If a = a[ϕ], [aϕa∗] is

the left support of a and [ϕ + aϕa∗]a[ϕaϕa∗] = a. Let a be a weak*
limit of {an}n≥1 in Mf with [ϕn][an][ϕn] = an for n ≥ 1. Then, for
ϕ =

∑∞
n=1 2−nϕn/ϕn(1) ∈M+

∗ , [ϕ]a[ϕ]. �

Now we relax the existence of faithful functionals in M+
∗ and set

Mf (iR) =
⋃

ϕ∈M+
∗

[ϕ]M [ϕ](iR),

where the natural inclusions [ϕ]M [ϕ](iR) ⊂ [ψ]M [ψ](iR) for ϕ, ψ ∈M+
∗

satisfying [ϕ] ⊂ [ψ] are assumed in the union.
Finally we add formal expressions of the form ωit =

∑
j∈I ω

it
j for fam-

ilies {ωj ∈ M+
∗ }j∈I of mutually orthogonal supports and allow multi-

plications of elements in M to get {M(it)}t∈R so that Mf (it) ⊂M(it)
and M(0) = M . In what follows, a formal sum ω =

∑
j∈I ωj is re-

ferred as a weight of M . A weight ω =
∑
ωj is said to be faithful if

1 =
∑

[ωj] in M . Note that any weight is extended to a faithful one
and {ωit} is a one-parameter group of unitaries in M(iR) = ⊕M(it) if
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the weight ω is faithful in the sense that 1 =
∑

j[ωj] and, for another

faithful weight φ =
∑

k∈J φk and a ∈M ,

φitaω−it =
∑
j,k

φitk aω
−it
j

defines a continuous family of elements in M so that it consists of
unitaries when a = 1 and σωt (a) = ωitaω−it gives an automorphic action
on M .

Remark 2. Here weights are introduced in a formal and restricted way
but more serious treatments enable us to find that continuous one-
parameter groups of unitaries of the form {u(t) ∈ M(it)} are one-to-
one correspondence with weights of generalized form on M .

At this stage, we can introduce two more classes of modular algebraic
stuffs:

M(iR + 1/2) =
∑
t∈R

M(it+ 1/2), M(iR + 1) =
∑
t∈R

M(it+ 1),

with
M(it+ 1/2) =

∑
ϕ∈M+

∗

Mϕit+1/2 =
∑
ϕ∈M+

∗

ϕit+1/2M

and
M(it+ 1) =

∑
ϕ∈M+

∗

Mϕit+1 =
∑
ϕ∈M+

∗

ϕit+1M

so that M(1/2) = L2(M) and M(1) = M∗. These are iR-graded
*-bimodules of M(iR) and we have a natural module map M(iR +
1/2)⊗M(iR)M(iR+1/2)→M(iR+1) which respects the grading in the
sense that M(is+1/2)M(it+1/2) = M(i(s+t)+1) for s, t ∈ R. In par-
ticular, given a weight ω on M , we have M(it+s) = M(s)ωit = ωitM(s)
for s = 1/2, 1.

The evaluation of ϕ ∈ M∗ at the unit 1 ∈ M is called the expec-
tation of ϕ and denoted by 〈ϕ〉. Note that the expectation satisfies
the trace property for various combinations of multiplications such as
〈aϕ〉 = 〈ϕa〉 and 〈ϕitξψ−itη〉 = 〈ψ−itηϕitξ〉 for a ∈ M , ϕ, ψ ∈ M+

∗ and
ξ, η ∈ L2(M).

The scaling ϕ 7→ e−sϕ on M+
∗ gives rise to a *-automorphic action θs

of s ∈ R (called the scaling automorphism) on these modular stuffs:
θs(xϕ

it+r) = e−ist−srxϕit+r for x ∈M and r ∈ {0, 1/2, 1}.

Remark 3. Since elements in L2(M) and M∗ are always ‘finitely sup-
ported’, we can decribe M(it + s) (s = 1/2, 1) without referring to
weights.
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We here collect basic analytic properties on these modular stuffs.

Lemma 9.4 (Modular Extension). For ϕ, ψ ∈ M+
∗ and a ∈ M , R 3

t 7→ ϕitaψ1−it ∈ M∗ is extended analytically to a norm-continuous
function ϕizaψ1−iz on the strip −1 ≤ Im z ≤ 0 with a bound

‖ϕit+raψ−it+1−r‖ ≤ ‖ϕa‖r‖aψ‖1−r (0 ≤ r ≤ 1)

in such a way that

(ϕizaψ1−iz)|z=t−i = ϕ1+itaψ−it, (ϕizaψ1−iz)|z=t−i/2 = ϕit+1/2aψ−it+1/2.

Proof. By embedding [ϕ]M [ψ] into a corner of e(ϕ, ψ)M2(M)e(ϕ, ψ)
and replacing ϕ and ψ with ϕ ⊕ ψ on e(ϕ, ψ)M2(M)e(ϕ, ψ), we may
assume that ϕ = ψ is faithful on M . For b ∈M , we have

〈ϕitaϕ1−itb〉 = (b∗ϕ1/2|σt(a)ϕ1/2) = (b∗ϕ1/2|∆it(aϕ1/2)).

Since Mϕ1/2 ⊂ D(∆1/2), ∆it(aϕ1/2) ∈ L2(M) is extended ana-
lytically to a norm-continuous function ∆iz(aϕ1/2) on the half strip
−1/2 ≤ Im z ≤ 0 so that

‖∆r(aϕ1/2)‖2 ≤ ‖aϕ1/2‖2 + ‖∆1/2(aϕ1/2)‖2 = ϕ(a∗a) + ϕ(aa∗)

for 0 ≤ r ≤ 1/2, ϕitaϕ1−it is extended to a norm-continuous analytic
function fa(z) ∈M∗ on the half strip by

fa(z) = ∆iz(aϕ1/2))ϕ1/2 with ‖fa(z)‖ ≤
√
ϕ(1)ϕ(aa∗ + a∗a).

In view of the relation ϕizaϕ1−iz = (ϕ1+iza∗ϕ−iz)∗, fa(z) is further
extended to −1 ≤ Im z ≤ −1/2 by fa(z) = (fa∗(z− i))∗ with the same
bound. Moreover, we have for b ∈M

〈b, fa(t− i/2)〉 = (b∗ϕ1/2|∆it+1/2(aϕ1/2)) = 〈ϕit+1/2aϕ−it+1/2b〉

and

〈b, fa(t− i)〉 = 〈b, fa∗(t)∗〉 = 〈ϕita∗ϕ1−itb∗〉 = 〈bϕ1+itaϕ−it〉.

Finally the three line theorem gives the bound estimate on ‖fa(z)‖.
�

Corollary 9.5. Let ϕ, ψ ∈ M∗
+ and a ∈ [ϕ]M [ψ]. Then the function

σϕ,ψt (a)ψ1/2 = ϕitaψ−itψ1/2 of t ∈ R is analytically extended to an
L2(M)-valued continuous function ϕizaψ−iz+1/2 of z ∈ [−1/2, 0] + iR
so that (ϕizaψ−iz+1/2)z=t−i/2 = ϕ1/2ϕitaψ−it = ϕ1/2σϕ,ψt (a).

Theorem 9.6 (Multiple KMS condition). Let φj ∈M+
∗ and aj ∈M for

j = 0, 1, . . . , n. Then the multilinear functional 〈φ1+it0
0 a0φ

it1
1 a1 . . . φ

itn
n an〉

of (a0, . . . , an) ∈ Mn+1 which depends continuously on (t0, · · · , tn) ∈
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Rn+1 satisfying t0 + · · · + tn = 0 is analytically extended to a mul-
tilinear functional 〈φz00 a0φ

z1
1 a1 . . . φ

zn
n an〉 of (a0, . . . , an) ∈ Mn+1 for

(z0, · · · , zn) ∈ Cn+1 satisfying z0 + · · ·+ zn = 1 and <zj ≥ 0.
Moreover, we have

|〈φz00 a0φ
z1
1 a1 . . . φ

zn
n an〉| ≤ φ0(1)<z0 . . . φn(1)<zn‖a0‖ . . . ‖an‖.

Lemma 9.7. Let ω ∈ M+
∗ be faithful and let a ∈ M . Then the

following conditions are equivalent.

(i) The inequality a∗ωa ≤ ω holds in M+
∗ .

(ii) We can find a norm-bounded function a(z) ∈M of z in −1/2 ≤
Im z ≤ 0 such that a(t) = ωitaω−it for t ∈ R, a(z)ξ ∈ L2(M) is
norm-continuous in z for any ξ ∈ L2(M) and ‖a(−i/2)‖ ≤ 1.

(iii) We can find an element b ∈M satisfying ‖b‖ ≤ 1 and ω1/2a =
bω1/2.

Moreover, if this is the case, under the notation in (ii), ξa(z) ∈ L2(M)
is norm-continuous for any ξ ∈ L2(M).

Proof. (i) =⇒ (ii): By modular extension, the function 〈xω1+itaω−ity〉
with x, y ∈ M gives rise to an analytic function 〈xωiz+1/2aω−iz+1/2y〉
of z ∈ C in the range −1/2 ≤ Im z ≤ 1/2 so that it is estimated on the
real line by

|〈xωit+1/2aω−it+1/2y〉| = |(ω1/2x∗|a(t)ω1/2y)| ≤ ‖ω1/2x∗‖‖a‖‖ω1/2y‖
and on the line Im z = −1/2 by

|〈xωit+1aω−ity〉| = |(ω1/2x∗|ω1/2a(t)y)|

≤ ‖ω1/2x∗‖‖ω1/2a(t)y‖ = ‖ω1/2x∗‖
√
ω(aω−ityy∗ωita∗)

≤ ‖ω1/2x∗‖
√
ω(ω−ityy∗ωit) = ‖ω1/2x∗‖‖ω1/2y‖.

Thus the three line theorem for the region −1/2 ≤ Im z ≤ 0 gives

|〈xωiz+1/2aω−iz+1/2y〉| ≤ ‖a‖1+2 Im z‖ω1/2x∗‖‖ω1/2y‖
and a bounded operator a(z) on L2(M) is well-defined by the relation

(ω1/2x∗|a(z)(ω1/2y)) = 〈xωiz+1/2aω−iz+1/2y〉

with the bound ‖a(z)‖ ≤ ‖a‖1+2 Im z. From the cyclic relation

(ω1/2x∗|a(z)(ω1/2yb)) = 〈xωiz+1/2aω−iz+1/2yb〉 = 〈bxωiz+1/2aω−iz+1/2y〉
= (ω1/2x∗b∗|a(z)(ω1/2y)) = (ω1/2x∗|

(
a(z)(ω1/2y)

)
b)

for b ∈M , a(z) in fact belongs to M . Since a(z) is uniformly bounded
in z and weakly analytic, we need to check the norm-continuity of
a(z)ω1/2 ∈ L2(M) as a function of z. In view of aω1/2 ∈ D(∆1/2),
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∆iz(aω1/2) is norm-continuous analytic function of z in −1/2 ≤ Im z ≤
0, which satisfies ∆it(aω1/2) = a(t)ω1/2 for t ∈ R and hence a(z)ω1/2 =
∆iz(aω1/2) is norm-continuous in z.

(ii) =⇒ (iii): The relation ∆it(aω1/2) = a(t)ω1/2 is analytically con-
tinued to the relation ω1/2a = ∆1/2(aω1/2) = σ(−i/2)ω1/2 and we can
put b = a(−i/2).

(iii) =⇒ (i): For a positive element x ∈M ,

ω(axa∗) = 〈ω1/2axa∗ω1/2〉 = 〈bω1/2xω1/2b∗〉
= (ω1/2xω1/2)(b∗b) ≤ (ω1/2xω1/2)(1) = ω(x).

Finally, under the notation and conditions in (ii) and (iii), ω1/2a(t) =
∆it(bω1/2) is analytically extended to a norm-continuous function ∆iz(bω1/2)
of z ∈ i[−1/2, 0] + R, while (η|ω1/2a(t)) = (ω1/2|a(t)η∗) is analytically
extended to (ω1/2|a(z)η∗) = (η|ω1/2a(z)) for any η ∈ L2(M). Thus
ω1/2a(z) = ∆iz(bω1/2) is norm-continuous in z ∈ i[−1/2, 0]+R. Now the
norm-boundedness of a(z) is used to see that xω1/2a(z) norm-converges
to ξa(z) uniformly in z when ‖xω1/2 − ξ‖ → 0. �

Corollary 9.8. For ϕ, ψ ∈ M+
∗ , the following conditions are equiva-

lent.

(i) The inequality ϕ ≤ ψ holds in M+
∗ .

(ii) [ϕ] ≤ [ψ] and the function ϕitψ−it of t ∈ R is analytically
extended to an M -valued function ϕizψ−iz of z in the range
−1/2 ≤ Im z ≤ 0 so that ϕizψ−izξ ∈ L2(M) is norm-continuous
in z for any ξ ∈ L2(M) and ‖ϕ1/2ψ−1/2‖ ≤ 1.

(iii) We can find an element c ∈ M satisfying ‖c‖ ≤ 1 and ϕ1/2 =
cψ1/2.

Moreover, if this is the case, ξϕizψ−iz ∈ L2(M) is norm-continuous in
z ∈ i[−1/2, 0] + R for any ξ ∈ L2(M).

Proof. Consider a faithful ω = ϕ⊕ ψ on eM2(M)e with e = [ϕ]⊕ [ψ].
For the choice

a =

(
0 [ϕ]
0 0

)
,

the condition ϕ ≤ ψ is equivalent to a∗ωa ≤ ω and

ωitaω−it =

(
0 ϕitψ−it

0 0

)
is used to get (i) =⇒ (ii) =⇒ (iii) by the lemma, whereas (iii) implies
ϕ = ψ1/2c∗cψ1/2 ≤ ψ in M+

∗ . �
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We now investigate continuity properties of families {M(it+ s)}t∈R
for s = 0, 1/2, 1. Let us begin with simple observations on continuity
of modular actions: Let ϕ =

∑
ϕj and ψ =

∑
ψk be weights on M .

For ξ ∈ L2(M),

ϕitξψ−it =
∑
j,k

ϕitj ξψ
−it
k

is norm-continuous in t ∈ R as an absolute sum of L2(M)-valued norm-
continuous functions ϕitj ξψ

−it
k . Any φ ∈M+

∗ has an expression ξη with

ξ, η ∈ L2(M) and we see that

ϕitφψ−it = (ϕitξω−it)(ωitηψ−it)

(ω being an auxiliary faithful weight) is an M∗-valued norm-continuous
function of t ∈ R as a product of L2(M)-valued norm-continuous func-
tions.

Lemma 9.9. For a section x = {x(t)} of {M(it)}, the following con-
ditions are equivalent.

(i) There exists a faithful weight ω on M such that ω−itx(t) ∈M
is weak*-continuous in t ∈ R.

(ii) There exists a faithful weight ω on M such that x(t)ω−it ∈M
is weak*-continuous in t ∈ R.

(iii) For any faithful weight ω on M , ω−itx(t) ∈ M is weak*-
continuous in t ∈ R.

(iv) For any faithful weight ω on M , x(t)ω−it ∈ M is weak*-
continuous in t ∈ R.

(v) For any φ ∈M+
∗ , φ−itx(t) ∈M is weak*-continuous in t ∈ R.

(vi) For any φ ∈M+
∗ , x(t)φ−it ∈M is weak*-continuous in t ∈ R.

Moreover, if {x(t)} satisfies these equivalent conditions, ‖x(t)‖ is lo-
cally bounded in t ∈ R.

We say that a section {x(t)} is weak*-continuous if it satisfies any
of these equivalent conditions.

Proof. Assume (i) and let φ be another weight. Then, for ϕ ∈M∗,
ϕ(x(t)φ−it) = 〈φ−itϕωit, ω−itx(t)〉

is continuous in t ∈ R as an evaluation of anM∗-valued norm-continuous
function by an M -valued weak*-continuous function. Since φ is arbi-
trary, this menas that the four conditions (i) to (iv) are equivalent,
which in turn imply (v) and (vi).

Now we show (vi) =⇒ (iv). By Banach-Steinhaus theorem, ‖x(t)[φ]‖
is locally bounded in t for any φ ∈M+

∗ . If ‖x(t)‖ is not locally bounded,
we can find abounded sequence {tn} and a sequence {ξn} of unit vec-
tors in L2(M) such that ‖x(tn)ξn‖ ≥ n. Then, for φ =

∑
1

2n
φn with
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φn = ξnξ
∗
n, ‖x(tn)[φ]‖ ≥ n, which contradicts with local boundedness

of ‖x(t)[φ]‖. Thus ‖x(t)‖ is locally bounded. Now in the expression

(ξ|x(t)ω−itη) =
∑
j∈F

(ξ|x(t)ω−itj η) + ((x(t)ω−it)∗ξ|
∑
j 6∈F

ωitω−itj η)

with ξ, η ∈ L2(M) and F a finite subset of indices, the second term is
estimated by∣∣∣∣∣((x(t)ω−it)∗ξ|

∑
j 6∈F

ωitω−itj η)

∣∣∣∣∣ ≤ ‖x(t)‖‖ξ‖‖
∑
j 6∈F

ωitω−itj η‖

= ‖x(t)‖‖ξ‖
√∑

j 6∈F

‖ωitω−itj η‖2

≤ ‖x(t)‖‖ξ‖
√∑

j 6∈F

‖[ωj]η‖2.

Since ‖x(t)‖ is locally bounded, this reveals that the convergence

(ξ|x(t)ω−itη) = lim
F↗I

∑
j∈F

(ξ|x(t)ω−itj η)

is locally uniformly in t ∈ R and gives a continuous function of t,
proving the weak* continuity of x(t)ω−it ∈M on t ∈ R. �

We here introduce the *-operation on sections by

x∗(t) = x(−t)∗ ∈M(it+ s) for a section {x(t) ∈M(it+ s)}.

As a consequence of the above lemma, for a section x(t) ∈M(it), x∗(t)
as well as ax(t)b with a, b ∈M are weak*-continuous if so is x(t).

Lemma 9.10. Let p = 1 or 2 with notation L1(M) = M∗ for p = 1.
Then the following conditions on a section ξ = {ξ(t)} of {M(it+ 1/p)}
are equivalent.

(i) There exists a faithful weight ω on M such that ω−itξ(t) ∈
Lp(M) is norm-continuous in t ∈ R.

(ii) There exists a faithful weight ω on M such that ξ(t)ω−it ∈
Lp(M) is norm-continuous in t ∈ R.

(iii) For any faithful weight ω on M , ω−itξ(t) ∈ Lp(M) is norm-
continuous in t ∈ R.

(iv) For any faithful weight ω on M , ξ(t)ω−it ∈ Lp(M) is norm-
continuous in t ∈ R.

(v) For any φ ∈ M+
∗ , φ−itξ(t) ∈ Lp(M) is norm-continuous in

t ∈ R.
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(vi) For any φ ∈ M+
∗ , ξ(t)φ−it ∈ Lp(M) is norm-continuous in

t ∈ R.

We say that a section {ξ(t)} is norm-continuous if it satisfies any of
these equivalent conditions. Notice here that ξ∗(t) = ξ(−t)∗ is norm-
cotinuous if and inly if so is ξ(t)

Proof. Since ωit(·)φ−it gives a strongly continuous one-parameter group
of isometries on Lp(M), the condition (i) ensures norm-continuity of
ξ(t)φ−it = ωit(ω−itξ)φ−it, which implies the equivalence of conditions
(i) to (iv).

Since

‖φ−itξ(t)− φ−isξ(s)‖ = ‖φ−itωitω−itξ(t)− φ−isωisω−isξ(s)‖
≤ ‖φ−itωit(ω−itξ(t)− ωisξ(s))‖+ ‖(φ−itωit − φ−isωis)ω−isξ(s)‖
≤ ‖(ω−itξ(t)− ωisξ(s))‖+ ‖(φ−itωit − φ−isωis)ω−isξ(s)‖

and φ−itωit is continuous on t in strong operator topology, (v) follows
from (i).

Assume (v). If ω−itξ(t) is not norm-continuous at t = t0, we can find
a δ > 0 and a sequence {tn} which converges to s but ‖ω−itnξ(tn) −
ω−it0ξ(t0)‖ ≥ δ for n ≥ 1. Choose states φn ∈ M+

∗ so that [φn]ξ(tn) =
ξ(tn) for n ≥ 0 and set φ =

∑
n≥0 φn/2

n ∈M+
∗ . Then, by (v),

‖ω−itnξ(tn)− ω−it0ξ(t0)‖ = ‖ω−itnφitnφ−itnξ(tn)− ω−it0φit0φ−it0ξ(t0)‖
≤ ‖(φ−itnξ(tn)− φit0ξ(t0))‖+ ‖(ω−itnφitn − ω−it0φit0)φ−it0ξ(t0)‖

converges to 0, a contradiction. �

Definition 9.11. A section {x(t)} of {M(it)}t∈R is said to be L2-
continuous if x(t)ξ and ξx(t) are norm-continuous for any ξ ∈ L2(M).
Notice that x∗(t) is L2-continuous if and only if so is x(t) in view of
x∗(t)ξ = (ξ∗x(−t))∗ and ξx∗(t) = (x(−t)ξ∗)∗. Clearly L2-continuous
sections are weak*-continuous.

To control the norm of a weak*-continuous section x = {x(t) ∈
M(it)}, two norms are introduced by

‖x‖∞ = sup{‖x(t)‖; t ∈ R}, ‖x‖1 =

∫
R
‖x(t)‖ dt

and x(t) is said to be bounded if ‖x‖∞ <∞ and integrable if ‖x‖1 <
∞. Note here that ‖x(t)‖ is locally bounded and lower-semicontinuous
in t ∈ R.

Lemma 9.12. The following conditions on a section {x(t)} of {M(it)}
are equivalent.
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(i) For any ξ ∈ L2(M), {x(t)ξ} is a norm-continuous section of
{M(it+ 1/2)}.

(ii) For any ϕ ∈ M+
∗ and any ξ ∈ L2(M), x(t)ϕ−itξ ∈ L2(M) is

norm-continuous in t ∈ R.
(iii) The norm function ‖x(t)‖ is locally bounded and, for a suffi-

ciently large φ ∈M+
∗ , x(t)φ−it+1/2 ∈ L2(M) is norm-continuous

in t ∈ R, i.e., given any ϕ ∈ M+
∗ , we can find φ ∈ M+

∗ such
that [ϕ] ≤ [φ] and x(t)φ−it+1/2 ∈ L2(M) is norm-continuous in
t ∈ R.

Proof. (i) ⇐⇒ (ii): Let ϕ ∈ M+
∗ . If (i) holds, ϕ−itx(t) ∈ M is

continuous in t ∈ R with respect to the strong operator topology on M
and hence

x(t)ϕ−itξ = ∆ϕ
t (ϕ−itx(t))∆ϕ

−tξ

is an L2(M)-valued norm-continuous function of t ∈ R. Likewise, under
the condition (ii), ϕ−itx(t)ξ = ∆ϕ

−t(x(t)ϕ−it)∆ϕ
t ξ ∈ L2(M) is norm-

continuous in t ∈ R.
Assume (i) and (ii). The section x(t) is weak*-continuous by (i) and

the local boundedness of ‖x(t)‖ follows from Lemma 9.9, whereas the
remaining condition in (iii) is included in (ii).

(iii) =⇒ (ii): Given ϕ ∈M+
∗ and ξ ∈ L2(M), choose φ ∈M+

∗ so that
[ϕ] ≤ [φ] and φ supports ξ on the left. Then

‖x(t)φ−it(φ1/2a− φ1/2b)‖ ≤ ‖x(t)‖‖φ1/2a− φ1/2b‖,

together with local boundedness of ‖x(t)‖, shows that x(t)φ−itη is

norm-continuous for any η ∈ φ1/2M as a locally uniform limit of
L2(M)-valued norm-continuous functions of t ∈ R. Now x(t)ϕ−itξ =
(x(t)φ−it)(φitϕ−itξ) is norm-continuous in t ∈ R as a product of strongly

continuous operator-valued function x(t)φ−it on φ1/2M and a norm-

continuous function φitϕ−itξ in φ1/2M . �

Corollary 9.13. A section x(t) ∈ M(it) is L2-continuous if and only
if ‖x(t)‖ is locally bounded and L2(M)-valued functions x(t)φ−it+1/2,
φ−it+1/2x(t) are norm-continuous for a sufficiently large φ ∈M+

∗ .

A family {x(t) ∈ M(it)}t∈R is said to be finitely supported if we
can find φ ∈M+

∗ so that x(t) = [φ]x(t)[φ] for every t ∈ R. We say that
{x(t)} is locally bounded (bounded) if so is the function ‖x(t)‖ of t.
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9.1. Convolution Algebra. Consider a bounded, L2-continuous and
integrable section {f(t) ∈M(it)} and identify it with a formal expres-
sion like

∫
R f(t) dt, which is compatible with the *-operation by(∫
R
f(t) dt

)∗
=

∫
R
f(t)∗ dt =

∫
R
f(−t)∗ dt =

∫
R
f ∗(t) dt.

Moreover, a formal rewriting∫
R
f(s) ds

∫
R
g(t) dt =

∫
R

(∫
R
f(s)g(t− s) ds

)
dt

suggests defining a product of f and g by

(fg)(t) =

∫
R
f(s)g(t− s) ds =

∫
R
f(t− s)g(s) ds.

The real definition, however, needs some procedures. Let ϕ be a
weight on M which supports both f and g. Then

f(s)g(t− s)ϕ−it = f(s)ϕ−isσϕs (g(t− s)ϕ−i(t−s))

is a strongly continuous M -valued function of (s, t) ∈ R2 and∫
R
f(s)g(t− s)ϕ−it ds ∈M

is well-defined as a Bochner integral with respect to the strong operator
topology with a norm estimation∥∥∥∥∫R f(s)g(t− s)ϕ−it ds ∈M

∥∥∥∥ ≤ ∫R ‖f(s)‖ ‖g(t− s)‖ ds.

In view of ‖f‖1 <∞ and ‖g‖∞ <∞, for each ξ ∈ L2(M), the Bochner
integral ∫

R
f(s)g(t− s)ϕ−itξ ds ∈ L2(M)

converges uniformly when t varies in a finite interval and gives a norm-
continuous function of t ∈ R.

Let ψ be another weight satisfying [ϕ] ≤ [ψ] (consequently it sup-
ports x and y as well). The equality(∫

R
f(s)g(t− s)ψ−it ds

)
ψitϕ−itξ =

∫
R
f(s)g(t− s)ϕ−itξ ds

then reveals that(∫
R
f(s)g(t− s)ψ−it ds

)
ψit[ϕ] =

(∫
R
f(s)g(t− s)ϕ−it ds

)
ϕit
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and an element
∫
R f(s)g(t− s) ds ∈M is well-defined by the relation(∫

R
f(s)g(t− s) ds

)
φ−it =

∫
R
f(s)g(t− s)φ−it ds,

which is satisfied by an arbitrary weight φ on M .
When φ supports f and g, we have

φ−it
∫
f(s)g(t− s)φ−it dsφit =

∫
φ−itf(s)g(t− s) ds,

which means that the convolution product also satisfies the left inden-
tity

φit
∫
φ−itf(s)g(t− s) ds =

∫
f(s)g(t− s) ds.

Moreover, for ξ, η ∈ L2(M), the identity

(η|
∫
f(s)g(t− s)φ−itξ ds) =

∫
(φitg(t− s)∗f(s)∗η|ξ) ds

is rephrased into

φit(fg)(t)∗ =

∫
φitg∗(−t−s)f ∗(s) ds ⇐⇒ (fg)∗(t) =

∫
g∗(t−s)f ∗(s) ds

and

η∗
∫
R
f(s)g(t− s) ds =

∫
R
η∗f(s)g(t− s) ds =

∫
R
η∗f(t− s)g(s) ds.

Note that η∗f(s)g(t − s) ∈ M(it + 1/2) is norm-continuous in s ∈ R
and Bochner-integrable.

We have so far checked (fg)∗ = g∗f ∗ as well as the left-and-right
compatibility in the definition of convolution product. The aasociativ-
ity is now available by〈
η((fg)h)(t)φ−itξ

〉
=

∫
〈η(fg)(s)φ−isφish(t− s)φ−itξ〉 ds

=

∫ ∫
〈ηf(r)g(s− r)φ−isφish(t− s)φ−itξ〉 drds

=

∫ ∫
〈ηf(r)g(s− r)h(t− s)φ−itξ〉 drds

=

∫ ∫
〈ηf(r)g(s)h(t− r − s)φ−it+irφ−irξ〉 dsdr

=

∫
〈ηf(r)(gh)(t− r)φ−itξ〉 dr

= 〈η(f(gh))(t)φ−itξ〉.
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In this way, we have obtained a *-algebra of sections of {M(it)}t∈R.
The scaling automorphism θs on {M(it)} gives rise to a *-automorphic
action the *-algebra of sections by (θsf)(t) = e−istf(t).

Here we shall apply formal arguments to illustrate how tracial func-
tionals are associated to this kind of *-algebras.

A formal manipulation is an easy business: Imagine that a section
f(t) has an analytic extension to the region −1 ≤ Im z ≤ 0 somehow
so that f ∗(z) = f(−z)∗ and define a linear functional by〈∫

R
f(t) dt

〉
= 〈f(−i)〉.

Note that f(−i) in the right hand side belongs to M(1) = M∗. We
then have

〈f ∗f〉 =

∫
R
〈f ∗(s)f(−i− s)〉 ds =

∫
R
〈f ∗(s− i/2)f(−s− i/2)〉 ds

=

∫
R
〈f(−s− i/2)∗f(−s− i/2)〉 ds ≥ 0,

where Cauchy’s integral theorem is used in the first line. The trace
property is seen by

〈fg〉 =

∫
〈f(s)g(−i− s)〉 ds =

∫
〈f(t− i)g(−t)〉 dt

=

∫
〈g(−t)f(t− i)〉 dt =

∫
〈g(t)f(−t− i)〉 dt = 〈gf〉,

where Cauchy’s integral theorem is used again in the first line.
Now we return to the sane track. It then turns out to be some

chores to make the whole story rigorous along the above easy-minded
lines. Instead we shall construct a Hilbert algebra as a halfway busi-
ness in what follows, which is enough to take out a tracial functionsl
(Appendix P).

A section {f(t) ∈ M(it)} is said to be L2-analytic if, for a suf-
ficiently large φ ∈ M+

∗ , functions f(t)φ−it and φ−itf(t) of t ∈ R (φ-
functions of x) are analytically extended to bounded M -valued func-
tions f(z)φ−iz and φ−izf(z) of z ∈ i[−1/2, 0] +R so that L2(M)-valued
functions f(z)φ−izξ and ξφ−izf(z) of z ∈ i[−1/2, 0] + R are norm-
continuous for each ξ ∈ L2(M).

Note here that sufficient largeness in the condition has a meaning:
For ϕ ∈ M+

∗ majorized by φ, φitϕ−it is analytically extended to a
*strongly continuous function φizϕ−iz of z ∈ i[−1/2, 0] + R (Corol-
lary 9.8) and therefore f(t)ϕ−it has an analytic extension of the form
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(f(z)φ−iz)(φizϕ−iz), which is *strongly continuous as a product of *strongly
continuous locally bounded operator-valued functions.

Note also that the norm-continuity of f(z)φ−izξ and ξφ−izf(z) is
equivalent to that of L2-valued functions (f(z)φ−iz)φ1/2 and φ1/2(φ−izf(z))
respectively (Lemma 9.12). These are analytic extensions of f(t)φ1/2−it

and φ1/2−itf(t) are then denoted by f(z)φ1/2−iz and φ1/2−izf(z) respec-
tively.

Warning: No separate meaning of f(z) is assigned here.
Let f(t) ∈ M(it) be an L2-analytic section. Then f ∗(t) = f(−t)∗ ∈

M(it) is also L2-analytic: f ∗(t)φ−itξ = (ξ∗φitf(−t))∗ and ξφ−itf ∗(t) =
(f(−t)φitξ∗)∗ admit

(
ξ∗(φizf(−z))

)∗
and

(
(f(−z)φiz)ξ∗

)∗
as their an-

alytic extensions respectively, i.e.,

f ∗(z)φ−iz =
(
φizf(−z)

)∗
, φ−izf ∗(z) =

(
f(−z)φiz

)∗
.

To get the convolution product in a way applicable of Cauchy’s inte-
gral theorem, we impose the following condition. An L2-analytic sec-
tion f(t) ∈M(it) is said to be uniformly integrable if it is integrable
and the function |f |φ defined by

|f |φ(t) = sup{‖f(t− ir)φ−it−r‖ ∨ ‖φ−it−rf(t− ir)‖; 0 ≤ r ≤ 1/2}
is integrable for a sufficiently large φ ∈ M+

∗ . Note that |f |φ(t) is
bounded by L2-analyticity, lower-semicontinuous as a supremum of
lower-semicontinuous functions and |f ∗|φ(t) = |f |φ(−t). In particular,
f is uniformly integrable if and only if so is f ∗.

We also point out here that, for a uniformly integrable section f(t),
we have the following property: Given any ε > 0 and any T > 0, we
can find t+ ≥ T and t− ≤ −T so that |f |φ(t±) < ε.

Example 9.14. Let ϕ ∈M+
∗ and a ∈ [ϕ]M [ϕ] be entirely analytic for

σϕt . Then f(t) = aϕit is L2-analytic.
In fact, if φ ∈M+

∗ majorizes ϕ, f(z)φ−iz = a(ϕizφ−iz) and φ−izf(z) =
(φ−izϕiz)σϕ−z(a) for z ∈ i[−1/2, 0] + R are norm-bounded analytic ex-
tensions of f(t)φ−it and φ−itf(t) respectively. Note that both φ−izϕiz

and σϕ−z(a) are norm-bounded strongly continuous functions of z ∈
i[−1/2, 0] + R, see Corollary 9.8 and Appendix A.

To get a uniformly integrable section, just put fα,β(t) = e−αt
2+βtf(t)

with α > 0 and β ∈ C, for example.

Lemma 9.15. Let {f(t)} be a section of {M(it)}. If f(t) is L2-
analytic, f(t) is bounded.

Proof. L2-analyticity includes boundedness of ‖f(t)φ−it‖ = ‖f(t)[φ]‖
for any φ ∈ M+

∗ . If ‖f(t)‖ is not bounded, we can find a sequence tn
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so that ‖f(tn)‖ > n and then a sequence of unit vectors ξn ∈ L2(M)
satisfying ‖f(tn)ξn‖ ≥ n. For the choice φ =

∑
n ξnξ

∗
n/2

n ∈ M+
∗ ,

‖f(tn)[φ]‖ ≥ ‖f(tn)ξn‖ ≥ n is therefore not bounded, a contradiction.
�

Now let N be the vector space of L2-analytic and uniformly inte-
grable sections of {M(it)}, which is closed under taking the *-operation
as already noticed. It is immediate to see that the scaling automor-
phisms leave N invariant globally in such a way that (θsf)(z)φ−iz =
e−iszf(z)φ−iz.

Let f, g ∈ N. Since L2-analyticity connotes boundedness as well as
L2-continuity, the convolution product fg has a meaning and (fg)(t) is
a bounded L2-continuous section. To have fg ∈ N, we therefore need
to check L2-analyticity and uniform integrability of fg.

Lemma 9.16. Let ω be a weight which supports an L2-analytic section
g(t) ∈M(it). Then, for φ ∈M+

∗ and ξ ∈ L2(M),

σωs (g(z − s)φ−i(z−s))ξ = ∆is
ω

(
g(z − s)φ−i(z−s)

)
∆−isω ξ ∈ L2(M)

is norm-continuous in s ∈ R and z ∈ i[−1/2, 0] + R.

Proof. Operator product is continuous on norm-bounded sets with re-
spect to strong operator topology. �

We first describe the analytic extension of (fg)(t)φ−it (similarly for
φ−it(fg)(t) by left-and-right symmetry). Choose an auxiliary weight ω
supporting both f and g. Let ξ ∈ L2(M).∫

f(s)ω−isσωs (g(z − s)φ−i(z−s))ωisφ−isξ ds

is well-defined as a Bochner integral and∥∥∥∥∫ f(s)ω−isσωs (g(z − s)φ−i(z−s))ωisφ−isξ ds
∥∥∥∥ ≤ ‖ξ‖∫ ‖f(s)‖ |g|φ(<z−s) ds

shows that (fg)(z)φ−iz ∈M is well-defined by

((fg)(z)φ−iz)ξ =

∫
R
f(s)ω−isσωs (g(z − s)φ−i(z−s))ωisφ−isξ ds

with its norm estimated by

‖(fg)(z)φ−iz‖ ≤
∫
R
‖f(s)‖ |g|φ(<z − s) ds.

To see the continuity of (fg)(z)φ−izξ on z ∈ i[−1/2, 0] + R, consider

(fg)(z)φ−iz+1/2 =

∫
f(s)ω−isωis

(
g(z − s)φ−i(z−s)φ1/2

)
φ−is ds.
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In view of the norm estimate

‖f(s)ω−isωis
(
g(z − s)φ−i(z−s)φ1/2

)
φ−is‖ ≤ φ(1)1/2‖|g|φ‖∞ ‖f(s)‖

of the integrand and the integrability of ‖f(s)‖, the above Bochner
integral is norm-continuous in z as a uniform limit of L2(M)-valued
norm-continuous functions of z ∈ i[−1/2, 0] + R.

From the inequality

‖(fg)(z)φ−iz+1/2a−(fg)(z)φ−iz+1/2b‖ ≤ ‖|g|φ‖∞‖φ1/2a−φ1/2b‖
∫
R
‖f(s)‖ ds,

one sees that (fg)(z)φ−izφ1/2a norm-converges to (fg)(z)φ−izξ uni-
formly in z when ‖φ1/2a−ξ‖ → 0 and the norm-continuity of (fg)(z)φ−izξ
follows.

Finally the uniform integrability of fg follows from

|fg|φ(t) ≤
∫
R
‖f(s)‖ |g|φ(t−s) ds or |fg|φ(t) ≤

∫
R
|f |φ(t−s)‖g(s)‖ ds.

So far N is checked to be a *-algebra and the scaling automorphisms
gives a *-automorphic action of R on N. We next furnish N with an
inner product so that it makes N into a Hilbert algebra.

Lemma 9.17. The following identity holds for φ, ϕ ∈M+
∗ and f ∈ N.

[ϕ]
(
f(t− i/2)φ−it−1/2

)
φit+1/2 = ϕit+1/2

(
ϕ−it−1/2f(t− i/2)

)
[φ]

(the left hand side is therefore independent of a choice of ϕ while the
right hand side independent of a choice of φ and the common element
in M(it+ 1/2) is reasonably denoted by [ϕ]f(t− i/2)[φ]).

Proof. For a ∈M , the identity

〈(f(t)φ−it)φ1/2σφ,ϕt (a)ϕ1/2〉 = 〈ϕ1/2(ϕ−itf(t))φ1/2a〉

is analytically continued from t to t− i/2 to get

〈(f(t− i/2)φ−it−1/2)φ1/2φ1/2σφ,ϕt (a)〉 = 〈ϕ1/2(ϕ−it−1/2f(t− i/2))φ1/2a〉

(use KMS-condition at σφ,ϕt (a)ϕ1/2) and, after a simple rewriting,

〈(f(t−i/2)φ−it−1/2)φit+1/2φ1/2aϕ−it〉 = 〈ϕit+1/2(ϕ−it−1/2f(t−i/2))φ1/2aϕ−it〉.

�

In the identity [ϕ]f(t− i/2)[φ] = [ϕ]
(
f(t− i/2)φ−it−1/2

)
φit+1/2, take

a limit [ϕ]→ 1 to get

f(t− i/2)[φ] =
(
f(t− i/2)φ−it−1/2

)
φit+1/2,
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which belongs to M(it+1/2)[φ]. Likewise [ϕ]f(t−i/2) ∈ [ϕ]M(it+1/2)
is well-defined by

[ϕ]f(t− i/2) = ϕit+1/2
(
ϕ−it−1/2f(t− i/2)

)
.

Choose a faithful weight ω =
∑

j∈I ωj with ωj ∈ M+
∗ pairwise or-

thogonal and consider a family {ξj = f(t − i/2)[ωj]} in M(it + 1/2).
We claim that {j; ‖ξj‖ ≥ 1/m} is a finite set for any m ≥ 1. If
not, we can choose an injective sequence jn so that ‖ξjn‖ ≥ 1/m and
the choice φ =

∑
n≥1 ωjn/2

nωjn(1) ∈ M+
∗ shows that f(t − i/2)[φ] =∑

n≥1 f(t− i/2)[ωjn ] has a norm ‖f(t− i/2)[φ]‖2 =
∑

n ‖ξjn‖2 =∞, a
contradiction. Consequently, J = {j; ‖ξj‖ > 0} is a countable set and
there exists ϕ ∈M+

∗ such that [ϕ] =
∑

j∈J [ωj] and

f(t− i/2) = lim
[φ]↗1

f(t− i/2)[φ] = f(t− i/2)[ϕ].

In this way, we have obtained a section {f(t − i/2) ∈ M(it + 1/2)}
so that, for each t ∈ R, f(t − i/2) = f(t − i/2)[φ] for some φ ∈ M+

∗ .
Now choose φr to each r ∈ Q and set φ =

∑
r∈Q εrφr with εr > 0 for

r ∈ Q satisfying
∑
εr < ∞. Then, if t ∈ Q, f(t − i/2) = f(t − i/2)[φ]

and therefore, [ϕ]f(t − i/2) = [ϕ]f(t − i/2)[φ] for any ϕ ∈ M+
∗ . Since

[ϕ]f(t−i/2) is continuous in t ∈ R, this implies [ϕ]f(t−i/2) = [ϕ]f(t−
i/2)[φ] for any t ∈ R and hence, by taking a limit [ϕ] → 1, we finally
get f(t−i/2) = f(t−i/2)[φ] for all t ∈ R; the whole section {f(t−i/2)}
is right-supported by a single φ ∈M+

∗ . In particular, {f(t− i/2)} is a
norm-continuous bounded integrable section of {M(it+ 1/2)}.

Remark 4. By an analytic continuation, one sees that any L2-analytic
section {f(t)} of {M(it)} is finitely supported in the sense that there
exists φ ∈M+

∗ such that f(t) = [φ]f(t)[φ] for every t ∈ R.

Example 9.18. Let ϕ ∈ M+
∗ and a, b ∈ [ϕ]M [ϕ] be entirely analytic

for σϕt . Then f(t) = e−αt
2+βtaϕitb belongs to N and its boundary

section is f(t− i/2) = e−α(t−i/2)2+β(t−i/2)aϕit+1/2b.

The inner product is now introduced by

(f |g) =

∫
R

(f(t− i/2)|g(t− i/2)) dt =

∫
R
〈f(t− i/2)∗g(t− i/2)〉 dt.

Clearly this is a positive sesquilinear form. To check the non-degeneracy,
let (f |f) = 0. We then have f(t − i/2) ≡ 0 by the continuity of
(f(t− i/2)|f(t− i/2)) for t ∈ R and consequently f(t)φ−it ≡ 0 for any
φ ∈M+

∗ by an analytic continuation; f(t) ≡ 0.
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Since it contains a dense set, the completed Hilbert space H is iden-
tified with the direct integral

H =

∮
R
M(it+ 1/2) dt.

Since the family {M(it+ 1/2)} is trivialized by obvious isomorphisms
L2(M)ωit ∼= L2(M) ∼= ωitL2(M) in terms of a faithful weight ω on M ,
we have identifications H ∼= L2(M)⊗ L2(R) in two ways. The Hilbert
space H is made into a *-bimodule of M(iR) by

aωis
∮
R
ξ(t) dt =

∮
R
aωisξ(t− s) dt

and (∮
ξ(t) dt

)∗
=

∮
R
ξ(−t)∗ dt

in such a way that actions of M(it) on H are normal.
Note that the scaling automorpshism θs satisfies (θsf)(t − i/2) =

e−ist−s/2f(t − i/2) and scales the inner product: (θsf |θsg) = e−s(f |g)
for f, g ∈ N.

Lemma 9.19. For a faithful weight ω, the multiplication of ωis on
H gives a continuous one-parameter group of unitaries. Moreover, if
{ξ(t)} ∈ H is supported by φ ∈M+

∗ in the sense that [φ]ξ(t) = ξ(t) for
almost all t ∈ R, then φis

∮
ξ(t) dt ∈ H is norm-continuous in s ∈ R.

Let f ∈ N be supported by φ ∈ M+
∗ . Then, for h ∈ N, hf is

right-supported by φ and we have

(hf)(t− i/2) =
(
(hf)(t− i/2)φ−it−1/2

)
φit+1/2

=

∫
ds (h(s)ω−is)σωs

(
f(t− s− i/2)φ−i(t−s−i/2)

)
ωisφ−isφit+1/2

=

∫
ds h(s)

(
f(t− s− i/2)φ−i(t−s)−1/2

)
φi(t−s)+1/2

=

∫
ds h(s)f(t− s− i/2).

In other words,∮
(hf)(t− i/2) dt =

∫
h(s) ds

∮
f(t− i/2) dt

with

‖hf‖H ≤ ‖f‖H
∫
‖h(s)‖ ds.

Thus the left multiplication of h is bounded with respect to the inner
product in such a way that (hf |g) = (f |h∗g) for f, g ∈ N.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 81

Moreover, with the choice h(t) =
√
α/πe−αt

2
φit, limα→∞ ‖hf−f‖H →

0 shows the density of NN in H.
Finally (f ∗|f ∗) = (f |f) follows from f ∗(t− i/2) =

(
f(−t− i/2)

)∗
.

Exercise 47. Check (hf |g) = (f |h∗g) and f ∗(t−i/2) =
(
f(−t−i/2)

)∗
.

Theorem 9.20. Given a W*-algebra M , the associated N is a Hilbert
algebra.

The associated von Neumann algebra is denoted by N = M oR and
referred to as the Takesaki dual of M . The scale automorphisms θs
of N induce a *-automorphic action (also denoted by θs) of R on N by
θs(l(f)) = l(θsf), which is referred to as the dual action.

Let τ be the associated trace on N , which is scaled by the dual action
so that τ(θs(x)) = e−sτ(x) for x ∈ N+. In fact,

τ(θs(l(f)∗l(g)) = τ(l(θsf)∗l(θsg)) = (θsf |θsg) = e−s(f |g) = e−sτ(l(f)∗l(g)).

Here we slightly change the notation in Hilbert algebras: N is re-
garded as a *-subalgebra of N and we write Nτ 1/2 = τ 1/2N to indicate

the corresponding subspace in H =

∮
R
M(it + 1/2) dt. Thus h ∈ N

is identified with an operator on H satisfying h(fτ 1/2) = (hf)τ 1/2, for

f ∈ N, with fτ 1/2 = τ 1/2f =

∮
R
f(t − i/2) dt. The scaling property

(θsf)(t−i/2) = e−ist−s/2f(t−i/2) is then compatible with this notation:
θs ∈ Aut(N) induces a unitary on L2(N) as seen from

θs(fτ
1/2) = (θsf)(τ ◦ θ−s)1/2 = es/2(θsf)τ 1/2 =

∮
R
e−istf(t− i/2) dt.

Let B ⊃ N be a dense *-ideal of N so that Bτ 1/2 = τ 1/2B is the set
of bounded vectors in H.

To ξ, η ∈ H, a sesquilinear element ξ∗η ∈ N∗ is associated by
〈ξ∗η, x〉 = (ξ|xη) and a∗bτ = τa∗b ∈ N∗ is defined to be (aτ 1/2)∗(bτ 1/2

for a, b ∈ B.
As a square root of this correspondence, we have a unitary map H→

L2(N) in such a way that |a|τ 1/2 7→ (a∗aτ)1/2 for a ∈ B. Therefore, if
we set B+ = B∩N+, the closure of B+τ

1/2 = τ 1/2B+ in H corresponds
to the positive cone L2(N)+.

With this notation, the trace of f ∗g ∈ N2 (f, g ∈ N) is expressed by

τ(f ∗g) = (fτ 1/2|gτ 1/2) =

∫
R

(f(t− i/2)|g(t− i/2)) dt.

Question: Is there any complex analytic characterization of B?
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Let ω be a faithful weight on M . From the convolution form realiza-
tion of N on H, one sees that N contains M as well as ωis as operators
by left multiplication and these in turn generates N . Likewise right
multiplications of M and ωit generates the right action of N on H.

Theorem 9.21 (Takesaki). The fixed-point algebra N θ of N under
the dual action θ is identified with M ; M = N θ.

Proof. Through H ∼= L2(M) ⊗ L2(R) adapted to the trivialization
M(it + 1/2)ω−it = L2(M) of M(it + 1/2), the right action of ωis

is realized on L2(R) by translations whereas θs by multiplication of
e−ist on L2(R). Since these generate B(L2(R)) (Stone-von Neumann),
N θ is identified with (B(L2(M)) ⊗ 1) ∩ End(HM). Let a ∈ M and
f, g ∈ L2(R). For ξ, η ∈ L2(M),

(η ⊗ g|(ξ ⊗ f)a) = (η|ξσωgf ) with σωgf =

∫
R
g(t)f(t)ωitaω−it ∈M

shows that T ∈ B(L2(M)) belongs to N θ if and only if it is in the
commutant of the right action of {σωh (a);h ∈ L1(R)} on L2(M). Since
{σωh (a);h ∈ L1(R)} generates M , this shows N θ ⊂M . �

Corollary 9.22. For t ∈ R, M(it) = {y ∈ Ñ ; θs(y) = e−isty,∀s ∈ R}.

9.2. Haagerup’s trace formula. Haagerup’s trace formula in non-
commutative integration theory is analysed in the framework of mod-
ular algebras. To avoid tautological faults, prior to this, we describe
modular algebras as well as standard Hilbert spaces in terms of basic
ingredients of Tomita-Takesaki theory. The semifiniteness of Takesaki’s
duals is then established by constructing relevant Hilbert algebras as a
collaboration of modular algebras and complex analysis. Note that the
known proof of the existence of trace is indirect in the sense that it is
deduced from the innerness of modular automorphism groups together
with Pedersen-Takesaki’s Radon-Nykodym theorem.

Let δ > 0, µ ∈ (0,∞) + iR and s ∈ R. Consider a Fourier integral

f(λ) =

∫ ∞
−∞

1

µ+ it
exp

(
−1

2
δt2 − ist+ iλt

)
dt.

From (
eλµf(λ)

)′
= eλµ

∫ ∞
−∞

exp

(
−1

2
δt2 − ist+ iλt

)
dt

=

√
2π

δ
eλµ exp

(
−(λ− s)2

2δ

)
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and lim
λ→−∞

eλµf(λ) = 0, we obtain an expression

f(λ) =

√
2π

δ
e−λµ

∫ λ

−∞
eµt exp

(
−(t− s)2

2δ

)
dt.

Since

lim
δ→+0

√
2π

δ
eµt exp

(
−(t− s)2

2δ

)
= 2πeµsδ(t− s),

f(λ) approaches 1[s,∞)(λ)2πe−λ(t−s) as δ → +0 and we have

1

2π

∫ ∞
−∞

e−ist

µ+ it
eiλt dt =

{
e−µ(λ−s) if λ ≥ s

0 otherwise.

Consequently the relation θ(λ−a)e−λµθ(λ−b)e−λν = θ(λ−a∨b)e−λ(µ+ν)

is converted into∫ ∞
−∞

e(µ−is)a

µ+ is

e(ν−i(t−s))b

ν + i(t− s)
ds = 2π

e(µ+ν−it)(a∨b)

µ+ ν + it
.

Let ω be a weight on M . The left multiplication of ωit on H has a
kernel (1 − [ω])H and its restriction to the supporting subspace [ω]H
is identified with the one-parameter group of translations on L2(R) ⊗
[ω]L2(M) under the unitary map

L2(R)⊗[ω]L2(M) 3 f⊗ξ 7→
∫
R
f(t)ωitξ ∈ [ω]H =

∫
R

[ω]M(it+1/2) dt.

In terms of a spectral decomposition ωit =

∫
R
eitτE(dτ) in N ,

1

2π

∫
R

1

µ+ it
ωit dt =

∫
[0,∞)

e−λµE(dλ)

for µ ∈ (0,∞) + iR gives a bounded multiplicative family of elements
in N , which is also denoted by (1 ∨ ω)−µ. Note that there is no need
for worrying about integral boundaries because E(·) has no point spec-
trum.

Clearly
(
(1∨ω)−µ

)∗
= (1∨ω)−µ and, when µ > 0, positive (1∨ω)−µ

is decreasing in µ and converges to the support projection [1 ∨ ω] of
(1 ∨ ω)−µ in strong operator topology.

Theorem 9.23 (Haagerup’s trace formula). The trace of a positive
operator (1∨ω)−µ with µ ≥ −1, which belongs to N+ for µ ≥ 0 and is
affiliated to N for −1 < µ < 0, is given by〈∫

R

1

µ+ it
ωit dt

〉
=

ω(1)

µ+ 1
.
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Notice that the right hand side is obtained by first taking a formal
analytic continuation of the integrand to t = −i and then by evaluating
the result (which belongs to M∗) at 1 ∈M .

Moreover, when ω ∈M+
∗ , the closed normal operator (1∨ ω)−µ is in

the trace class of N and the above trace formula remains valid for any
µ ∈ (−1,∞) + iR.

Proof. For f ∈ N ⊂ H, we observe that(
(1 ∨ ω)−µf

)
(t) =

1

2π

∫
R

1

µ+ is
ωisf(t− s− i/2) ds

=
1

2π

∫
R

1

µ+ is+ 1/2
ωis+1/2f(t− s) ds = (ξµf)(t),

where

ξµ =
1

2π

∫
R

1

µ+ it+ 1/2
ωit+1/2 dt, <µ > −1/2

belongs to H if and only if ω ∈M+
∗ . Note that, when ω ∈M+

∗ , ξµ → ξ0

in norm topology. The trace of (1∨ω)−r−is = (1∨ω)−r/2(1∨ω)−is−r/2

is now calculated by

(ξr/2|ξis+r/2) =
ω(1)

(2π)2

∫ ∞
−∞

1

(r + 1)/2− it
1

(r + 1)/2 + i(t+ s)
dt

=
ω(1)

(2π)2

∮
t=−s+i(r+1)/2

1

(r + 1)/2− it
1

(r + 1)/2 + i(t+ s)
dt

=
ω(1)

2π(r + is+ 1)
.

�

Example 9.24. Let M = B(H) with the standard trace denoted by tr.
For a trace class operator ρ (resp. a Hilbert-Schmidt class operator x)
on H, the associated element in M∗ (resp. in L2(M)) is then denoted
by ρtr = trρ (resp. xtr1/2 = tr1/2x). The trace tr is regarded as a
weight with respect to any resolution of the identity 1 =

∑
j∈J ej (ejH

being separable for any j ∈ J) and the associated one-parameter group
of unitaries (tr)it is independent of the choice of resolutions.

A section {f(t)} of {M(it)} is then L2-analytic if it is of the form
f(t) = x(t)ρit(tr)it, where ρ ≥ 0 is a trace class operator and both
x(t) and ρ−itx(t)ρit are analytically extended to bistrongly continuous
bounded M -valued functions x(z) and ρ−izx(z)ρiz of z ∈ i[−1/2, 0] +R
respectively. It is then uniformly integrable if

sup{‖x(t− ir)‖ ∨ ‖ρ−rx(t− ir)ρr‖; 0 ≤ r ≤ 1/2}
is an integrable function of t ∈ R, which is assumed in the following.
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The vector fτ 1/2 ∈ L2(N) then takes the form

∮
R
ξ(t) dt with

ξ(t) = f(t− i/2) = x(t− i/2)ρit+1/2trit+1/2 ∈M(it+ 1/2)

and the trace of f ∗f ∈ N2 ⊂ N is calculated by∫
R

(ξ(t)|ξ(t)) dt =

∫ ∞
−∞

tr(x(t− i/2)∗x(t− i/2)ρ) dt.

Now set ω = ρtr ∈ M+
∗ and consider ωis = ρis(tr)is ∈ M(is) ⊂ N ,

which acts on L2(N) by (ωisξ)(t) = ρisξ(t− s)tris. To get the spectral
decomposition, we introduce the relevant Fourier transform L2(N) 3
ξ 7→ ξ̂ ∈ L2(R, L2(M)) = L2(R)⊗ L2(M) by

ξ̂(τ) =

∫
R
eitτξ(t)(tr)−it dt.

Then

ω̂isξ(τ) = eisτρisξ̂(τ), θ̂sξ(τ) = ξ̂(τ − s)
and the spectral decomposition of ωis is reduced to that of ρ: Let
ρ =

∑
j ρjej be a spectral expression of ρ with ρj > 0 and {ej}mutually

orthogonal finite-rank projections in M = B(H).
Thus ωis is realized as a diagonalizable operator on L2(R, L2(M)) by

R 3 τ 7→
∑
j

eisτρisj ej ∈M

and one sees that

(1 ∨ ω)−µ =

∮
R
dτ
∑
j

1[− log ρj ,∞)(τ)e−µτρ−µj ej.

Since ωis for various ρ and s ∈ R generates N , N = L∞(R)⊗M on
L2(R)⊗ L2(M). The trace on N is now identified with e−τdτ ⊗ tr:∫ ∞
−∞

dτ e−τ1[− log ρj ,∞)(τ)e−µτρ−µj tr(ej) =

∫ ∞
− log ρj

dτ e−τe−µτρ−µj tr(ej)

=
1

µ+ 1
ρjtr(ej),

which is summed up for j to coincide with tr(ρ)/(µ+ 1) = 〈(1∨ω)−µ〉.
Since (1 ∨ ω)−µ for various ρ and µ > −1 also genetes N , the identifi-
cation is justified.

The effect of θs on N = L∞(R) ⊗M is just the translational shift
(θsx)(τ) = x(τ − s) and the identity θs((1 ∨ ω)−µ) = (1 ∨ e−sω)−µ is
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checked explicitly by∮
R
dτ
∑
j

1[− log ρj ,∞)(τ − s)e−µ(τ−s)ρ−µj ej

= eµs
∮
R
dτ
∑
j

1[s−log ρj ,∞)(τ)e−µτρ−µj ej.

Haagerup’s ingeneous observation is that the whole Lp(M)’s are re-
alized as measurable operators on H.

Let h ≥ 0 be an N -measurable operator satisfying θs(h) = e−sh for
s ∈ R. and e = [1 ∨ h] be the support projection of 1 ∨ h. By the
relative invariance of h, θs(e) is then the support projection of es ∨ h
and we have a Stieltjes integral representation of h:

h = −
∫ ∞
−∞

es dθs(e) =

∫ ∞
−∞

e−sdθ−s(e).

Thus we have a one-to-one correspondence between densely defined
positive self-adjoint operator h and a projection e ∈ N satisfying
θs(e) ≤ e for s ≥ 0.

The multiplicative family {(1∨h)−µ}<µ>−1 of τM -measurable normal
operators is in the trace class of N and, for <µ > −1/2, we have

(1 ∨ h)−µτ 1/2 =
1

2π

∫
R

1

µ+ it+ 1/2
hit+1/2 dt = (1 ∨ h)−µ−1/2h1/2.

To see this, we need some KMS-property for hit.
Let x ∈M and compute

〈hx(1 ∨ h)−µ〉 = 〈x(1 ∨ h)−µh〉 = 〈x(1 ∨ h)1−µ〉

= −
∫ ∞

0

e(1−µ)sd〈xθs(e)〉 = −
∫ ∞

0

e(1−µ)sd(e−s)〈xe〉

= 〈xe〉
∫ ∞

0

e−µsds =
1

µ
〈xe〉.

This result for <µ > 0 is compatible with∫
R
θs(x(1 ∨ h)−µ) ds =

1

2π

∫
R×R

1

µ+ it
xθs(h

it) dsdt

=
1

2π

∫
R×R

1

µ+ it
e−istxhit dsdt

=

∫
R

1

µ+ it
xhitδ(t) dt =

1

µ
x[h]

We claim that σt(x) = hitxh−it satisfies the KMS-condition for ϕ(x) =
〈xe〉. First notice that σt(x) ∈ M by the θ-invariance and [h] = [ϕ].
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In fact, from the definition of ϕ and the faithfulness of the standard
trace, (1 − [ϕ])e = 0, which means that e ≤ [ϕ] and then [h] =
lims→−∞ θs(e) ≤ θs([ϕ]) = [ϕ]. Conversely, from (1 − [h])e = 0,
1− [h] ≤ 1− [ϕ] gives the reverse inequality.

Let x ∈M and consider

ϕ(x∗σt(x)) = 〈x∗hitxh−ite〉.

The Stieltjes integral expression for h is used in xh−ite = −
∫ ∞

0

e−istdθs(xe)

to get

−ϕ(x∗σt(x)) =

∫ ∞
0

e−istd〈x∗hitθs(xe)〉

=

∫ ∞
0

e−istd〈θs(x∗θ−s(hit)xe)〉 =

∫ ∞
0

e−istd(e−seist)〈x∗hitxe〉

= (it− 1)〈x∗hitxe〉

and then

−〈x∗hitxe〉 =

∫ 0

−∞
eistd〈x∗θs(e)xe〉+

∫ ∞
0

eistd〈x∗θs(e)xe〉

with∫ ∞
0

eistd〈x∗θs(e)xe〉 =

∫ ∞
0

eistd(e−s〈x∗exθ−s(e)〉)

=

∫ ∞
0

eiste−sd〈x∗exθ−s(e)〉+

∫ ∞
0

eiste−s〈x∗exθ−s(e)〉 ds

reveals that −〈x∗hitxe〉 is anlaytically extended to a bounded continu-
ous function

−〈x∗hizxe〉 =

∫ ∞
−∞

eiszd〈x∗θs(e)xe〉 =

∫ ∞
−∞

eiszd(e−s〈x∗exθ−s(e)〉)

=

∫ ∞
−∞

eisze−sd〈x∗exθ−s(e)〉 −
∫ ∞
−∞

eisze−s〈x∗exθ−s(e)〉 ds.

of z = t − ir ∈ R + i[−1, 0]. Note that 〈x∗exθ−s(e)〉 (〈x∗θs(e)xe〉)
is positive, increasing (decreasing) and continuous in s ∈ R, whence
d〈x∗exθ−s(e)〉 and −d〈x∗θs(e)xe〉 give positive finite measures on R.
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With helpf of integration-by-parts, we get

ϕ(x∗σt−ir(x)) = (it+ r − 1)

∫ ∞
−∞

e(it+r−1)sd〈x∗exθ−s(e)〉

− (it+ r − 1)

∫ ∞
−∞

e(it+r−1)s〈x∗exθ−s(e)〉 ds

= (it+ r)

∫ ∞
−∞

e(it+r−1)sd〈x∗exθ−s(e)〉

−
[
e(it+r−1)s〈x∗exθ−s(e)〉

]∞
−∞

.

For 0 < r < 1, we see

lim
s→∞

e(it+r−1)s〈x∗exθ−s(e)〉 = 0,

lim
s→−∞

e(it+r−1)s〈x∗exθ−s(e)〉 = lim
s→−∞

e(it+r)s〈x∗θs(e)x(e)〉 = 0

at the boundary values and therefore

ϕ(x∗σt−ir(x)) = (it+ r)

∫ ∞
−∞

e(it+r−1)sd〈x∗exθ−s(e)〉.

Since both sides are continuous in r ∈ [0, 1], the equality holds at the
boundaries as well. We compare this expression with

ϕ(σt(x)x∗) = 〈ehitxh−itx∗〉 = −
∫ ∞

0

eistd〈θs(e)xh−itx∗〉

= −
∫ ∞

0

eistd〈θs
(
exθ−s(h

−it)x∗
)
〉

= −
∫ ∞

0

eistd(e−s−ist)〈exh−itx∗〉

= 〈exh−itx∗〉(it+ 1)

= −(it+ 1)

∫ ∞
−∞

e−istd〈exθs(e)x∗〉

= (it+ 1)

∫ ∞
−∞

eistd〈exθ−s(e)x∗〉

to conclude that ϕ(x∗σt−i(x)) = ϕ(σt(x)x∗) for t ∈ R.
So far we have checked that hitxh−it = ϕitxϕ−it for x ∈ [ϕ]M [ϕ].

Then u(t) = hitϕ−it is a central unitary in [ϕ]M [ϕ]. Since ϕit commute
with the reduced center, u(t) is a one-parameter group of unitaries in
the reduced algebra. Let u(t) =

∫
R e

itτ E(dτ) be the spectral decom-

position in [ϕ]M [ϕ]. Then an =
∫

[−n,n]
eτ/2E(dτ) is an increasing se-

quence of positive elemnts in the reduced center and ϕn = anϕan ∈M+
∗
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satisfies ϕitn = hit[an] = [an]hit for t ∈ R. Set hn = h[an] = [an]h, which
is also N -measurable and satisfies θs(hn) = e−shn. From the equalities

ϕn(x)

µ
= 〈x(1∨ϕn)1−µ〉 = 〈x(1∨hn)1−µ〉 = 〈x[an](1∨h)1−µ〉 =

ϕ(x[an])

µ

for x ∈M , one sees that ϕn = ϕ[an] = [an]ϕ and then ϕitn = ϕit[an] for
t ∈ R. Finally we get

hit = lim
n→∞

hitn = lim
n→∞

ϕit[an].

We next check the additivity of the correspondence hϕ ↔ ϕ. For
this, we first establish the averaging relation: Let f(t) = 1/(µ + it)
with µ > 0. Usefulness of these functions is in their simple behavior
under taking convolution products. Recall that

∫
R f(t)ωit dt belongs

to B+ with∫
R
dt

1

µ+ it
ωitτ 1/2 =

1

2π

∮
R

1

µ+ it+ 1/2
ωit+1/2 dt.

For y =
∫
R f(t)x∗ωitx dt ∈ B2

+ with x ∈M and ω ∈M+
∗ , we have

〈h1/2yh1/2〉 = 2πf(0)ϕ(x∗x),

∫
θs(y) ds = 2πf(0)x∗x.

The first equality is checked as follows:

〈hy〉 = − lim
n→∞

∫ n

−n
esd〈θs(e)y〉

= lim
n→∞

(∫ n

−n
es〈θs(e)y〉 ds− en〈θn(e)y〉+ e−n〈θ−n(e)y〉

)
=

∫ n

−n
ds es

∫
R
dt f(t)〈θs(e)x∗ωitx〉 − 〈eθ−n(y)〉

=

∫ n

−n
ds

∫
R
dt eistf(t)〈ex∗ωitx〉 −

∫
R
dt eintf(t)〈ex∗ωitx〉.

Note here that 〈ex∗ωitx〉 = (xξ0|ωitxξ0) with

ξ0 = eτ 1/2 =
1

2π

∮
R
dt

1

it+ 1/2
ϕit+1/2

and

ωisxξ0 =
1

2π

∮
R
dt

1

i(t− s) + 1/2
ωisxϕ−isϕit+1/2.
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We have the following expression for

〈ex∗ωisx〉 =
1

(2π)2

∫
R
dt

1

−it+ 1/2

1

i(t− s) + 1/2
(xϕit+1/2|ωisxϕ−isϕit+1/2)

=
1

(2π)2

∫
R
dt

1

−it+ 1/2

1

i(t− s) + 1/2
ϕ(x∗ωisxϕ−is)

=
1

2π

1

1− is
ϕ(x∗ωisxϕ−is),

which shows that the function f(t)〈ex∗ωitx〉 is integrable and we have

lim
n→∞

∫
R
dt eintf(t)〈ex∗ωitx〉 = 0.

To deal with the first term, we use the form f = g∗ ∗ g (g(t) =
1/(it+ µ/2)) to see∫

R
eistf(t)ωit dt =

∫
R
dt′ e−ist

′
g(t′)ω−it

′
∫
R
dt eistg(t)ωit

and then∫
R
dt eistf(t)(xξ0|ωitxξ0)

= (

∫
R
dt′ eist

′
g(t′)ωit

′
xξ0|

∫
R
dt eistg(t)ωitxξ0)

=
∑
j

(

∫
R
dt′ eist

′
g(t′)ωit

′
xξ0|δj)(δj|

∫
R
dt eistg(t)ωitxξ0)

=
∑
j

∫
R
dt eist(F ∗j ∗ Fj)(t) =

∑
j

|F̂j(s)|2,

where Fj(t) = g(t)(δj|ωitxξ0) and F̂j(s) =
∫
R e

istFj(t) dt belong to
L2(R). Thus the Fourier transform of f(t)〈ex∗ωitx〉 is integrable and
we get the first equality

〈hy〉 =

∫ ∞
−∞

ds

∫
R
dt eistf(t)〈ex∗ωitx〉 = 2πf(0)(xξ0|xξ0) = 2πf(0)〈ex∗x〉.

Similarly and more easily, the second equality follows from∫
R

(ξ|θs(y)ξ) =

∫
ds

∫
dt f(t)(xξ|θs(ωit)xξ)

=

∫
ds

∫
dt e−istf(t)(xξ|ωitxξ)

= 2πf(0)(ξ|x∗xξ)

for each ξ ∈ L2(N).
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Remark 5.

〈(1 ∨ h)1−µy〉 = − lim
n→∞

∫ n

0

e(1−µ)sd〈θs(e)y〉

= lim
n→∞

(1− µ)

∫ n

0

e(1−µ)s〈θs(e)y〉 ds− lim
n→∞

e−µn〈eθ−n(y)〉+ 〈ey〉

= (1− µ)

∫ ∞
0

ds e−µs
∫
R
dt f(t)eist〈exωitx∗〉+ 〈ey〉

=
1− µ

2π

∫ ∞
0

ds e−µs
∫
R
dt eist

f(t)

1− it
ϕ(x∗ωitxϕ−it) + 〈ey〉

=
1− µ

2π

∫
R
dt

f(t)

1− it
ϕ(x∗ωitxϕ−it)

∫ ∞
0

ds e(it−µ)s + 〈ey〉

=
1− µ

2π

∫
R
dt

f(t)

1− it
ϕ(x∗ωitxϕ−it)

1

µ− it

+
1

2π

∫
R
dt

f(t)

1− it
ϕ(x∗ωitxϕ−it)

=
1

2π

∫
R

f(t)

µ− it
ϕ(x∗ωitxϕ−it) dt.

More generally, if a ∈ N satisfies θt(a) ≤ a for t ≥ 0, then θt(a) is
decreasing in t ∈ R and the sum

−
n∑
j=1

etj−1
(
θtj(a)− θtj−1

(a)
)

for a division s0 ≤ s1 ≤ · · · ≤ sn is increasing in refinement, whence it
converges to a not necessarily densely defined positive operator

−
∫ ∞
−∞

et dθt(a) = − lim
r→∞

∫ r

−∞
et dθt(a).

Note that the convergence is in the strong operator topology in N for

the bounded operator part −
∫ r

−∞
et dθt(a) ∈ N+ and the relation

θs

(
n∑
j=1

etj−1
(
θtj(a)− θtj−1

(a)
))

=
n∑
j=1

etj−1
(
θtj+s(a)− θtj−1+s(a)

)
passes into

θs

(∫ ∞
−∞

et dθt(a)

)
= e−s

∫ ∞
−∞

et dθt(a),
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In view of the associated positive quadratic form on L2(N), we see
that it is densely defined if and only if the form domain specified by

−(ξ|
(∫ ∞
−∞

et dθt(a)

)
ξ) = −

∫ ∞
−∞

et d(ξ|θt(a)ξ) <∞

is dense in L2(N). A densely-defined positive operator of this kind is
then N -measurable if τ([a]) <∞.

Theorem 9.25 (Haagerup correspondence). There is a linear isomor-
phism between M∗ and the linear space of N -measurable operators h
on L2(N) satisfying θs(h) = e−sh and so that ϕ ∈ M+

∗ corresponds to
the analytic generator hϕ of the one-parameter group {ϕit} of partial
isometries in N .

Moreover the correspondence preserves N*-bimodule structures as
well as positivity.

Proof. The correspondence is already established for positive parts,
which is semilinear by

2π

µ
φ(x∗x) = 〈(hϕ + hψ)x∗(1 ∨ ω)−µx〉 =

2π

µ
(ϕ(x∗x) + ψ(x∗x)).

Here ϕ, ψ ∈M+
∗ and φ ∈M+

∗ is specified by hφ = hϕ + hψ. �

Here we filled up the key ingredients in non-commutative Lp-theory
without referreing to weight theory. Note that the additivity is compa-
rably easy once the surjectivity of the positive part together with the
averaging relation

τ(hy) = ϕ

(∫
R
θs(y) ds

)
for y ∈ N+

is established. All these are handled with the theory of operator-valued
weights and we refer to the Haagerup’s papers for the original method.

9.3. Modular Algebras. The Haagerup’s correspondence is immedi-

ately extended to an embedding of M(1+it) into Ñ by hxφ1+it = xh1+it
φ ,

which is well-defined and compatible with the *-bimodule structures of

M(iR) on M(1 + iR) and Ñ , thanks to the relation hitϕh
−it
ψ = ϕitψ−it.

We now consider the Hilbert spaces M(it + 1/2). We set Ñ(z) =

{y ∈ Ñ ; θs(y) = e−szy,∀s ∈ R} for z ∈ [0,∞) + iR. Note that, for

ϕ ∈M+
∗ , hzϕ ∈ Ñ(z).

Lemma 9.26. If ϕ ≤ ψ and z ∈ [0, 1/2] + iR, hzϕ = (ϕzψ−z)hzψ =
hzψ(ψ−zϕz).
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9.4. Complex Interpolation. Given a positive Haagerup operator h
on L2(N) and a, b ∈ M , φ−itahitb ∈ M and hence φ1−itahitb ∈ M∗
Claim that 〈φ1−itahitb〉 is analytically continued to z ∈ i[−1, 0] + R so
that

|〈φ1−izahizb〉| ≤ φ(1)1−rτ(e)r‖a‖‖b‖
for z = t− ir.

‖φ1/2−r−ita0φ
z1
1 a1 · · ·φznn an‖/φ(1)r

where z1 + · · ·+ zn = r + it with <zj ≥ 0 and r ≤ 1/2.
Consider the vector space of finitely supported one-analytic sections

of M(iR). Introduce a seminorm by

sup
φ∈M+

∗

‖φ1−r−itx(t− ir)‖/φ(1)r.

For a partial isometry u ∈M satisfying u[φ] = u, the identity

〈uφ1−itx(t)〉 = 〈x(t)uφ1−it〉 = 〈x(t)(uφu∗)1−itu〉
is analytically continued to

〈uφ1−r−itx(t− ir)〉 = 〈x(t− ir)(uφu∗)1−r−itu〉.
Since uφu∗(1) = φ(u∗u) ≤ φ(1), this implies

|〈uφ1−r−itx(t− ir)〉|/φ(1)r ≤ |〈x(t− ir)(uφu∗)1−r−itu〉|/(uφu∗)(1)r

≤ ‖x(t− ir)(uφu∗)1−r−it‖/(uφu∗)(1)r

and, by taking supremum first on u and then on φ,

sup
φ∈M+

∗

‖φ1−r−itx(t− ir)‖/φ(1)r ≤ sup
φ∈M+

∗

‖x(t− ir)φ1−r−it‖/φ(1)r.

By symmetry, we have also the reverse inequality and they coincide.
For φj ∈M+

∗ and aj ∈M (j = 0, 1, . . . , n), let

〈φz00 a0φ
z1
1 a1φ

z2
2 . . . an−1φ

zn
n an〉 with z0 = 1− z1 − · · · − zn

be the analytic continuation of

〈φ1−i(t1+···+itn)
0 a0φ

it1
1 a1φ

it2
2 . . . an−1φ

itn
n an〉

to the tube domain In = {(z1, · · · , zn) ∈ Cn;<zj ≥ 0,
∑

j <zj ≤ 1}.
Let f(it1, · · · , itn) ∈M(i(t1 + · · ·+ tn)) be a norm-bounded function

of (it1, · · · , itn) ∈ iRn and assume that

(i) φ−itf(t1, · · · , tn) ∈ M and f(t1, · · · , tn)φ−it ∈ M are weak*-
continuous and

(ii) φ1−i(t1+···+tn)f(it1, · · · , itn) ∈M∗ and φ1−i(t1+···+tn)f(it1, · · · , itn) ∈
M∗ are analytically extended to bounded norm-continuous func-
tions of z = (z1, · · · , zn) ∈ In.
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Given 0 6= (r1, · · · , rn) ∈ [0,∞)n,

F (z) = f

(
r1

r1 + · · ·+ rn
z, · · · , rn

r1 + · · ·+ rn
z

)
We now choose and fix a faithful ϕ (with a suffix ϕ being abbreviated

for modular stuffs like σϕt = σt) for the time being to do operator
algebraic analysis.

9.5. Miscellanea. Consider the following condition on an M -valued
weak* continuous function x(t) of t ∈ R:

(i) The function R2 3 (s, t) 7→ σs(x(t)) ∈ M is extended to a
weak* continuous analytic function on C× (R− i[0, 1]).

(ii) Given any ρ > 0, we can find ε > 0 such that

sup
|s|≤ρ,0≤r≤1

‖σis(x(t− ir))‖ = O(e−εt
2

).

Recall that weak* continuity implies local boundedness in norm.

For example, x(t) = f(t)a with a an entirely analytic element and

f(t) = αe−βt
2+γt (α, γ ∈ C, β > 0) satisfies the condition.

Let N be the totality of functions fulfilling the condition. Under the
interpretation of x(t) as representing an expression∫

R
x(t)ϕit dt,

N is made into a *-algebra by

x∗(t) = σt(x(−t))∗, (xy)(t) =

∫
R
x(s)σs(y(t− s)) ds.

The analytic extension of σs(x
∗(t)) is given by σz(x

∗(w)) = σz+w(x(−w)∗)
and it satisfies the Gaussian decay condition. The analytic extension
of σs((xy)(t)) is given by

σz((xy)(w)) =

∫
R
σz(x(s))σz+s(y(w − s)) ds,

where the exponentially decaying property of relevant functions en-
sures that the right hand side is a well-defined Bochner integral and it
varies norm-continuously in z ∈ C and w ∈ R − i[0, 1]. Note that the
exponential decay is uniform for local changes of z and w. Moreover,

‖σz((xy)(t− ir))‖ ≤
∫
R
‖σz(x(s))‖‖σz(y(t− s− ir))‖ ds

≤ C

∫
R
e−αs

2

e−β(t−s)2 ds = C

√
π

α + β
e−

αβ
α+β

t2

shows that xy inherits the Gaussian decay property.
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Note that the *-algebra N allows elements in Mϕis = ϕisM as mul-
tipliers: For a ∈M and s ∈ R,

aϕis
(∫

x(t)ϕit dt

)
=

∫
aσs(x(t− s))ϕit dt,(∫

x(t)ϕit dt

)
aϕis =

∫
x(t− s)σt−s(a)ϕit dt.

We now introduce a linear functional 〈·〉 : N→ C by

〈
∫
x(t)ϕit dt〉 = ϕ(x(−i)).

〈x∗x〉 = ϕ
(∫

R
x∗(s)σs(x(−i− s)) ds

)
=

∫
R
ϕ
(
σs(x(−s)∗)σs(x(−i− s))

)
ds

=

∫
R
ϕ
(
x(−s)∗x(−i− s)

)
ds =

∫
Im ζ=−1/2

ϕ
(
x(−ζ)∗x(−i− ζ)

)
dζ

=

∫
R
ϕ
(
x(−s− i/2)∗x(−s− i/2)

)
ds

=

∫
R
ϕ
(
x(s− i/2)∗x(s− i/2)

)
ds ≥ 0.

Here Cauchy’s integral theorem is used in the second line.

〈xy〉 =

∫
ϕ
(
x(s)σs(y(−i− s))

)
ds =

∫
ϕ
(
x(t− i)σt−i(y(−t))

)
dt

=

∫
ϕ
(
σt(y(−t))x(t− i)

)
dt =

∫
ϕ
(
y(−t)σ−t(x(t− i))

)
dt

=

∫
ϕ
(
y(t)σt(x(−t− i))

)
dt = 〈yx〉.

Again Cauchy’s integral theorem is used in the first line.
Now N is completed relative to the inner product 〈x∗y〉 to get a

Hilbert space L2(N), which is obviously identified with L2(R)⊗L2(M)
by the correspondence∫

y(t)ϕit dt 7→
∮
R
y(t− i/2)ϕ1/2 dt =

∫
R
y(t− i/2)ϕ1/2+it dt.

Here we put the dummy syombol ϕit at the last expression to indicate
that it is realized as a formal analytic continuation.
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Moreover, the left multiplication of
∫
x(t)ϕit dt transforms the L2(M)-

valued function η(t) = y(t− i/2)ϕ1/2 into a function

R 3 t 7→
∫
R
ds x(s)∆isη(t− s) ∈ L2(M),

which is consequently bounded with a bound

∫
R
‖x(s)‖ ds.

10. Reduction Theory

The von Neumann’s disintegration theory on representations. Dixmier,
Pedersen, Reed-Simon §IV.5, Bratteli-Robinson §4.4.1.

10.1. Commutative Ampliations. We shall start with describing
L2(Ω, µ)⊗H in terms of H-valued measurable functions.

Each ξ ∈ L2(Ω, µ)⊗H has an expression

ξ = lim
n→∞

Nn∑
j=1

f
(n)
j ⊗ δ

(n)
j

with f
(n)
j ∈ L2(Ω, µ) and δ

(n)
j ∈ H, which shows that the range of par-

tial evaluation {〈ξ〉f∈L2(Ω,µ)} is included in a separable closed subspace
Hξ of H, i.e., ξ ∈ L2(Ω, µ)⊗Hξ. Let {δj} be an orthonormal basis in
Hξ and write ξ =

∑
j fj ⊗ δj with fj ∈ L2(Ω, µ). Since

‖ξ‖2 =
∑
j

‖fj‖2 =
∑
j

∫
Ω

|fj(ω)|2 µ(dω) <∞,

we see that {fj(ω)}j≥1 ∈ `2 for µ-a.e. ω ∈ Ω and ξ is represented by an
Hξ-valued function of ω ∈ Ω defined by

ξ(ω) =
∑
j

fj(ω)δj.

As an H-valued function on Ω, ξ(ξ) is weakly µ-measurable in the sense
that the function Ω 3 ω 7→ (α|ξ(ω)) is µ-measurable for every α ∈ H.

Conversely, given an H-valued function ξ(·) on Ω which is weakly
µ-measurable and satisfies the separability condition on the range of ξ,

‖ξ(ω)‖2 =
∑
j≥1

(ξ(ω)|δj)(δj|ξ(ω))

is a µ-measurable function of ω ∈ Ω and the square-integrability con-
dition ∫

Ω

‖ξ(ω)‖2 µ(dω) <∞

has a meaning.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 97

The set of H-valued functions on Ω satisfying the weak µ-measurability,
the range separability and the square-integrability is an inner product
space L2(Ω, µ;H) with the inner product given by

(ξ|η) =

∫
Ω

(ξ(ω)|η(ω))µ(dω).

Proposition 10.1. The inner product space L2(Ω, µ;H) is complete
and the correspondence f ⊗ α 7→ ξ with ξ(ω) = f(ω)α is extended to
a unitary map of L2(Ω, µ)⊗H onto L2(Ω, µ;H).

From various reasons, it is reasonable to impose the separability con-
dition on relevant Hilbert spaces for doing measure theoretical analysis
further. So we shall assume the σ-finiteness on measures and the sep-
arability on Hilbert spaces in what follows.

Choose an orthonormal basis {δj}j≥1 in H and set D =
∑

j≥1(Q +

iQ)δj.
For α, β ∈ H, a σ-weakly continuous linear map 〈α, β〉 : B(L2(Ω, µ)⊗

H)→ B(L2(Ω, µ)) is defined by the relation

(f |〈α, aβ〉g) = (f ⊗ α|a(g ⊗ β)).

When a ∈ (L∞(Ω, µ)⊗ 1)′, the operator 〈α, aβ〉 on L2(Ω, µ) commutes
with L∞(Ω, µ) and hence it belongs to L∞(Ω, µ) (Example 4.21). Let
aj,k be a µ-measurable function which represents 〈δj, aδk〉. Then, for
α, β ∈ D, ∑

j,k

aj,k(ω)(α|δj)(δk|β)

represents 〈α, aβ〉 ∈ L∞(Ω, µ) and the inequality ‖〈α, aβ〉‖ ≤ ‖a‖ ‖α‖ ‖β‖
implies that the set

Nα,β =

{
ω ∈ Ω;

∣∣∣∣∣∑
j,k

aj,k(ω)(α|δj)(δk|β)

∣∣∣∣∣ > ‖a‖ ‖α‖ ‖β‖
}

is µ-negligible and so is their countable union N = ∪α,β∈DNα,β. Now
the µ-measurable function

aα,β(ω) =

{∑
j,k aj,k(ω)(α|δj)(δk|β) if ω 6∈ N ,

0 otherwise,

which is a representative of 〈α, aβ〉, depends on α, β in a sesquilinear
fashion and satisfies

|aα,β(ω)| ≤ ‖a‖ ‖α‖ ‖β‖ for any ω ∈ Ω and α, β ∈ D.
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Now express each α, β ∈ H in the form α = limn αn, β = limn βn
with αn, βn ∈ D. Then

|aαm,βm(ω)− aαn,βn(ω)| ≤ |aαm−αn,βm(ω)|+ |aαn,βm−βn(ω)|
≤ ‖a‖‖βm‖‖αm − αn‖+ ‖a‖‖αn‖‖βm − βn‖

shows that the sequence of functions {aαn,βn(·)} converges uniformly on
Ω to a function aα,β, which represents 〈α, aβ〉, satisfies the inequality
|aα,β(ω)| ≤ ‖a‖ ‖α‖ ‖β‖ for α, β ∈ H and ω ∈ Ω. Moreover, α × β 7→
aα,β(ω) gives a sesquilinear form at every ω ∈ Ω. By Riesz’ lemma, we
obtain a family of bounded operators {a(ω)} by the relation aα,β(ω) =
(α|a(ω)β) for α, β ∈ H with the obvious bound ‖a(ω)‖ ≤ ‖a‖.

Conversely, given a uniformly bounded B(H)-valued function a(ω)
such that (α|a(ω)β) is µ-measurable for any α, β ∈ H, the H-valued
function a(ω)ξ(ω) ∈ H is weakly µ-measurable for any ξ ∈ L2(Ω, µ;H)
in view of the expression

(α|a(ω)ξ(ω)) =
∑
j

(α|a(ω)δj)(δj|ξ(ω))

for α ∈ H, and the inequality∫
Ω

‖a(ω)ξ(ω)‖2 µ(dω) ≤ ‖a‖2

∫
Ω

‖ξ(ω)‖2 µ(dω)

shows that it is square-integrable. Here the function

‖a(ω)‖ = sup{|(α|a(ω)β)|;α, β ∈ D, ‖α‖ ≤ 1, ‖β‖ ≤ 1}

is µ-measurable and ‖a‖ is equal to its essential supremum.
Thus the totality L∞(Ω, µ;B(H)) of such functions a(ω) (two B(H)-

valued functions a(ω) and b(ω) satisfying ‖a− b‖ = 0 being identified)
is identified with the commutant of L∞(Ω, µ)⊗ 1H on L2(Ω, µ)⊗H =
L2(Ω, µ;H).

Remark 6. As already appeared in the above discussion, the following
measure-theoretical fact will be repeatedly used without explicit qual-
ification: Let Pj(ω) be a sequence of propositions on ω ∈ Ω. If, for
each j ≥ 1, Pj(ω) holds at almost every ω ∈ Ω, then ∧j≥1Pj(ω) holds
at almost every ω ∈ Ω.

Definition 10.2. Given a W*-algebra M on a separable Hilbert space
H, let L∞(Ω, µ;M) be a *-subalgebra of L∞(Ω, µ;B(H)) consisting of
M -valued µ-measurable functions.

Proposition 10.3. The commutant of L∞(Ω, µ;M) on L2(Ω, µ;H) is
equal to L∞(Ω, µ;M ′).
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Proof. Let M be generated by a sequence {un} of unitaries (cf. Exam-
ple 4.24 and Example 2.24). Then each a′ ∈ L∞(Ω, µ;M)′ belongs to
L∞(Ω, µ;B(H)) and satisfies una

′u∗n = a′ for n ≥ 1. Then we can find
a representative a′(ω) so that una

′(ω)u∗n = a′(ω) for any ω and any
n ≥ 1. Thus a′ is in L∞(Ω, µ;M ′), showing

L∞(Ω, µ;M)′ ⊂ L∞(Ω, µ;M ′).

Since the reverse inclusion is obvious, we have the equality. �

Corollary 10.4.

(L∞(Ω, µ)⊗M)′ = L∞(Ω, µ;M ′) = L∞(Ω, µ)⊗M ′.

Proof. Since the W*-algebra L∞(Ω, µ) ⊗ M is generated by L∞ ⊗ 1
and 1 ⊗M and since M is generated by {un}, the above proof shows
that (L∞ ⊗M)′ ⊂ L∞(Ω, µ;M ′) and then the equality (L∞ ⊗M)′ =
L∞(Ω, µ;M ′) because the reverse inclusion is trivial. �

Remark 7. The equality (L∞(Ω, µ) ⊗M)′ = L∞(Ω, µ) ⊗M ′ is also a
special case of the Tomita’s commutant theorem.

10.2. Measurable Fields. Assume that a commutative W*-algebra
L∞(Ω, µ) is faithfully represented in a separable Hilbert space H. The
representation is then unitarily equivalent to a subrepresentation of
L∞(Ω, µ) on L2(Ω, µ)⊗ `2 by Theorem 5.9. The projection e realizing
this subrepresentation is in L∞(Ω, µ;B(`2)) and H is unitarily isomor-
phic to e(L2(Ω) ⊗ `2). Thanks to a function realization e(ω) of e, we
obtain a family of separable Hilbert spaces {Hω = e(ω)`2}, which is
µ-measurable in the sense that there is a sequence of sections {ξn}n≥1

satisfying the following conditions.

(i) {ξn(ω)}n≥1 is total in Hω at almost every ω ∈ Ω.
(ii) functions ω 7→ (ξm(ω)|ξn(ω)) (m,n ≥ 1) are µ-measurable.

We call a section {ξ(ω) ∈ Hω}ω∈Ω measurable with respect to the
family {ξn}n≥1 if ω 7→ (ξn(ω)|ξ(ω)) is measurable for every n ≥ 1.
Each ξ ∈ e(L2(Ω, µ; `2)) is then characterised as a measurable section
satisfying ∫

Ω

‖ξ(ω)‖2 µ(dω) <∞.

More generally, given a family {Hω} of separable Hilbert spaces, a
sequence of sections {ξn} is called a measurability sequence if it satis-
fies the conditions stated above. Given a measurability sequence, the
measurability of a section is defined exactly in the same way.
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Let {ηn}n≥1 be another measurability sequence. We say that {ξn}
and {ηn} are equivalent if they give rise to the same classes of measur-
able sections. It is immediate to see that {ξn} and {ηn} are equivalent
if and only if functions ω 7→ (ξm(ω)|ηn(ω)) (m,n ≥ 1) are measurable.

A family {Hω} of separable Hilbert spaces is called a measurable
field if it is equipped with an equivalence class of measurability se-
quences. The direct integral of {Hω} with respect to a measure µ
is now an obvious analogue of the Hilbert space of square-intergrable
functions: If square-integrable measurable sections are identified with
respect to the positive sesquilinear form

(ξ|η) =

∫
Ω

(ξ(ω)|η(ω))µ(dω),

we obtain the direct integral Hilbert space∫ ⊕
Ω

Hω µ(dω)

with a square-integrable measurable section ξ denoted by∫ ⊕
Ω

ξ(ω)µ(dω)

when it is regarded as an element in the direct integral space.
Clearly L∞(Ω, µ) is represented in

∫ ⊕
Ω
Hω µ(dω) by multiplication

and an operator in this class is said to be diagonal.
Let {Hω} and {Kω} be measurable fields of Hilbert spaces over

a common measure space (Ω, µ). A family of bounded linear maps
{Tω : Hω → Kω} is called measurable if (η(ω)|Tω ξ(ω)) is measurable
whenever ξ and η are measurable sections. A measurable family {Tω}
is defined to be essentially bounded if the essential supremum ‖T‖∞ of
the function ‖Tω‖ is finite. If this is the case, a bounded linear map

T :
∫ ⊕

Ω
Hω µ(dω)→

∫ ⊕
Ω
Kω µ(dω) is defined by

T

(∫ ⊕
Ω

ξ(ω)µ(dω)

)
=

∫ ⊕
Ω

Tω ξ(ω)µ(dω)

with the operator norm ‖T‖ equal to ‖T‖∞. We call a bounded linear
map of this type decomposable and denoted by

T =

∫ ⊕
Ω

Tω µ(dω).

Measurable fields {Hω} and {Kω} are then said to be unitarily equiv-

alent if we can find a decomposable unitary map between
∫ ⊕

Ω
Hωµ(dω)

and
∫ ⊕

Ω
Kωµ(dω).
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Here are obvious algebraic relations between measurable operator
families and integrated decomposable operators.

Proposition 10.5. Let {Sω : Kω → Lω} be another measurable family
of bounded linear maps. Then {SωTω} and {T ∗ω} are measurable and,
if ‖S‖∞ <∞, the following holds.

(i) (∫ ⊕
Ω

Sω µ(dω)

)(∫ ⊕
Ω

Tω µ(dω)

)
=

∫ ⊕
Ω

SωTω µ(dω).

(ii) (∫ ⊕
Ω

Tω µ(dω)

)∗
=

∫ ⊕
Ω

T ∗ω µ(dω).

Theorem 10.6 (multiplicity decomposition). Two measurable fields
{Hω} and {Kω} are unitarily equivalent if and only if their dimension
functions dimHω and dimKω coincide for µ-a.e. ω.

Proof. If one applies the Gram-Schmidt orthogonalization to a measur-
ability sequence {ξn}, then we obtain a sequence {δn} of measurable
sections satisfying

(i)
∑n

j=1 Cξj =
∑n

j=1 Cδj for n ≥ 1,

(ii) (semi-orthonormality) (δj(ω)|δk(ω)) = 0 for j 6= k and ‖δn(ω)‖ ∈
{0, 1} for n ≥ 1.

Let Ωn = {ω ∈ Ω; δn(ω) 6= 0} and rearrange δn by cutting and
pasting in the following way: Set

δ′1(ω) =



δ1(ω) if ω ∈ Ω1,

δ2(ω) if ω ∈ Ω2 \ Ω1,

. . .

δn(ω) if ω ∈ Ωn \ (Ω1 ∪ . . .Ωn−1)

. . .

and

δ′n(ω) =

{
δn(ω) if ω ∈ Ωn ∩ (Ω1 ∪ . . .Ωn−1)

0 otherwise

for n ≥ 2. Then we have the equality of algebraic sums
∑

n≥1 Cδn(ω) =∑
n≥1 Cδ

′
n(ω) for any ω ∈ Ω and {δ′n}n≥1 is semi-orthonormal.

Repeat the rearrangement to the semi-orthonormal system {δ′n|Ω′}n≥2

(Ω′ = ∪n≥1Ωn) to get {δ′′n}n≥2, Ω′′ =
⋃
n≥2 Ω′n ⊂ Ω′ and so on. Now the
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diagonal choice

εn(ω) =

{
δ

(n)
n (ω) if ω ∈ Ω(n),

0 if ω ∈ Ω \ Ω(n)

satisfies
∑

n≥1 Cδn(ω) =
∑

n≥1 Cεn(ω) at each ω ∈ Ω and we observe

that, if ω ∈ Ω(n)\Ω(n+1) for n ≥ 0 or ω ∈ Ω(∞) for n =∞, {εj(ω)}1≤j≤n
is an orthonormal basis for H(ω) with εj(ω) = 0 for j > n. Note here
that

Ω(n) = {ω ∈ Ω; dimHω ≥ n}
with Ω(0) = Ω and Ω(∞) =

⋂
n≥1 Ω(n). �

Corollary 10.7. Let Ωn = {ω ∈ Ω; dimHω = n} and `2(n) be the
standard Hilbert space of dimension n for n = 1, 2, · · · ,∞. Then
{Hω}ω∈Ωn is unitarily equivalent to the constant field {`2(n)}ω∈Ωn .

Theorem 10.8. A bounded linear map T between direct integral
Hilbert spaces

∫ ⊕
Ω
Hω µ(dω) and

∫ ⊕
Ω
Kω µ(dω) is decomposable if and

only if T intertwines the diagonal representations of L∞(Ω, µ).

Proof. This follows from the multiplicity decomposition of measurable
fields of Hilbert spaces and results on tensor products. �

Lemma 10.9. Assume that a uniformly bounded sequence {an}n≥1 of
decomposable operators converges to a in the strong operator topology.
Then we can find a subsequence {nk}k≥1 so that

lim
k→∞

ank(ω) = a(ω)

in the strong operator topology of B(Hω) at almost every ω ∈ Ω.

Proof. By replacing an with an−a, we may assume that a = 0. For each
ξ =

∫ ⊕
ξ(ω)µ(dω), choose a subsequence {n′}n≥1 so that ‖a(n+1)′ξ −

an′ξ‖ ≤ 1/2n for n ≥ 1. By the subadditivity of L2-norm, we have∫
Ω

(
n∑
k=1

‖a(k+1)′(ω)ξ(ω)− ak′(ω)ξ(ω)‖

)2

µ(dx)

1/2

≤
n∑
k=1

‖a(k+1)′ξ − ak′ξ‖ ≤ 1

and then, by taking the limit n→∞,∫
Ω

(
∞∑
k=1

‖a(k+1)′(ω)ξ(ω)− ak′(ω)ξ(ω)‖

)2

µ(dx) ≤ 1.
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Thus
∞∑
k=1

‖a(k+1)′(ω)ξ(ω)− ak′(ω)ξ(ω)‖ <∞ for µ-a.e. ω.

and hence

lim
n→∞

an′(ω)ξ(ω) = a1′(ω)ξ(ω) +
∞∑
k=1

(a(k+1)′(ω)ξ(ω)− ak′(ω)ξ(ω))

is norm-convergent at almost every ω ∈ Ω.
In view of ‖an(ω)ξ(ω)‖ ≤ sup{‖an‖}‖ξ(ω)‖ at almost every ω and∫
‖ξ(ω)‖2 µ(dω) = ‖ξ‖2 < ∞, the dominated convergence theorem is

here applied to get∫
Ω

lim
n→∞

‖an′(ω)ξ(ω)‖2 µ(dω) = lim
n→∞

‖an′ξ‖2 = 0,

i.e., limn→∞ ‖an′(ω)ξ(ω)‖ = 0 at almost every ω ∈ Ω.
Let {ξj}j≥1 be a measurability sequence. If one applies a Can-

tor’s diagonal argument to choosing subsequences for the convergence
limn→∞ ‖an(ω)ξj(ω)‖ = 0, we can find a subsequence {nk}k≥1 so that

lim
k→∞
‖ank(ω)ξj(ω)‖ = 0

at almost every ω ∈ Ω for j ≥ 1. By the totality of {ξj(ω)}j≥1 in Hω

and the uniform boundedness sup{‖an‖;n ≥ 1} <∞, this implies

lim
k→∞

ank(ω) = 0

in the strong operator topology at almost every ω ∈ Ω. �

Let {Hω} be a measurable field of separable Hilbert spaces and
{Mω ⊂ B(Hω)}ω∈Ω be a family of W*-algebras on {Hω}. A measurable
operator family {a(ω)} is said to be adapted to {Mω} if a(ω) ∈ Mω

at almost every ω ∈ Ω. Thanks to the previous lemma, we see that the
set of decomposable operators associated to adapted operator families
is a W*-algebra on

∫ ⊕
Ω
Hω µ(dω) and is denoted by∫ ⊕

Ω

Mω µ(dω).

Definition 10.10. A family of W*-algebras {Mω}ω∈Ω on {Hω} is
called measurable if we can find a sequence of adapted families {an(ω)}
(n = 1, 2, · · · ) such that Mω is generated by {an(ω)}n≥1 at µ-a.e. ω ∈ Ω.
Such a sequence {an(ω)} is referred to as a generating sequence of mea-
surability.
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Example 10.11. Let C ⊂ M be a central W*-subalgebra of a W*-
algebra M in a seprable Hilbert space H and realize C as C = L∞(Ω, µ)

with H =
∫ ⊕

Ω
Hω µ(dω) the associated direct integral decomposition.

The W*-algebra M ⊂ C ′ then consists of decomposable operators.
Since M∗ is separable, we can find a sequence {an(ω)}n≥1 of measur-

able families of operators such that the integrated decomposable oper-
ators {an}n≥1 are dense in M with repsect to the σ-strong* topology
and, if Mω denotes the W*-algebra on Hω generated by {an(ω);n ≥ 1},
the family {Mω} of W*-algebras is measurable.

Proposition 10.12. Let {Mω} be a measurable family of W*-algebras
and e (resp. e′) be a decomposable projection satisfying e(ω) ∈ Mω

(resp. e′(ω) ∈ Mω) at almost every ω ∈ Ω. Then the reduced family
{e(ω)Mωe(ω)} (resp. the induced family {e′(ω)Mω}) is measurable.

Theorem 10.13. Let {Mω} be a measurable family of W*-algebras.

Then
∫ ⊕

Ω
Mω µ(dω) is equal to the W*-algebra M generated by any gen-

erating sequence {an}n≥1 of measurability together with the diagonal
algebra L∞(Ω, µ).

Proof. Since M ′ = {an, a∗n;n ≥ 1}′∩L∞(Ω, µ)′ is realized on a separable
Hilbert space, it is generated by a sequence {a′n}n≥1 of decomposable
operators. From aja

′
k = a′kaj for j, k ≥ 1, we see that aj(ω)a′k(ω) =

a′k(ω)aj(ω) at almost every ω ∈ Ω. Thus, a′k(ω) ∈ M ′
ω for all k ≥ 1 at

almost every ω ∈ Ω. �

Example 10.14. The W*-algebra M in Example 10.11 is recovered
from the measurable family {Mω} as the integrated W*-algebra.

Moreover, the family {Mω} does not depend on the choice of count-
able generators up to µ-negligible sets of Ω.

In fact, let {bn} be another sequence of generators of M and set

Nω = {bn(ω)}′′. From bn ∈
∫ ⊕

Ω
Mω µ(dω), bn(ω) ∈ Mω at almost all ω,

which implies Nω ⊂ Mω at almost all ω. By symmetry, we also have
Mω ⊂ Nω at almost all ω. Thus Mω = Nω at almost all ω ∈ Ω.

Theorem 10.15. Let {Mω} be a measurable family of W*-algebras on
a measurable field {Hω} of Hilbert spaces. Then the family {M ′

ω} of

commutants is measurable and the integrated W*-algebra
∫ ⊕

Ω
M ′

ω µ(dω)

is the commutant of
∫ ⊕

Ω
M ′

ω µ(dω) on
∫ ⊕

Ω
Hω µ(dω).

Proof. Although the measurability of {M ′
ω} seems to be very reasonable

in appearance, its proof is not so obvious as can be witnessed in Dixmier
§II.3.3, Pedersen §4.11.7 or Takesaki §IV.8. We shall see this with the
help of standard spaces below.
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Once the measurability of commutants is established, the commu-
tant relation between integrated W*-algebras is immediate: Let {a′n(ω}
be a generating sequence for {M ′

ω} and assume that a decomposable

operator a =
∫ ⊕

Ω
a(ω)µ(dω) is in the commutant of

∫ ⊕
Ω
M ′

ω µ(dω).

Since
∫ ⊕

Ω
a′n(ω)µ(dω) belongs to

∫ ⊕
Ω
M ′

ω µ(dω), we have a(ω)a′n(ω) =
a′n(ω)a(ω) for n ≥ 1 at almost every ω ∈ Ω, whence a(ω) ∈ M ′

ω at
almost every ω ∈ Ω. �

Given a measurable family of W*-algebras {Mω} on {Hω}, denote by
M the *-algebra of adapted operator families. A family {φω : Mω →
C} of normal functionals is said to be measurable if φω(a(ω)) is a
measurable function of ω for every {a(ω)} ∈M.

Example 10.16. There are plenty of measurable families of normal
functionals: Let {ξ(ω)} and {η(ω)} be measurable sections of {Hω}.
Then {φω(·) = (ξ(ω)|(·)η(ω))} is a mesurable families of normal func-
tionals of {Mω}.

Moreover, if {ξn}n≥1 is a sequence of measurability of {Hω}, then

ϕω(x) =
∞∑
n=1

1

2n
(ξn(ω)|xξn(ω))

(ξn(ω)|ξn(ω))
, x ∈Mω

defines a measurable family of faithful normal states on {Mω}.

Proof. Given measurable families {ϕω}, {ψω} of positive normal func-
tionals, we have two measurable families of positive sesquilinear forms
{(ϕω)L} and {(ϕω)R} on {Mω} by

(ϕω)L(a, b) = ϕω(a∗b), (ψω)R(a, b) = ψω(ba∗)

for a, b ∈ Mω and then a measurable family of sesquilinear forms as
their geometric means. Thus functions of ω ∈ Ω

(a(ω)ϕ1/2
ω |ψ1/2

ω b(ω)) =
√

(ϕω)L(ψω)R(a(ω), b(ω)),

for {a(ω)}, {b(ω)} ∈M are measurable, which makes {L2(Mω)} into a
measurable field of separable Hilbert spaces.

Let Jω : L2(Mω)→ L2(Mω) be the canonical conjugation. Then the
family {Jω} is measurable14 as the phase part of the polar decomposi-

tion of the measurable family {Sω : a(ω)ϕ
1/2
ω 7→ a(ω)∗ϕ

1/2
ω } of closable

operators, where {ϕω} is a measurable family of faithful normal states
on {Mω}.

Thus {M ′
ω = JωMωJω} is a measurable family on {L2(Mω)} because

it is generated by the sequence {Jωan(ω)Jω} of measurable operator

14See Appendix I.1 for the measurable version of polar decomposition.
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families if {an(ω)} is a generating sequence of {Mω}. Now the mea-
surable version of Dixmier’s theorem on normal homomorphisms in
Appendix N.3 shows the measurabilty of commutants in the general
situation. �

We shall now identify the standard space L2(M) forM =
∫ ⊕

Ω
Mω µ(dω)

with
∫ ⊕

Ω
L2(Mω)µ(dω). Given a measurable family {ϕω} of normal pos-

itive functionals on {Mω} satisfying∫
Ω

‖ϕ1/2
ω ‖2 µ(dω) =

∫
Ω

ϕω(1)µ(dω) <∞,

we define a positive normal functional ϕ on M by

ϕ(a) =

(∫ ⊕
Ω

ϕ1/2
ω µ(dω)

∣∣∣∣ (∫ ⊕
Ω

a(ω)µ(dω)
)∫ ⊕

Ω

ϕ1/2
ω µ(dω)

)
=

∫
Ω

ϕω(a(ω))µ(dω).

Since the sesquilinear forms ϕL is realized in the form of integration as

ϕ(a∗b) =

∫
Ω

ϕω(a(ω)∗b(ω))µ(dω)

and similarly for ψR with {ψω} another measurable family satisfying
ψ(1) <∞, we have

(aϕ1/2|ψ1/2b) =
√
ϕLψR(a, b) =

∫
Ω

√
(ϕω)L(ψω)R(a(ω), b(ω))µ(dω)

=

∫
Ω

(a(ω)ϕ1/2
ω |ψ1/2

ω b(ω))µ(dω)

for a =
∫ ⊕

Ω
a(ω)µ(dω) and b =

∫ ⊕
Ω
a(ω)µ(dω) in M . Thus the cor-

respondence ϕ1/2 7→
∫ ⊕

Ω
ϕ

1/2
ω µ(dω) is extended to a unitary map from

L2(M) onto
∫ ⊕

Ω
L2(Mω)µ(dω) so that it intertwines the bimodule ac-

tions of M .
Moreover, as the antiunitary part in the polar decomposition of

S =

∫ ⊕
Ω

Sωµ(dω)

with respect to a faithful normal state ϕ =
∫ ⊕

Ω
ϕωµ(dω), we see that

the canonical conjugation in L2(M) is identified with
∫ ⊕

Ω
Jω µ(dω).

Conversely, given ϕ ∈M+
∗ , let

ϕ1/2 =

∫ ⊕
Ω

ϕ1/2(ω)µ(dω)
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be the decomposition in
∫ ⊕

Ω
L2(Mω)µ(dω). Then vector functionals

ϕω(·) = (ϕ1/2(ω)|(·)ϕ1/2(ω)) constitute a measurable family of posi-
tive normal functionals on {Mω} and ϕ1/2 is realized by the vector∫ ⊕

Ω
ϕ

1/2
ω µ(dω). Thus ϕ1/2(ω) = ϕ

1/2
ω at almost every ω ∈ Ω.

Theorem 10.17. Given a measurable family {Mω} of W*-algebras,

the standard space L2(M) of the integrated W*-algebraM =
∫ ⊕

Ω
Mωµ(dω)

is naturally identified with
∫ ⊕

Ω
L2(Mω)µ(dω) as *-bimodules of M in

such a way that ξ =
∫ ⊕

Ω
ξ(ω)µ(dω) ∈ L2(M) belongs to L2(M)+ if and

only if ξ(ω) ∈ L2(Mω)+ at almost every ω ∈ Ω.

Theorem 10.18. Let (Ω, µ) be a σ-finite measure space and sup-
pose that, for each n ≥ 1, we are given a measurable family {Mn, ω}
of W*-algebras on a measurable field {Hω} of Hilbert spaces. Then
{∨n≥1Mn,ω}, {∩n≥1Mn,ω} are measurable families and∨

n≥1

∫ ⊕
Ω

Mn,ω µ(dω) =

∫ ⊕
Ω

∨
n≥1

Mn,ω µ(dω),

⋂
n≥1

∫ ⊕
Ω

Mn,ω µ(dω) =

∫ ⊕
Ω

⋂
n≥1

Mn,ω µ(dω).

Proof. Let {an,k(ω)}k≥1 be a generating sequence for {Mn,ω}. Then
{∨n≥1Mn,ω} is generated by {an,k(ω)}n,k≥1. Now Theorem 9.13 is ap-
plied to get∨

n≥1

Mn = {an,k, f ; f ∈ L∞(Ω), n, k ≥ 1}′′ =
∫ ⊕

Ω

∨
n≥1

Mn,ω µ(dω).

The relation for intersections is then obtained by taking commutants.
�

11. Group Symmetry

Bratteli-Robinson, §2.5.3 and chapter 2.7.
Takesaki 2,
Perdersen, §7.4.
Symmetries on operator algebras are most straightforwardly studied

through their automorphisms. Recall here that the relevant topology of
an operator algebra (i.e., a C*-algebra or a W*-algebra) is determnined
by its order structure and therefore *-automorphisms are automatically
continuous. Let Aut(A) be the group of *-automorphisms of an oper-
ator algebra A. An automorphic action of a group G on A is, by
definition, a group homomorphism θ : G→ Aut(A).
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Here groups are typically of the form of vectorial translations, linear
transformations associated with space-time geometry, permutations of
physical elements and compact groups which govern conserved quan-
tities called charges. Among these most fundamental is the group of
time development and has been investigated much. Although all of
these are (not necessarily connected) Lie groups, general features of
automorphic actions can be capturted under the existence of invariant
measures; we shall work with locally compact second countable groups.
Note that the existence of invariant measures is equivalent to requiring
local compactness by Weil’s converse theorem.

To take their topological nature into account, we impose continuity
on the actions somehow.

For an automorphic action on a C*-algebra, we have several candi-
dates as continuity:

(i) For each a ∈ A, G 3 g 7→ θg(a) ∈ A is norm-continuous.
(ii) For each a ∈ A and φ ∈ A∗, G 3 g 7→ φ(θg(a)) is continuous.
(iii) For each φ ∈ A∗, G 3 g 7→ φ ◦ θg ∈ A∗ is norm-continuous.

As seen in Appendix, (i) and (ii) are equivalent and adopted as a
definition of continuity, whereas (iii) is stronger than these.

Example 11.1. Let Ω be a locally compact space. Then an auto-
morphic action of G on the commutative C*-algebra A = C0(Ω) is
continuous if and only if G× Ω→ Ω is continuous.

The dualized action of G on A∗ is however not necessarily norm-
continuous. In fact, ifGmoves the support S of a probability measure φ
on Ω transversally, two states φ and gφ are disjoint, whence ‖gφ−φ‖ =
2 for g 6= e.

Related to the continuity (iii), the following notion is important.

Definition 11.2. Given an automorphic action θ : G→ Aut(A), a co-
variant representation of θ is a *-representation π of A together with
a continuous unitary representation u of G on a common Hilbert space
H which satisfies the covariance relation π(θg(a)) = u(g)π(a)u(g)∗.

Given a covariant representation, any vector state satisfies the norm
continuity: Let φ(a) = (ξ|π(a)ξ) = trace(π(a)ξξ∗). Then φ(θg(a)) =
trace(π(a)u(g)∗ξξ∗u(g)) and

‖φθg − φ‖ ≤ ‖a‖‖u(g)∗ξξ∗u(g)− ξξ∗‖1

≤ ‖a‖‖u(g)∗ξξ∗u(g)− ξξ∗u(g)‖1 + ‖a‖‖ξξ∗u(g)− ξξ∗‖1

≤ 2‖a‖‖ξ‖‖u(g)∗ξ − ξ‖.
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Let A∗G = {φ ∈ A∗;G 3 g 7→ φ ◦ θg ∈ A∗ is norm-continuous}, which
is a norm-closed G-invariant subspace of A∗. Let M be a universal W*-
algebra which is generated by A and G with the relation gx = θg(x)g
and the condition: Any covariant representation (π, u) of (A,G) on a
Hilbert space H is extended to a normal representation of M on H.

Theorem 11.3. The Banach space A∗G should be identified with the
predual of M .

Definition 11.4. Let a locally compact group G act on a Banach space
X by isometries. We say that an element x ∈ X is G-continuous if
G 3 g 7→ gx is norm-continuous. Note that the condition is equivalent
to the norm-continuity at g = e.

Theorem 11.5. Let θ be an automorphic action of a locally compact
group G on a W*-algebra A. Then the following conditions are equiv-
alent.

(i) G 3 g 7→ φ(θg(a)) is continuous for any a ∈ A and any φ ∈ A∗.
(ii) G 3 g 7→ φ ◦ θg ∈ A∗ is norm-continuous for any φ ∈ A∗.
(iii) The unitary representation of G on L2(A) is continuous.

Moreover, under these equivalent conditions, the set of G-continuous
elements in A is a weak*-dense C*-subalgebra of A.

Proof. (ii) =⇒ (i) is obvious. The equivalence (ii) ⇐⇒ (iii) is a
consequence of Powers-Störmer-Araki inequality, whereas (i) =⇒ (ii)
is a special case of Theorem K.3.

We can apply a similar (and easier) argument to the action G×A→
A to get the remaining assertion. �

Definition 11.6. We say that an automorphic action θ of a locally
compact group G on a W*-algebra A is continuous if it satisfies the
equivalent conditions in the above theorem.

Given a *-representation π of A which makes θ weakly measurable
in the sense that G 3 g 7→ (ξ|π(θg(a))η) is measurable for every a ∈ A
and ξ, η ∈ H, we can introduce a covariant representaion as follows.

Let L2(G) ⊗H be identified with H-valued square-integrable func-
tions on G. It is mnemonic to write∮

G

ξ(g) dg =

∫
G

gξ(g) dg,

which suggests

h

∫
G

gξ(g) dg =

∫
G

gξ(h−1g) dg =

∮
G

ξ(h−1g) dg
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and

a

∫
G

gξ(g) dg =

∫
G

gπ(g−1ag)ξ(g) dg =

∮
G

π(θg−1a)ξ(g) dg.

Clearly a ∈ A is represented on L2(G)⊗H as a decomposable operator
{π(θg−1(a))}g∈G and it, together with a unitary representation λh ⊗
1, constitutes a covariant representation, which is referred to as an
induced covariant representation.

When A is a W*-algebra (with continuity of G × A∗ → A∗) and
π is normal, so is the induced representation. In fact, for the choice
ξ(g) = f(g)η with f ∈ Cc(G) and η ∈ H,

(ξ|aξ) =

∫
G

f(g)f(g)(ξ|π(θg−1a)ξ) dg,

which is an evaluation of
∫
G
|f(g)|2φ ◦ θg−1 dg ∈ A∗ at a ∈ A. Here

φ ∈ A∗ is set to be φ(a) = (η|π(a)η).
Returning to the C*-case, assume that θg is implemented on π(A)

by a unitary ug in B(H), i.e., ugπ(a)u∗g = π(θg(a)), so that it depends
on g measurably. Then another mnemonic of commutation relations
gη = ugη for g ∈ G and η ∈ H gives rise to a unitary map

L2(G)⊗H 3
∫
G

gξ(g) dg 7→
∫
G

ugξ(g)g dg ∈ H ⊗ L2(G)

or a unitary operator U on L2(G,H) by (Uξ)(g) = ugξ(g), which pro-
vides us another expression for the induced covariant representation:

(Uaξ)(g) = ugπ(θg−1a)ξ(g) = π(a)(Uξ)(g), (Uhξ)(g) = ugξ(h
−1g).

Example 11.7. Let G act on a W*-algebra M continuously and repre-
sent M on L2(M) by left multiplication. Then θg on M has a canonical
implementation on L2(M), which depends on g continuously. The in-
duced covarianct representation is realized on both of L2(G)⊗ L2(M)
and L2(M)⊗L2(G), which is referred to as a regular covariant rep-
resentation of M x G.

Definition 11.8 (Crossed products). Let f ∈ Cc(G,A) be identified
with a formal expression ∫

f(g)g dg
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and make Cc(G,A) into a *-algebra by∫
f1(g)g dg

∫
f2(h)h dh =

∫∫
f1(g)θg(f2(h))gh dhdg

=

∫∫
f1(g)θg(f2(g−1h))h dhdg

=

∫ (∫
f1(g)θg(f2(g−1h)) dg

)
h dh

and (∫
f(g)g dg

)∗
=

∫
g−1f(g)∗ dg =

∫
gf(g−1)∗

dg−1

dg
dg

=

∫
θg(f(g−1))∗

dg−1

dg
g dg.

The universal C*-algebra generated by Cc(G,A) is then denoted by
Aoθ G or simply AoG and called the C*-crossed product of A by
G with respect to θ.

For an action on a W*-algebra M , the W*-crossed product MoG
is defined to be the von Neumann algebra on L2(M)⊗L2(G) generated
by the regular covariant representation of M x G.

Given a covariant representation (π, u) of Ax G on H,∫
f(g)g dg 7→

∫
G

π(f(g))u(g) dg ∈ B(H)

defines a *-repsentation of AoG. Conversely, given a *-representation
π̃ of Ax G on H, a covariant representation (π, u) is recovered by

π(a)(π̃(f)ξ) = π̃(af)ξ, u(g)(π̃(f)ξ) = π̃(gf)ξ,

where (af)(g′) = af(g′) and (gf)(g′) = f(g−1g′) for g′ ∈ G.
Thus there is one-to-one correspondence between covariant represen-

tations and representations of the crossed algebra so that both generate
the same von Neumann algebra.

(π(A) ∪ u(G))′′ = π̃(AoG)′′.

Exercise 48. Show the generating property.

The following identification is fundamental but its proof is not easy.
.

Theorem 11.9. L2(M oG) = L2(M)⊗ L2(G).

Proof. Use the theory of left Hilbert algebra. �



112 YAMAGAMI SHIGERU

Proposition 11.10. Let G continuously act on a W*-algebra M .
Given a normal representation of M on H, the induced covariant rep-
resentation gives rise to a normal representation of M oG. Moreover,
the normal representation of M o G on L2(G) ⊗H is faithful if so is
M on H.

Proof. By Theorem 5.9, we may assume that MH = ML
2(M)⊕Ie with

e a projection in MI(M). Then the induced representation is realized
on

(L2(G)⊗ L2(M))⊕Ie = L2(M oG)⊕Ie

by left muntiplication. Since e ∈ MI(M) ⊂ MI(M o G), this is a
normal representation of M oG.

The representation of M on H is then faithful if and only if the
central support of e in MI(M) is the identity. (The center of MI(M)
is naturally indentified with that of M .) In view of 1 = ∨u∈U(M)ueu

∗,
the central support of e in MI(M oG) is also identity and the induced
representation is faithful. �

Consider an action G on a W*-algebra M which admits a unitary
implementation in M : we can find a continuous unitary homomorphism
v : G → M such that θg(x) = v(g)xv(g)∗ for x ∈ M and g ∈ G. Let
(π, u) be a covariant representation on a Hilbert space H. Then the
unitary ρ(g) = u(g)π(v(g)∗) is in the commutant of π(M). Moreover,

ρ(gh) = u(gh)π(v(gh)∗) = u(g)ρ(h)π(v(g)∗)

= u(g)π(v(g)∗)u(h)π(v(h)∗) = ρ(g)ρ(h)

shows that G 3 g 7→ ρ(g) ∈ π(M)′ is a unitary representation of G and
the von Neumann algebra (π(M)∪ u(G))′′ on H is generated by π(M)
and ρ(G) ⊂ π(M)′.

For the regular covariant representation

(π(a)ξ)(g) = aξ(g), (u(h)ξ)(g) = v(h)ξ(h−1g)v(h)∗

on L2(M) ⊗ L2(G), we observe (ρ(h)ξ)(g) = ξ(h−1g)v(h)∗ and ρ is
further transformed into 1⊗λ by a unitary operator ξ(g) 7→ ξ(g)v(g)−1

on L2(M) ⊗ L2(G), where λ denotes the left regular representation of
G. The crossed product M oG is therefore isomorphic to M ⊗ λ(G)′′.

Appendix A. Analytic Elements

Let X be a dual Banach space with a predual X∗. An X-valued
function f on a topological space Ω is said to be weak*-continuous if
φ ◦ f is continuous for each φ ∈ X∗.
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Exercise 49. An X-valued function f is weak*-continuous if and only
if f : Ω→ X is continuous when X is furnished with the weak* topol-
ogy.

Let Ω be locally compact and µ be a complex Radon measure on Ω.
If the function f is norm-bounded, i.e.,

‖f‖∞ = sup{‖f(ω)‖;ω ∈ Ω} <∞,
then we can define an element∫

Ω

f(ω)µ(dω) ∈ X

by the relation〈∫
Ω

f(ω)µ(dω), φ

〉
=

∫
Ω

〈f(ω), φ〉µ(dω)

in view of the estimate∣∣∣∣∫
Ω

〈f(ω), φ〉µ(dω)

∣∣∣∣ ≤ |µ|(Ω)‖f‖∞ ‖φ‖.

Note that, when Ω is compact, the weak*-continuity of f is enough
to have the norm-boundedness ‖f‖∞ < ∞ thanks to the principle of
uniform boundedness.

Proposition A.1. Let Ω be an open subset of C and f : Ω → X
be a weak*-continuous function. Then the following conditions are
equivalent.

(i) The function ‖f(w)‖ of w ∈ Ω is locally bounded and 〈f(w), φ〉
is holomorphic function of w ∈ Ω for φ in a dense subset of X∗.

(ii) For each φ ∈ X∗, 〈f(w), φ〉 is a holomorphic function of w ∈ Ω.
(iii) If z ∈ Ω and r > 0 satisfies {w ∈ C; |w− z| < r} ⊂ Ω, then we

can find a sequence {fn}n≥0 in X such that

f(w) =
∞∑
n=0

(w − z)nfn

holds in an absolutely norm-convergent manner for |w−z| < r.

If f satisfies these equivalent conditions, we say that f is holomorphic
on Ω.

Proof. (iii) =⇒ (ii) is trivial, whereas (ii) =⇒ (i) is remarked already.
(i) =⇒ (iii): By Cauchy’s integral formula,∮

|ζ−z|=r−ε

〈f(ζ), φ〉
(ζ − z)n+1

dζ ∈ X,
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with φ ∈ X∗ is independent of the choice of 0 < ε < r and we can
define fn ∈ X by

fn =
1

2πi

∮
|ζ−z|=r−ε

f(ζ)

(ζ − z)n+1
dζ ∈ X.

Then the Cauchy’s estimate ‖fn‖ ≤ ‖f‖∞/(r−ε)n shows that the series
in question is absolutely norm-convergent if |w − z| < r. �

Definition A.2. An X-valued weak*-continuous function f defined
on a subset D of C is said to be analytic if it is holomorphic when
restricted to the inner part D \ ∂D.

Let It : X → X be a one-parameter group of isometries on X and
suppose that

(i) R 3 t 7→ It(x) ∈ X is weak*-continuous for each x ∈ X.
(ii) For φ ∈ X∗ and t ∈ R, the functional 〈It(·), φ〉 belongs to X∗.

Remark 8. The above assumption is equivalent to requiring the norm-
continuity of R 3 t 7→ φ ◦ It ∈ X∗ for every φ ∈ X∗, see Theorem K.3.

Definition A.3. An element x ∈ X is said to be analytic for {It}
if we can find r > 0 and an analytic function on the strip domain
f : R + i(−r, r)→ X such that f(t) = 〈It(x), φ〉 for φ ∈ X∗ and t ∈ R.

An analytic element x ∈ X is said to be entirely analytic if we
can find an analytic function f : C→ X such that f(t) = 〈It(x), φ〉 for
φ ∈ X∗ and t ∈ R.

We have plenty of entirely analytic elements: Let

xn =

√
n

π

∫
R
e−nt

2

It(x) dt.

Since
√
n/πe−nt

2
gives an approsimate delta function, xn → I0(x) = x

as n → ∞ in the weak*-topology. Moreover xn is entirely analytic
because

It(xn) =

√
n

π

∫
R
e−ns

2

Is+t(x) ds =

√
n

π

∫
R
e−n(s−t)2Is(x) ds.

indicates to set

f(z) =

√
n

π

∫
R
e−n(s−z)2Is(x) ds

for z ∈ C, which is analytic.

Proposition A.4. Let ∆ be a positive self-adjoint operator on a
Hilbert space H with a trivial kernel. Then, for r ∈ R, the follow-
ing conditions on ξ ∈ H are equivalent.
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(i) ξ ∈ D(∆r).
(ii) The continuous function ∆itξ of t ∈ R is analytically continued

to the strip region R− ir[0, 1].

Proof. We may assume that r > 0. Let ∆ =
∫∞

0
λE(dλ) be the spectral

decomposition.
(i) =⇒ (ii): For 0 ≤ s ≤ r,

‖∆sξ‖2 =

∫ ∞
0

λ2s(ξ|E(dλ)ξ) ≤
∫

(0,1)

(ξ|E(dλ)ξ) +

∫
[1,∞)

∆2r(ξ|E(dλ)ξ)

≤ (ξ|ξ) + (∆rξ|∆rξ) <∞

shows that ξ ∈ D(∆r) and then the dominated convergence theorem
ensures that the function

∆izξ =

∫ ∞
0

λizE(dλ)

is norm-continuous on R− ir[0, 1] and analytic in R− ir(0, 1).
(ii) =⇒ (i): Assume that the function ∆itξ is analytically continued

to f(z) (z ∈ R − ir[0, 1]). If η ∈ D(∆r), then (η|∆itξ) = (∆−itη|ξ)
is analytically continued to the relation (η|f(z)) = (∆−izη|ξ). Thus
(η|f(−ir)) = (∆rη|ξ) for η ∈ D(∆r), which means ξ ∈ D((∆r)∗) =
D(∆r) and ∆rξ = f(−ir). �

Example A.5. Let A be the set of entirely analytic elements for σt =
Ad(∆it) on B(H). Then, for ξ ∈ D(∆r) (r ∈ R) and a ∈ A, the relation
∆it(aξ) = σt(a)∆itξ is analytically continued to ∆r(aξ) = σ−ir(a)∆rξ
with aξ ∈ D(∆r).

Definition A.6. Let h be a densely defined hermitian operator on a
Hilbert space H. An element ξ ∈ H is called an analytic vector for
h if ξ ∈ D(hn) for n = 1, 2, · · · and

∞∑
n=0

1

n!
‖hnξ‖ rn <∞ for some r > 0.

Example A.7. Let h be a self-adjoint operator and ξ ∈ D(erh) ∩
D(e−rh) for some r > 0. Then ξ is an analytic vector for h:

ezhξ =
∞∑
n=0

zn

n!
hnξ for any z ∈ C satisfying |z| < r.
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In fact, by the assumption (ξ|e±2rhξ) <∞, we have

∞∑
n=0

(2r)n

n!
‖|h|n/2ξ‖2 =

∞∑
n=0

(2r)n

n!

∫
R
|λ|n(ξ|E(dλ)ξ)

≤ (ξ|e2rhξ) + (ξ|e−2rhξ) <∞

and hence

‖hnξ‖ ≤ ‖|h|nξ‖ ≤ `2

(√
(2n)!

(2r)n

)
= `2

(
n!

rn

)
.

Thus
∑

n |z|n‖hnξ‖/n! <∞ for |z| < r. The Taylor expansion identity
follows from the dominated convergence theorem in view of inequalities∥∥∥∥∥ezhξ −

n∑
k=0

zk

k!
hkξ

∥∥∥∥∥
2

=

∫
R

∣∣∣∣∣ezλ −
n∑
k=0

(zλ)k

k!

∣∣∣∣∣
2

(ξ|E(dλ)ξ)

≤
∫
R

(∑
k>n

|zλ|k

k!

)2

(ξ|E(dλ)ξ)

≤
∫
R
e2r|λ|(ξ|E(dλ)ξ) ≤ ‖erhξ‖2 + ‖e−rhξ‖2

for |z| ≤ r.

A linear combination of analytic vectors is again analytic by taking
the common domain of convergence and, if ξ is an analytic vector for
h, hnξ (n = 1, 2, · · · ) is analytic with the same radius of convergence
by the Cauchy-Hadamard formula.

Theorem A.8 (E. Nelson). If a densely defined hermitian operator h
has a total set of analytic vectors, then it is essentially self-adjoint, i.e.,
h∗ = h.

Proof. By the previous observation, we may assume that the domain
D of h consists of anaytic vectors and satisfies hD ⊂ D. By the von
Neumann’s criterion of self-adjointness, it suffices to prove the density
of (h± i)D in H. To see this, we shall show that η ∈ H orthogonal to
(h− i)D or (h+ i)D satisfies (η|D) = 0.

For ξ ∈ D with a radius r > 0 of convergence, let p be the projection
to C[h]ξ ⊂ H and let hξ = h|C[h]ξ be a restriction of h. Then the
conjugation Γ in pH defined by

Γ

(
n∑
k=0

λkh
kξ

)
=

n∑
k=0

λkh
kξ
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commutes with hξ. Consequently, Γ(ker(h∗ξ + i)) = ker(h∗ξ − i) and hξ
has a self-adjoint extension H. Let H =

∫
R λE(dλ) be the spectral

decomposition. Then, for 0 < s ≤ r/2 and m = 0, 1, 2, . . . ,

‖e±sHξ‖2 =

∫
R
e±2sλ(ξ|E(dλ)ξ) ≤

∞∑
n=0

(2s)n

n!

∫
R
|λ|n(ξ|E(dλ)ξ)

=
∞∑
n=0

(2s)n

n!
(ξ||H|nξ) ≤

∞∑
n=0

(2s)n

n!
‖ξ‖ ‖Hnξ‖

=
∞∑
n=0

(2s)n

n!
‖ξ‖ ‖hnξ‖ ≤

∞∑
n=0

rn

n!
‖ξ‖ ‖hnξ‖ <∞

shows that ξ ∈ D(ezH) for z ∈ [−r/2, r/2] + iR and

ezHξ =

∫
R
eλzE(dλ)ξ

is an H-valued analytic function of z ∈ [−r/2, r/2]+iR with the Taylor
expansion at z = 0 given by

ezHξ =
∞∑
n=0

zn

n!
hnξ, |z| ≤ r

2

because of

1

2πi

∮
|z|=r/2

dz
1

zn+1
ezHξ =

1

2πi

∫
R

(∮
|z|=r/2

eλz

zn+1
dz

)
E(dλ)ξ

=
1

n!

∫
R
λnE(dλ)ξ =

1

n!
Hnξ =

1

n!
hnξ.

Now assume that (η|(h − i)D) = 0. Then η satisfies (η|hn+1ξ) =
i(η|hnξ) for n = 0, 1, · · · , whence (η|hnξ) = in(η|ξ). Thus,

(η|ezHξ) =
∞∑
n=0

zn

n!
(η|hnξ) = (η|ξ)eiz

first for |z| ≤ r/2 and then for z ∈ [−r/2, r/2] + iR by analytic con-
tinuation. Since the left hand side is bounded for z ∈ iR, we conclude
that (η|ξ) = 0. �

Example A.9. Let {∆it} be a one-parameter group of unitaries on a
Hilbert space H, M be a W*-algebra on H such that ∆itM∆−it = M
for t ∈ R, and M be the set of entirely analytic elements of M with
respect to {σt(·) = ∆it(·)∆−it}. Let ξ ∈ H be cyclic for M and satisfy
∆itξ = ξ for t ∈ R. Then Mξ is a core of the positive self-adjoint ∆r

for any r ∈ R.
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In fact, for f ∈ C2
c (R), its inverse Fourier transform f̂ is an entirely

analytic integrable function and

σf̂ (a) =

∫
R
f̂(t)σt(a) dt

belongs to M for any a ∈M . Since ∆r operates on

σf̂ (a)ξ =

∫
R
f̂(t)∆it(aξ) dt = 2π

∫
R
f(λ)E(dλ)(aξ)

boundedly, this is an entirely analytic vector for ∆r and, if we denote
by M0 the set of all such vectors, ∆r|M0ξ is self-adjoint by the Nelson’s

theorem. As a self-adjoint extension of ∆r|M0ξ, ∆r coincides with this

and ∆r|Mξ is equal to ∆r as an intermediate extension.

For the use in the text, we record here facts on entire analyticity
for automorphic actions on operator algebras. Let σt be a weak*-
continuous one-parameter group of *-automorphisms of a W*-algebra
M with M the set of entirely analytic elements in M . Then M is
weak*-dense *-subalgebra of M . For a ∈ M, σz(a) ∈ M and C×M 3
(z, a) 7→ σz(a) ∈M gives an automorphic action of the additive group
C on M so that σz(a)∗ = σz(a

∗).
For an automorphic action on a C*-algebra A, it is common to as-

sume the norm-continuity of σt(a). In that case, a norm-continuous
function f : Ω→ A on an open subset Ω of C is said to be holomorphic
if it satisfies the following equivalent conditions:

(i) For each φ ∈ A∗, 〈f(w), φ〉 is a holomorphic function of w ∈ Ω.
(ii) If z ∈ Ω and r > 0 satisfies {w ∈ C; |w− z| < r} ⊂ Ω, then we

can find a sequence {fn}n≥0 in X such that

f(w) =
∞∑
n=0

(w − z)nfn

holds in an absolutely norm-convergent manner for |w−z| < r.

An element a ∈ A is said to be entirely analytic if R 3 t 7→ σt(a) ∈ A
is extended to a holomorphic function on C. The set A of entirely
analytic elements is then a norm-dense *-subalgebra of A and, if we
denote by σz(a) the holomorphic extension of σt(a), then σz gives an
automorphic action of C on A so that σz(a)∗ = σz(a

∗) for a ∈ A and
z ∈ C. Note that the Gaussian regularization in the proof of density
takes the form of Bochner integral and the associated holomorphic
extension is norm-continuous.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 119

Appendix B. Haar Measure

V.S. Varadarajan, Geometry of Quantum Theory.

Appendix C. Pontryagin Duality

For a locally compact abelian group G, the set

Ĝ = {χ : G→ T;χ is continuous and satisfies χ(ab) = χ(a)χ(b)}
is a subgroup of the product group

∏
g∈G T and, if we furnish it with

the topology of uniform convergence on compact subsets of G, Ĝ is a
locally compact group, called the Pontryagin dual of G.

Theorem C.1 (Pontryagin). The second dual
̂̂
G is naturally identified

with G as a locally compact abelian group.

Given Haar measures dg on G and a function f in L1(G),

f̂(χ) =

∫
G

f(g)χ(g) dg

defines a function in C0(Ĝ), which belong to L2(Ĝ) for f ∈ L1(G) ∩
L2(G). The correspondence L1(G)∩L2(G) 3 f 7→ f̂ ∈ L2(Ĝ) gives rise

to a unitary map between L2(G) and L2(Ĝ) when the Haar measure of

Ĝ is appropriately normalized relative to dg.

Appendix D. Group Representations

By a unitary representation of a locally compact groupG on a Hilbert
space, we shall mean a group homomorphism G 3 g 7→ Ug ∈ U(H) such
that G 3 g 7→ Ugξ ∈ H is continuous for any ξ ∈ H. Here the weak
continuity is enough to have the norm-continuity of Ugξ in view of
‖Ugξ − ξ‖2 = 2(ξ|ξ)− (ξ|Ugξ)− (Ugξ|ξ).

Let dg be a left Haar measure. The inequality∫
G

|f(g)(ξ|Ugη)| dg ≤ ‖ξ‖ ‖η‖
∫
G

|f(g)| dg

for f ∈ L1(G) implies the existence of a bounded operator Uf satisfying

(ξ|Ufη) =

∫
G

f(g)(ξ|Ugη) dg.

The Banach space L1(G) is then made into a Banach *-algebra so
that f 7→ Uf is a *-homomorpshim:

(f1f2)(g) =

∫
G

f1(h)f2(h−1g) dh, f ∗(g) =
dg−1

dg
f(g−1).



120 YAMAGAMI SHIGERU

Conversely, given a *-representation π of L1(G) on a Hilbert space
H, a unitary representation Ug is recovered by

Ug(π(f)ξ) = π(gf)ξ,

where (gf)(h) = f(g−1h) (g, h ∈ G). Thus there exits a one-to-
one correspondence between unitary representations of G on H and
*-represenations of L1(G) on H. By the way of construction, the one-
to-one correspondence is valid for a dense *-subalgebra A of L1(G)
satisfying ga ∈ A for g ∈ G and a ∈ H. Example: A = Cc(G) or
A = C∞c (G) for a Lie group G.

The universal C*-algebra C∗(G) of L1(G) (or any smaller A which
is dense in L1(G)) is referred to as the group C*-algebra. In this way,
we have established a canonical correspondence between unitary rep-
resentations of G and *-representations of C∗(G).

Note here that the correspondence between group representations
and algebra representations is also valid if we weaken the continuity
condition on group representations to the measurability one with re-
spect to the Haar measure class:

Theorem D.1 (von Neumann). If a measurable family {Tg} of unitary
operators on a Hilbert space H satisfies TgTh = Tgh for almost all
(g, h) ∈ G×G, then we can find a unitary representation Ug on G such
that Tg = Ug for almost all g ∈ G.

The correspondence of representations also enables us to embed G
into C∗(G)∗∗ in such a way that∫

G

f(g)g dg ∈ C∗(G)∗∗

belongs to C∗(G) ⊂ C∗(G)∗∗ for f ∈ L1(G). In fact, it is equal to the
image of f ∈ L1(G) in C∗(G).

A continuous function ϕ(g) of g ∈ G is said to be positive definite
if ∑

1≤j,k≤n

ϕ(g−1
j gk)zjzk ≥ 0

for any {zj}nj=1 ∈ Cn.

Proposition D.2. There is a one-to-one correspondence between pos-
itive definition functions and positive functionals on C∗(G).

Now restrict ourselves to the case of abelian groups. Then a character
χ : C∗(G)→ C is nothing but a *-representation on a one-dimensional
Hilbert space C and it is rephrased as a unitary representation of G on
C, i.e., a continuous group homomorphism G → T. In this way, the
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Gelfand spectrum σC∗(G) of C∗(G) is identified with the dual group Ĝ
and the Gelfand transform of f ∈ L1(G) with the function

Ĝ 3 χ 7→
∫
G

f(g)χ(g) dg,

which is nothing but the Fourier transform of f .

Example D.3 (unitary spectral decomposition). Any unitary repre-
sentation of the additive group Z on H corresponds to a single unitary
U on H and we can find a projection-valued measure E on Ẑ = T so
that

U =

∫
T
z E(dz).

For the vector group Rn, its dual group is identified with Rn itself by

〈s, t〉 = eis·t.

Example D.4 (Stone). Given a unitary representation U of the vector
group Rn, we can find a projection-valued measure E so that

Ut =

∫
Rn
eis·tE(ds).

Example D.5 (Bochner). Given a continuous positive definite func-
tion ϕ of a locally compact abelian group G, we can find a finite Radon

measure µ on the dual group Ĝ so that

ϕ(g) =

∫
Ĝ

χ(g)µ(dχ).

Appendix E. Projective Representations

A.A. Kirillov, Elements of the Theory of Representations, Springer,
1976.

A. Kleppner, Multipliers on Abelian Groups, Math. Annalen 158(1965),
11–34.

Baggett-Kleppner, Multiplier representations of abelian groups, JFA,
14(1973), 299-324.

Let a locally compact group G be represented by a measurable family
of unitaries Ug (g ∈ G) in a projective way:

UgUg′ = γ(g, g′)Ugg′

with γ(g, g′) ∈ T a measurable function. Here the function γ(g, g′)
is referred to as a Schur multiplier or simply a cocyle of G. From
associativity, we see that γ satisfies the cocycle condition

γ(g, g′)γ(gg′, g′′) = γ(g′, g′′)γ(g, g′g′′) for all g, g′, g′′ ∈ G
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and two cocycles γ and γ′ belong to the same projective representation
if and only if they are equivalent in the sense that we can find a measur-
able function β : G→ T so that γ′(g, g′) = γ(g, g′)β(g)β(g′)β(gg′)−1.

In a reverse way, given a cocycle γ of G, a γ-representation of G is
an assignment of unitaries Ug satisfying UgUg′ = γ(g, g′)Ugg′ .

A cocycle γ is said to be normalized if γ(g, e) = γ(e, g) = 1 for
g ∈ G. Any cocycle is equivalent to a normalized one: If we put
g′ = e in the cocycle condition, the relation γ(g, e) = γ(e, g′′) for
g, g′′ ∈ G implies γ(g, e) = γ(e, e) = γ(e, g) for g ∈ G and therefore γ
is equivalent to γ(g, g′)/γ(e, e) (β(g) = γ(e, e)−1). Problems related to
Schur multipliers are consequently redeuced to normalized ones.

Given a normalized cocycle γ of G, the product set G × T is made
into a group (denoted by G ×γ T) so that (g, z) 7→ zUg is a unitary
representation for any γ-representation Ug of G:

(g, z)(g′, z′) = (gg′, zz′γ(g, g′)).

Note that (e, 1) is a unit element in the group G ×γ T and (zUg)
−1 =

z−1U−1
g = z−1γ(g, g−1)−1γ(e, e)−1Ug−1 implies

(g, z)−1 = (g−1, z−1γ(g, g−1)−1).

Note also that T is identified with the central subgroup of G ×γ T by
the embedding T 3 z 7→ (e, z) ∈ G× T.

Let ξ ∈ L2(G) be identified with a measurable function ξ on G × T
satisfying ξ(g, z) = zξ(g, 1) for (g, z) ∈ G×T. Then a γ-representation
{Rγ

g} of G on L2(G) is obtained via the right translation:

(Rγ
gξ)(h, 1) = ξ((h, 1)(g, 1)) = ξ(hg, γ(h, g)) = γ(h, g)ξ(hg, 1).

Exercise 50. Check the relation Rγ
aR

γ
b = γ(a, b)Rγ

ab for a, b ∈ G.

(Rγ
aR

γ
b ξ)(g) = γ(g, a)γ(ga, b)ξ(gba) = γ(a, b)(Rγ

abξ)(g).

In what follows we focus on locally compact second countable abelian
groups G. Given a measurable cocycle γ of G, let [γ] be another cocycle
defined by [γ](a, b) = γ(a, b)/γ(b, a). By the cocycle condition on γ,
together with the commutativity in G, we see that [γ] is a bicharacter
of G, whence it is continuous. Note here that cocycles equivalent to γ
give the same bicharacter [γ].

Conversely, if [γ] ≡ 1, then γ is coboundary; we can find a measurable
function β : G → T such that γ(g, g′) = β(g)β(g′)β(gg′)−1 for all
(g, g′) ∈ G × G. In fact, if [γ](g, g′) ≡ 1, then G ×γ T is commutative
and, as an irreducible component of a measurable representation of
G ×γ T, we can find a measurable homomorphism α : G ×γ T → T
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satisfying α(1, z) = z.

α(g, 1)α(g′, 1) = α((g, 1)(g′, 1)) = α((gg′, 1)(1, c(g, g′)) = α(gg′, 1)c(g, g′).

Exercise 51. By using the averaging method, show that any separately
continuous bicharacter 〈g, g′〉 is jointly continuous in (g, g′) ∈ G×G.

The point is the continuity at (e, e); 〈an, bn〉 → 1 if (an, bn)→ (e, e).
Since 〈a, b〉 is separately continuous, the integrals in∫

〈an, g〉f(b−1
n g) dg = 〈an, bn〉

∫
〈an, g〉f(g) dg

converge as n→∞, which implies 〈an, bn〉 → 1.

Theorem E.1. The map γ 7→ [γ] induces a group-isomorphism from
the second cohomology group of G into the group of alternating bichar-
acters of G.

Let H = {h ∈ G; γ(g, h) = γ(h, g)∀g ∈ G} be the kernel of [γ],
which is a closed subgroup of G. Since γ is symmetric when restricted
to H, we can find a measurable function α : H → T so that γ(h, h′) =
α(h)α(h′)α(hh′)−1 for h, h′ ∈ H. By choosing a measurable extension
β : G → T of α and replacing γ with γ(g, g′)dβ(g, g′), we may assume
that γ(h, h′) = 1 for h, h′ ∈ H from the outset.

Given a γ-representstion Ug of G on a separable Hilbert space H,
consider Ug ⊗Rg (Rg = Rγ

g for γ ≡ 1). Define a unitary operator S on

L2(G)⊗H by (Sξ)(g) = Ugξ(g). Then

(S(Rg ⊗ Ug)ξ)(h) = UhUgξ(hg) = γ(h, g)Uhgξ(hg) = γ(h, g)(Sξ)(hg)

shows that S(Rg ⊗ Ug)S∗ = Rγ
g ⊗ 1 for g ∈ G.

If one applies the Fourier transform on the L2(G) part, the represen-
tation {Rg ⊗ Ug} takes the form {Tg} with

(Tg ξ̂)(χ) = χ(g)Ug ξ̂(χ)

If the bicharacter [γ] gives an isomorphism G → Ĝ of abelian groups,
the unitary operator Φ defined by

(Φξ)(g) =

∫
G

[γ](g, h)ξ(h) dh

satisfies

[γ](h, g)Ug(Φξ)(h) = UhUgU
∗
h(Φξ)(h) = S(1⊗ Ug)S∗(Φξ)(h),

whence {Rg⊗Ug} is unitarily equivalent to {1⊗Ug}. Thus, 1L2(G)⊗U
is unitarily equivalent to Rγ ⊗ 1H for any γ-representation U on H.
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Theorem E.2 (Stone-von Neumann). Under the condition thatG ∼= Ĝ
via [γ], all the γ-representations are quasi-equivalent. In particular, G
has a unique (up to unitary equivalence) irreducible γ-representation.

Example E.3. Let G = H × Ĥ with H a locally compact abelian
group and γ((a, χ), (a′, χ′)) = χ(a′). Then the bicharacter

[γ]((a, χ), (a′, χ′)) =
χ(a′)

χ′(a)

satisfies the condition G ∼= Ĝ.

Let G be as above and define a γ-representation of G on L2(H) by

(U(a,χ)ξ)(b) = χ(ba)−1ξ(ba).

Then it is irreducible. In fact, U(1,χ) generates L∞(H) on L2(H),
whence the commutant {Ug}′ is in the fixed point algebra of L∞(H)′ =
L∞(H) under the adjoint action of {Ua,1}.

Appendix F. Tensor Products

Given Hilbert spaces H and K, their tensor product is a Hilbert space
H⊗K together with a bilinear map H×K 3 (ξ, η) 7→ ξ ⊗ η ∈ H⊗K

satisfying the following properties.

(i) For ξ, ξ′ ∈ H and η, η′ ∈ K, (ξ ⊗ η|ξ′ ⊗ η′) = (ξ|ξ′) (η|η′).
(ii) Linear combinations of elements of the form ξ⊗ η are dense in

H ⊗K.

If {ξi}i∈I and {ηj}j∈J are orthonormal bases in H and K respectively,
then {ξi ⊗ ηj}(i,j)∈I×J is an orthonormal basis in H ⊗K.

Proposition F.1. Tensor product exists and is unique.

Clearly, given ξ ∈ H, the linear map K 3 η 7→ ξ ⊗ η ∈ H ⊗ K

is a scalar multiplication of an isometry and its adjoint, denoted by
〈·〉ξ⊗1, is specified by ξ′ ⊗ η 7→ (ξ|ξ′)η ∈ K and referred to as a partial
evaluation by ξ ∈ H.

*-representations B(H) 3 a 7→ a⊗ 1 ∈ B(H⊗K) and B(K) 3 b 7→∈
B(H ⊗K) are defined by

(a⊗ 1)(ξ ⊗ η) = aξ ⊗ η, (1⊗ b)(ξ ⊗ η) = ξ ⊗ bη,
and set a⊗ b = (a⊗ 1)(1⊗ b) = (1⊗ b)(a⊗ 1).

Given W*-algebras M on H and N on K, their tensor product M⊗N
is a W*-algebra on H ⊗ K obtained as the σ-weak closure of the *-
subalgebra generated by a⊗ b (a ∈M , b ∈ N). Note that M ⊗ C1K =
{a⊗ 1; a ∈M} and similarly for C1H ⊗N .
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Appendix G. Infinite Tensor Products

J. von Neumann, On infinite direct products, Composi. Math., 6(1939),
1–77.

A. Guichardet, Produits tensoriels infinis et représentations des re-
lations d’anticommutation, Annales scientifiques de l’É.N.S., 83(1966),
1–52.

An algebraically sophisticated way to introduce finite tensor prod-
ucts

⊗
Vi is to define them as subspaces of multilinear functionals on∏

V ∗i : Given a finite family {vi}i∈I of vectors, let ⊗i∈Ivi be a multilin-
ear functional defined by

⊗i∈Ivi : (v∗i ) 7→
∏
i∈I

〈vi, v∗i 〉.

Then
⊗

i∈I Vi is the linear span of {⊗i∈Ivi}. From the associativity of
direct products, the associativity for tensor products follows: If I =⊔
j∈J Ij, there is a natural isomorphism

⊗
j∈J

⊗
i∈Ij

Vi

 ∼= ⊗
i∈I

Vi.

In particular, given a decomposition I = I ′tI ′′ and a family {vi′′}i′′∈I′′ ,⊗
i′∈I′

Vi′ 3
⊗
i′∈I′

vi′ 7→
⊗
i∈I

vi ∈
⊗
i∈I

Vi with {vi} = {vi′} ∪ {vi′′}

is extended to a linear map.
When the index set is linearly ordered, it is customary to notationally

reflect it in a geometric position. For example, if I = {1, 2, . . . , n}, we
shall write ⊗i∈Ivi = v1 ⊗ · · · ⊗ vn.

Now consider a general family {Ai} of unital *-algebras. Then the
family of unital *-algebras {

⊗
i∈F Ai}, where F runs through finite

subsets of I, is directed for inclusions of F by the map⊗
i∈F

ai 7→
⊗
i∈F ′

a′i,

where

a′i =

{
ai if i ∈ F ,

1i otherwise.

The inductive limit lim
F→I

⊗
i∈F Ai is denoted by

⊗
i∈I Ai and called the

algebraic tensor product of {Ai}i∈I . Note that
⊗

Ai is generated by
⊗ai (ai = 1 except for finitely many indices) and

⊗
Ai is unitary if so
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is each Ai. Given a family {ϕi} of states, a state ϕ = ⊗ϕi of
⊗

Ai is
defined by ϕ(⊗ai) =

∏
ϕi(ai). The positivity of ϕ is a consequence of∑

j,k

zjzkϕ(⊗i∈Ia∗i,jai,k) =
∑
j,k

zjzk
∏
i

ϕi(a
∗
i,jai,k) ≥ 0.

For a family of positive functionals {ϕi}, the positive functional ⊗ϕi
is defined by

∏
ϕi(1)⊗ (ϕi/ϕi(1)) if

∏
ϕi(1) <∞. Note that ⊗varphii

is bounded if so is each ϕi under the condition
∏
ϕi(1) < ∞, which

is therefore identified with a bounded positive functional on the C*-
algebra associated to

⊗
Ai.

The following formula looks quite reasonable but is in the heart of
the celebrated Kakutani dichotomy on infinite product measures.

Theorem G.1. Assume that ϕi and ψi are bounded states for each
i ∈ I. The, for x = ⊗xi and y = ⊗yi in

⊗
Ai, we have

(x(⊗ϕi)1/2|(⊗ψi)1/2y) =
∏
i∈I

(xiϕ
1/2
i |ψ

1/2
i yi).

Corollary G.2. If
∏

i∈I\F (ϕ
1/2
i |ψ

1/2
i ) = 0 for any finite subset F of I,

then ⊗ϕi and ⊗ψi are disjoint.

Given a family {zα}α∈I of complex numbers, let zF =
∏

α∈F zα for a
finite subset F ⊂ I. If {zF} is a coonvergent net of complex numbers,
its limit is denoted by

∏
α∈I zα and we see

∏
α∈I |zα| =

∣∣∏
α∈I zα

∣∣.
If zα = 0 for some α ∈ I, then

∏
α∈I zα = 0. If not, {|zG|} is bounded

for any finite G ⊂ I satisfying |zα| > 1 (α ∈ G). In fact, if it is not
bounded, given any finite F ⊂ I, we can choose G ⊂ I \F so that |zG|
is arbitrarily large while |zF | 6= 0, i.e., |zFtG| can be arbitrarily large,
which contradicts with the convergence of

∏
α∈I |zα|.

Thus the condition
∏
zα = 0 is equivalent to (i) zα = 0 for some

α ∈ I or (ii)
∏

α:|zα|>1 |zα| <∞ and
∏

α:|zα|≤1 |zα| = 0.

Now assume that
∏
zα 6= 0. Then (

∏
zα)−1 =

∏
z−1
α 6= 0, implies

that ∏
α:|zα|>1

|zα| <∞,
∏

α:|zα|≤1

|zα| > 0

and
∏
eiθα is convergent to a complex number of modulus one, where

zα = |zα|eiθα with −π < θα ≤ π. From the convergence of
∏
eiθα , we

see that, given ε > 0, we can find a finite F ⊂ I such that |θα| ≤ ε
for any α ∈ I \ F . Thus the convergence of

∏
eiθα is equivalent to

the convergence of
∑
θα, which is combined with the convergence of∑

α∈I± log |zα| (I± = {α ∈ I;± log |zα| > 0}) to get the convergence of
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log zα, i.e.,

∑
|zα − 1| < ∞. Conversely, this condition implies the

absolute convergence of
∑

log zα and we see that∏
α∈I

zα = e
∑

log zα

is convergent.
Let {Hi}i∈I be an infinite family of Hilbert spaces and {ιi ∈ Hi} be

a family of unit vectors. Given a finite subset F of I, let

HF =

(⊕
φ

Hφ(1) ⊗Hφ(2) ⊗ · · · ⊗Hφ(n)

)Sn

be the symmetrized tensor product of {Hi}i∈F , where φ : {1, . . . , n} →
F (n = |F |) runs through bijections and ( )Sn denotes the fixed-point
subspace under the obvious action of the symmetric group Sn. Thus, for
each φ, HF can be identified with the Hilbert space Hφ(1)⊗· · ·⊗Hφ(n).

Define an embedding of HF into HF ′ for F ⊂ F ′ by

ξφ(1) ⊗ · · · ⊗ ξφ(n) 7→ ξφ(1) ⊗ · · · ⊗ ξφ(n) ⊗ ιφ′(n+1) ⊗ · · · ⊗ ιφ′(n′),

where n′ = |F ′| and φ′ : {1, . . . , n′} → F ′ is any extension of φ.
The inductive limit Hilbert space limF↗I HF is called the infinite

tensor product of {Hi}i∈I with respect to the reference vector {ιi} and
denoted by

⊗
i∈I Hi. The image of ξF ∈ HF in

⊗
i∈I Hi is denoted by

ξF ⊗
⊗
i∈I\F

ιi.

Lemma G.3. Given a family of vectors {0 6= ξi ∈ Hi}i∈I , let ξF ∈ HF

be defined by ξφ(1) ⊗ · · · ⊗ ξφ(n). Then the limit

⊗ξi = lim
F↗I

ξF ⊗
⊗
i∈I\F

ιi

exists in
⊗

i∈I Hi and ⊗ξi 6= 0 if and only if∑
i∈I

| log(ξi|ξi)| <∞ and
∑
i∈I

|1− (ιi|ξi)| <∞.

Moreover, given another such family {ηi}, we have

(⊗ξi|⊗ηi) =
∏

(ξi|ηi),

where the infinite product converges absolutely;∑
i∈I

|1− (ξi|ηi)| <∞.
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Appendix H. Tensor Products of Closed Operators

Let A and B be closable operators in Hilbert spaces H and K with
their adjoints A∗ and B∗ densely defined. The algebraic tensor product
A � B is then an operator with its domain D(A � B) equal to the
algebraic tensor product D(A) � D(B) ⊂ H ⊗ K. Then A � B is
closable in view of (A�B)∗ ⊃ A∗ �B∗.

Definition H.1. For closed operators A and B with A∗ and B∗ densely
defined, we write A⊗B = (A�B)∗∗.

Proposition H.2. We have (A�B)∗∗ = (A∗ �B∗)∗.

Proof. Since the graph of A∗∗ (B∗∗) is approximated by that of A (B),
we see A� B ⊂ A∗∗ � B∗∗ ⊂ (A� B)∗∗, i.e., the closure of A∗∗ � B∗∗
is (A � B)∗∗. Thus the problem is reduce to the case A = A∗∗ and
B = B∗∗, which is assumed in what follows.

Let A = u|A| and B = v|B| be the polar decompositions. Then as a
closure of A�B = (u⊗ v)(|A| � |B|), we have

(A�B)∗∗ = (u⊗ v)(|A| � |B|)∗∗,
whereas A∗ �B∗ = (|A| � |B|)(u∗ ⊗ v∗) with |A| � |B| supported by a
partial isometry u∗ ⊗ v∗ implies

(A∗ �B∗)∗ = (u⊗ v)(|A| � |B|)∗.
In this way, the problem is further reduced to showing (|A| � |B|)∗∗ =
(|A| � |B|)∗, i.e., the essential self-adjointness of |A| � |B|. To see this,
consider spectral decompositions

|A| =
∫
α e(dα), |B| =

∫
β f(dβ)

and let H∞, K∞ be spectrally bounded subspaces. Then vectors in
H∞�K∞ are entirely analytic with respect to |A|�|B|, whence |A|�|B|
is essentially self-adjoint by Nelson’s analytic vector theorem. �

Corollary H.3. For closed operators A, B with A = u|A|, B = v|B|
their polar decompositions, |A|⊗ |B| is positively self-adjoint and (u⊗
v)(|A| ⊗ |B|) gives the polar decomposition of A⊗B.

Proof. Since the partial isometry u⊗v clearly supports |A|⊗|B|, we just
need to chek the positivity of |A| ⊗ |B|. We first remark the positivity
of |A| � |B| in the sense that, for

∑
j ξj ⊗ ηj ∈ D(|A|) �D(|B|) with

ξj ∈ D(|A|) and ηj ∈ D(|B|),∑
j,k

(ξj ⊗ ηj||A|ξk ⊗ |B|ηk) =
∑
j,k

(ξj||A|ξk) (ηj||B|ηk) ≥ 0
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because (ξj||A|ξk) and (ηj||A|ηk) together with their complex conju-
gates are positive matrices and the last expression is the form of the
trace of the product of two positive matrices.

The positivity of |A|⊗|B| follows from this: Given ζ ∈ D(|A|⊗|B|),
we can find a sequence ζn ∈ D(|A| � |B|) so that ζn ⊕ (|A| � |B|)ζn →
ζ ⊕ (|A| ⊗ |B|)ζ, whence

(ζ|(|A| ⊗ |B|)ζ) = lim
n

(ζn|(|A| � |B|)ζn) ≥ 0.

�

Appendix I. Polarity in Banach Spaces

Let X, Y be complex vector spaces and suppose that they are cou-
pled by a non-degenerate bilinear form 〈x, y〉. If they are furnished
with weak topologies, then continuous linear functionals are given by
the coupling becuase the continuity of a linear functional f : X → C
relative to the seminorm |〈x, y1〉|+ · · ·+ |〈x, yn〉| implies that f passes
through the linear map X 3 x 7→ (〈x, y1〉, . . . , 〈x, yn〉) ∈ Cn. For a
subspece E of X or Y , let E⊥ be the polar of E with respect to the
coupling 〈 , 〉. Clearly E ⊂ F implies F⊥ ⊂ E⊥ and E ⊂ E⊥⊥, which
are combined to see that E⊥⊥⊥ = E⊥. E⊥⊥ is the weak closure of E by
Hahn-Banach theorem. There is a one-to-one correspondence between
weakly closed subspaces of X and weakly closed subspaces of Y by
taking polars.

Now let X be a Banach space and Y = X∗ the dual Banach space
of X.

Again, by Hahn-Banach theorem, norm closure and weak closure
coincide for convex subsets of X. The weak topology on X∗ via the
natural coupling 〈x, f〉 = f(x) (x ∈ X, f ∈ X∗) is referred to as
the weak* topology to avoid confusion with the weak topology of the
obvious coupling between X∗ and X∗∗.

Proposition I.1. Let F ⊂ X∗ be a subspace. Then the weak* closure
F⊥⊥ of F is naturally identified with the dual (X/F⊥)∗ of the quotient
Banach space X/F⊥ and we have

sup{|〈x, f〉|; f ∈ F⊥⊥, ‖f‖ ≤ 1} = inf{‖x+ e‖; e ∈ F⊥}.

Proof. For e ∈ F⊥ and f ∈ f⊥⊥ with ‖f‖ ≤ 1, we see

|〈x, f〉| = |〈x+ e, f〉| ≤ ‖x+ e‖

and then, by taking inf for e and sup for f ,

sup{|〈x, f〉|; f ∈ F⊥⊥, ‖f‖ ≤ 1} ≤ inf{‖x+ e‖; e ∈ F⊥}.
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By Hahn-Banach theorem, we can find ϕ : X/F⊥ → C such that
‖ϕ‖ = 1 and ϕ(x+F⊥) = ‖x+F⊥‖. Let f ∈ F⊥⊥ be the composition
f(x) = ϕ(x+ F⊥). Then ‖f‖ ≤ 1 and |〈x, f〉| = ‖x+ F⊥‖. �

Appendix J. Radon Measures

Riesz-Radon-Banach-Markov-Kakutani theorem.
Given a commutative C*-algebra A = C0(Ω) with Ω a locally com-

pact space, there is a one-to-one correspondence between elements of
A∗ and regular complex Borel measures on Ω by the relation

ϕ(a) =

∫
Ω

a(ω)µ(dω)

so that ‖ϕ‖ = |µ|(Ω). Under this correspondence, ϕ is positive if and
only if µ is positive.

The essence in this correspondence can be summarized as follows:

Theorem J.1. Let B(Ω) be the *-algebra of bounded Baire functions.
Then the natural embedding C0(Ω) → C0(Ω)∗∗ is extended to a *-
isomorphism of B(Ω) onto C0(Ω)∗∗ in such a way that, if a uniformly
bounded sequence fn ∈ B(Ω) converges to f ∈ B(Ω) point-wise, then
〈fn, ϕ〉 → 〈f, ϕ〉 for any ϕ ∈ C0(Ω)∗.

Now it is immediate to get the spectral decomposition theorem. Let
π : C0(Ω) → B(H) be a *-representation on a Hilbert space H. Since
π is extended to a normal *-homomorphism π∗∗ : B(Ω) = C0(Ω)∗∗ →
π(C0(Ω))′′, if we define a projection-valued Baire measure E by E(S) =
π∗∗(1S), then

π∗∗(f) =

∫
Ω

f(ω)E(dω) for f ∈ B(Ω).

Note that the class of Borel functions coincides with that of Baire
functions when Ω is second countable. To avoid measure-theoretical
complexities, we assume this condition from here on.

A group G is said to be locally compact if it is furnished with a locally
compact topology so that the group operations, G×G 3 (a, b) 7→ ab ∈
G and G 3 g 7→ g−1 ∈ G are continuous.

A positive Radon measure µ on a locally compact group G is called a
left (resp. right) Haar measure if it is invariant under the left (resp. right)
translations.

Theorem J.2. A left Haar measure exists and it is unique up to scalar
multiplications.
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Appendix K. Vector-valued Integration

Let X be a Banach space, µ be a finite (positive) measure on a
measure space Ω, and f be a uniformly bounded X-valued function on
Ω such that φ◦f is µ-integrable for every φ ∈ X∗. Then the integration∫

〈f(ω), φ〉µ(dω)

gives a linear functional
∫
f(ω)µ(dω) on X∗ with an obvious estimate∥∥∥∥∫ f(ω)µ(dω)

∥∥∥∥ ≤ µ(Ω)‖φ‖f(Ω) ≤ µ(Ω)‖φ‖C ,

where ‖φ‖S = sup{|〈x, φ〉|;x ∈ S} for a subset S of X and C denotes
the weak closure of the absolute convex hull of f(Ω). Thus, if C is
weakly compact,

∫
f dµ is weak*-continuous by Mackey-Arens theorem

and therefore realized by an element in X. This is especially the case
when µ is a Radon measure on a compact space Ω and f is weakly
continuous: The image f(Ω) is weakly compact and, by Krein-Smulian
theorem, the weak closure of its convex hull is also weakly compact.

Note that we need somewhat longer arguments for the whole path of
its proof. We shall here give a direct proof of

∫
fdµ ∈ X (in fact this is

a preliminary argument in the proof of Krein-Smulian theorem) under
the extra assumption of separability of X and uniform boundedness of
f(Ω): By uniform boundedness, we first know that there is an a ∈ X∗∗
satisfying

〈a, φ〉 =

∫
Ω

〈f(ω), φ〉µ(dω)

for φ ∈ X∗ and the problem is to show that a in fact belongs to
X ⊂ X∗∗.

If not, ‖a+X‖ > 0 and Hahn-Banach theorem enables us to find a
functional ϕ : X∗∗ → C of norm one satisfying ϕ(X) = 0 and ϕ(a) =
‖a+X‖.

Take a countable set {aj; j ≥ 1} which is norm-dense in X1 and
consider weak* neighborhoods of ϕ ∈ X∗∗∗ described by

|ϕ(a)− ϕ′(a)| ≤ 1

n
, |ϕ(aj)− ϕ′(aj)| ≤

1

n
(1 ≤ j ≤ n).

Since the unit ball X∗1 is weak*-dense in X∗∗∗1 (Goldstine’s theorem),
we can then find a sequence {ϕn} in X∗1 so that

|ϕ(a)− 〈ϕn, a〉| ≤
1

n
and |ϕ(aj)− 〈ϕn, aj〉| ≤

1

n
for 1 ≤ j ≤ n.
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From the former |〈ϕn, a〉| ≥ ‖a+X‖−1/n, whereas the latter inequali-
ties |〈ϕn, aj〉| ≤ 1/n (1 ≤ j ≤ n) mean that ϕn → 0 in X∗1 with respect
to the weak* topology.

Now, by dominated convergence theorem, lim
n→∞
〈ϕn, a〉 = 0, which

contradicts with |〈ϕn, a〉| ≥ ‖a+X‖ − 1/n > 0.

Theorem K.1 (Helly). Let X be a Banach space. Given a finite
φ1, · · · , φn ∈ X∗, x∗∗ ∈ X∗∗1 and r > 1, we can find x ∈ Xr so that
φj(x) = x∗∗(φj) for 1 ≤ j ≤ n. Here Xr = {x ∈ X; ‖x‖ ≤ r}.

Proof. We may assume that {φ1, · · · , φn} is linearly independent. Then
Φ : X 3 x 7→ (φ1(x), · · · , φn(x)) ∈ Cn is surjective and, given any x∗∗ ∈
X∗∗1 , there exists an a ∈ X such that Φ(a) = (x∗∗(φ1), · · · , x∗∗(φn)).
We need to show that (a+ ker Φ) ∩Xr 6= ∅ for every r ≥ 1.

If not, ‖a + ker Φ‖ ≥ r and, by Hahn-Banach, there is ϕ ∈ X∗1
satisfying ϕ(ker Φ) = 0 and |ϕ(a)| = ‖a+ker Φ‖. In view of (ker Φ)⊥ =
Cφ1 + · · · + Cφn, we have an expression ϕ = λ1φ1 + · · · + λnφn with
λj ∈ C and ϕ(a) =

∑
λjφj(a) =

∑
λjx

∗∗(φj) = x∗∗(ϕ). Now

r ≤ |ϕ(a)| = |x∗∗(ϕ)| ≤ ‖x∗∗‖ ‖ϕ‖ ≤ 1,

a contradiction. �

Corollary K.2 (Goldstine). X1 is weak*-dense in X∗∗1 .

Theorem K.3. Let a locally compact group G act on a Banach space
X by isometries and assume that G 3 g 7→ φ(gx) is continuous for
every x ∈ X and φ ∈ X∗. Then G 3 g 7→ gx ∈ X is norm-continuous.

Proof. Since the vector-valued function gx of g ∈ G is weakly con-

tinuous, the integration fx =

∫
G

f(g)gx dg ∈ X is well-defined for

f ∈ Cc(G) so that

φ

(∫
G

f(g)gx dg

)
=

∫
G

f(g)φ(gx) dg,

which gives an estimate∥∥∥∥∫
G

f(g)gx dg

∥∥∥∥ ≤ ‖x‖∫
G

|f(g)| dg = ‖x‖ ‖f‖1.

Note that f1(f2x) = (f1 ∗ f2)x for fj ∈ Cc(G).
Since g(fx) = (gf)x with (gf)(g′) = f(g−1g′), we see that

‖g(fx)− fx‖ ≤ ‖x‖‖gf − f‖1 → 0

as g → e; G 3 g 7→ g(fx) ∈ X is norm-continuous. Thus, if we set

Y = {y ∈ X; gy ∈ X is norm-continuous in g ∈ G},
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it includes Cc(G)X. We claim that Y is norm-dense in X. By Hahn-
Banach theorem, this is equivalent to the weak density of Y . So, let
φ ∈ X∗ vanish on Y and we shall check that φ = 0.

0 = φ(fx) =

∫
G

f(g)φ(gx) dg

for any f ∈ Cc(G) and, by choosing approximate delta functions as an
f , we have φ(x) = 0 for any x ∈ X. �
Remark 9.

(i) If δn ∈ Cc(G) is an approximate unit in the convolution algebra
L1(G), then ‖δnx− x‖ → 0 (n→∞) by a three-epsilon argument.

(ii) The dualized action of G on X∗ is not necessarily norm-continuous.

Appendix L. Sesquilinear Forms

A sesquilinear form θ on a complex vector space D is said to be
hermitian (resp. positive) if θ(x, x) ∈ R (resp. θ(x, x) ≥ 0) for x ∈ D.

By the polarization identity, a hermitian form satisfies θ(y, x) = θ(x.y).
A positive form θ defined on a dense linear subspace D of a Hilbert

space H is said to be closed if D is complete with respect to the inner
product (ξ|η)θ = (ξ|η) + θ(ξ, η).

Example L.1. Let Θ be a densely defined positive operator in H.
Then θ(ξ, η) = (ξ|Θη) is a positive form on D(Θ).

Example L.2. A positive form associated to a positive operator Θ is
closable in the following sense:

Let D be the completion of D(Θ) relative to the inner product ( | )θ.
Since the embedding D(Θ) ⊂ H is norm-decreasing, it gives rise to a
contractive linear map φ : D → H, which turns out to be injective:
Suppose that ξ ∈ D and φ(ξ) = 0. Then we can find a sequence
ξn ∈ D(Θ) such that ‖ξn − ξ‖θ → 0 and ‖ξn‖ → 0.

‖ξ‖2
θ = lim

m,n→∞
(ξm|ξn)θ = lim

n→∞
lim
m→∞

(
(ξm|ξn) + (ξm|Θξn)

)
= 0.

Clearly D(Θ) ⊂ φ(D) and (φ−1ξ|φ−1η)θ − (ξ|η) is a closed positive
form which extends θ.

Given a closed positive form θ on D ⊂ H, we want to get a positive
self-adjoint operator Θ such that θ(ξ, η) = (ξ|Θη). To see this, let
φ : D → H denote the embedding, which is norm-decreasing, i.e.,
‖φ(ξ)‖ ≤ ‖ξ‖θ for ξ ∈ D, and set R = φφ∗ : H → H, which is a
positive contraction and satisfies the relation

(ξ|Rη)θ = (ξ|φ∗η)θ = (ξ|η), ξ, η ∈ H.
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Since D is dense in H, φ∗ is injective and so is R. Thus R−1 with
D(R−1) = RH = φ∗H ⊂ D is a positive self-adjoint operator satisfying
R−1 ≥ 1. We notice here that φ∗H is dense in D. In fact, if η ∈ D is
orthogonal to φ∗H, 0 = (η|φ∗ξ)θ = (η|ξ) for any ξ ∈ H implies η = 0.

Let Θ = R−1 − 1 with D(H) = D(R−1) = φ∗H be a positive self-
adjoint operator. Then

(φ∗ξ|Θφ∗η) = (φφ∗ξ|R−1φφ∗η)− (φ∗ξ|φ∗η) = (φφ∗ξ|η)− (φ∗ξ|φ∗η)

= (φ∗ξ|φ∗η)θ − (φ∗ξ|φ∗η) = θ(φ∗ξ, φ∗η).

Finally observe that D = D(Θ1/2) in view of the density of D(Θ) in D
and θ coincides with the closure of the positive form (ξ|Θη) on D(Θ).

We shall review basics on the Pusz-Woronowicz theory of functional
calculus on sesquilinear forms. Let α, β be positive (sesquilinear) forms
on a complex vector space H. By a representation of the unordered
pair {α, β}, we shall mean a linear map i : H → K of H into a Hilbert
space K together with positive (self-adjoint) operators A, B in K such
that A commutes with B in the spectral sense, i(H) is a core for the
self-adjoint operator A+B and

α(x, y) = (i(x)|Ai(y)), β(x, y) = (i(x)|Bi(y))

for x, y ∈ H. Note that i(H) is included in the domains of A =
A

A+B+I
(A + B + I) and B = B

A+B+I
(A + B + I). When A and B are

bounded, we say that the representation is bounded. Note that, the
core condition is reduced to the density of i(H) in K for a bounded
representation.

If A and B are commuting self-adjoint operators with spectral mea-
sures eA(ds), eB(dt) respectively and f(s, t) be a complex-valued Borel
function on σ(A) × σ(B) ⊂ R2, then the normal operator f(A,B) is
defined by

f(A,B)ξ =

∫
σ(A)×σ(B)

f(s, t)eA(ds)eB(dt)ξ.

Lemma L.3. Any pair of positive forms α, β on H admits a bounded
representation.

Proof. Let K be the Hilbert space associated to the positive form α+β
and i : H → K be the natural map. By the Riesz lemma, we have
bounded operators A and B on K representing α and β respectively,
which commute becuase of A+B = 1K . �
Lemma L.4 (cf. Reed-Simon §VIII.6).
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(i) Let D be a core of a positive self-adjoint operator C on a
Hilbert space H. Then D is a core for C1/2. In particular, we
have the domain inclusion D(C) ⊂ D(C1/2).

(ii) Let A and B be commuting positive (self-adjoint) operators
on a Hilbert space H with A + B denoting the closure of
A|D(A)∩D(B) + B|D(A)∩D(B). Let D ⊂ H be a core for the posi-
tive operator A+B, then D is a core for A and B as well.

Proof. (i) By a spectral representation of C, we may assume that
H =

∫
t≥0

H(t)µ(dt) with C given by multiplication of t. Then any

vector in D(C1/2) is of the form
∫ ⊕
t≥0

f(t)µ(dt) with {f(t) ∈ H(t)}t≥0

a measurable field satisfying∫
t≥0

(f(t)|f(t))t µ(dt) < +∞,
∫
t>0

t(f(t)|f(t))t µ(dt) < +∞.

Assume that f ∈ H satisfy f(t) = 0 for t > M with M ≥ 1. Then
f ∈ D(C) and, by assumption, we can find a sequence {fn(t)}n≥1 in D
such that ‖fn − f‖ → 0 and ‖Cfn − Cf‖ → 0, i.e.,∫

t≤M
‖fn(t)− f(t)‖2

t µ(dt) +

∫
t>M

‖fn(t)‖2
t µ(dt)→ 0

and ∫
t≤M

t2‖fn(t)− f(t)‖2
t µ(dt) +

∫
t>M

t2‖fn(t)‖2
t µ(dt)→ 0,

which imply

‖C1/2fn − C1/2f‖2 =

∫
t≤M

t‖fn(t)− f(t)‖2
t µ(dt) +

∫
t>M

t‖fn(t)‖2
t µ(dt)

≤M

∫
t≤M
‖fn(t)− f(t)‖2

t µ(dt) +

∫
t>M

t2‖fn(t)‖2
t µ(dt)

→ 0

Thus spectrally truncated vectors for C1/2 are approximated by vec-
tors in D relative to the graph norm, which in turn constitute a core
for C1/2.

(ii) By the trivial inclusion A
A+B+I

(A + B + I) ⊂ A of unbounded
operators, D ⊂ D(A+B) ⊂ D(A). Let ξ ∈ D(A+B) = D(A+B+ I)
be a vector in the spectral subspace of condition A+B + I ≤M with
M a sufficiently large positive real number, then we can find a sequence
{ξn} in D such that ‖ξn−ξ‖ → 0 and ‖(A+B+I)ξn−(A+B+I)ξ‖ → 0.
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Then

‖Aξn−Aξ‖ =

∥∥∥∥ A

A+B + I
(A+B + I)ξn −

A

A+B + I
(A+B + I)ξ

∥∥∥∥→ 0

implies that the domain of the closure of A|D contains a dense set of
entirely analytic vectors of A, whence A|D is essentially self-adjoint. �

A complex-valued Borel function f on the closed first quadrant [0,∞)2

is called a form function if it is locally bounded and homogeneous of
degree one; f is bounded when restricted to a compact subset of [0,∞)2

and f(rs, rt) = rf(s, t) for r, s, t ≥ 0. Clearly f(0, 0) = 0 and there
is a one-to-one correspondence between form functions and bounded
Borel functions on the unit interval [0, 1] by the restriction f(t, 1 − t)
(0 ≤ t ≤ 1). Let F be the the vector space of form functions.

Theorem L.5. For f ∈ F, the sesquilinear form on H defined by

γ(x, y) = (i(x)|f(A,B)i(y)), x, y ∈ H

does not depend on the choice of representations of {α, β}, which will
be reasonably denoted by γ = f(α, β).

Proof. Let F0 be the set of functions f ∈ F satisfying the property in
the theorem. Clearly F0 is a linear subspace of F, closed under taking
pointwise limit in a locally uniformly bounded fashion and α, β ∈ F0.
By the lemma below, if f ≥ 0 and g ≥ 0 belong to F0, we have
fg/(f + g) ∈ F0. Thus, for µ > 0,

µst

s+ µt
,

((s+ µt)/2)2

s+ µt

are functions in F0 and, as a linear combination of these,

(s+ t)2

(1− λ)s+ t
=

s+ t

1− λs/(s+ t)

belongs to F0 for 0 < λ < 1. Thus, extracting asymptotics as λ→ +0,
sn+1

(s+t)n
∈ F0 (n = 0, 1, 2, . . . ) and then by Weierstrass approximation

theorem continuous functions in F are included in F0. Since F0 is
closed under taking locally bounded sequential limits, we conclude that
F0 = F. �

Lemma L.6. Let F0 be the set of functions f ∈ F satisfying the
property in the theorem and let f, g ∈ F0 take values in [0,∞). Then
fg
f+g

belongs to F0.
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Proof. Let (i,K,A,B) be a bounded representation. Then the har-

monic mean C = f(A,B)g(A,B)
f(A,B)+g(A,B)

of positive operators f(A,B) and g(A,B)

is characterized by

(ζ|Cζ) = inf{(ξ|f(A,B)ξ)+(η|g(A,B)η); ξ, η ∈ K, ξ+η = ζ}, ζ ∈ K.

Since i(H) is dense in K, this implies the assertion �

For z ∈ C in the strip region 0 ≤ Rez ≤ 1, αzβ1−z(x, y) is continuous
and holomorphic in 0 < Rez < 1 for any x, y ∈ H, which is referred
as a Uhlmann’s interpolation between α and β. The boundary part
α1−tβt (0 ≤ t ≤ 1), which is a continuous family of positive forms and
characterized by√

(α1−sβs)(α1−tβt) = α1−(s+t)/2β(s+t)/2

for 0 ≤ s, t ≤ 1.
Lemma L.7.

(i) If α ≤ α′ and β ≤ β′, then
√
αβ ≤

√
α′β′.

(ii) If α′, α′′, β′, β′′ are positive forms and 0 ≤ s ≤ 1,

s
√
α′β′ + (1− s)

√
α′′β′′ ≤

√
(sα′ + (1− s)α′′)(sβ′ + (1− s)β′′).

Theorem L.8 (Uhlmann). Uhlmann’s boundary interpolations satisfy
the following inequalities. Under the same situations as above, we have
α1−tβt ≤ (α′)1−t(β′)t and

s(α′)1−t(β′)t+(1−s)(α′′)1−t(β′′)t ≤ (sα′+(1−s)α′′)1−t(sβ′+(1−s)β′′)t

for 0 ≤ t ≤ 1.

Proof. Let I be the set of parameters 0 ≤ t ≤ 1 satisfying the inequal-
ities. Then 0, 1 ∈ I and t, t′ ∈ I implies (t + t′)/2 ∈ I. Since I is a
closed subset, this means I = [0, 1]. �

Definition L.9. Let α and β be positive forms on a vector space
H. A hermitian form γ on H is said to be dominated by {α, β} if
|γ(x, y)|2 ≤ α(x, x) β(y, y) for x, y ∈ H. Note that the order of α and
β is irrelevant in the domination.

Theorem L.10 (Pusz-Woronowicz). Let α, β be positive forms on a
complex vector space H. Then, for x ∈ H, we have the following
variational expression.√

αβ(x, x) = sup{γ(x, x); γ is a positive form dominated by {α, β}}.
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Proof. Let (i : H → K,A,B) be a representation of {α, β}. We first
prove the formula for bounded representations. Assume that a positive
form γ is dominated by {α, β}. Then the inequality

|γ(x, y)|2 ≤ α(x, x) β(y, y) ≤ ‖A‖ ‖B‖‖ i(x)‖2 ‖i(y)‖2

enables us to find a positive bounded operator C on K such that
γ(x, y) = (i(x)|Ci(y)). Since i(H) is dense in K, we have

|(ξ|Cη)| ≤ (ξ|Aξ) (η|Bη) ≤ (ξ|(A+ ε)ξ) (η|(B + ε)η)

for any ε > 0. Replacing ξ and η with (A + ε)−1/2ξ and (B + ε)−1/2η
respectively, we have ‖(A+ ε)−1/2C(B + ε)−1/2‖ ≤ 1 and hence

(A+ ε)−1/2C(B + ε)−1C(A+ ε)−1/2 ≤ 1K .

Multiplying the positive operator

(B + ε)−1/2(A+ ε)1/2 = (A+ ε)1/2(B + ε)−1/2

from the left and right sides, we get(
(B + ε)−1/2C(B + ε)−1/2

)2 ≤ (A+ ε)(B + ε)−1

and then by taking square roots (taking square roots is operator-
monotone)

(B + ε)−1/2C(B + ε)−1/2 ≤ (A+ ε)1/2(B + ε)−1/2

and therefore C ≤ (A+ ε)1/2(B + ε)1/2. Thus C ≤ A1/2B1/2.
Now let us deal with the case of unbounded A and B. Since i(H) is

assumed to be a core for A + B + I, it is a core for (A + B + I)1/2 as
well and, if we set j(x) = (A+B+I)1/2i(x), the linear map j : H → K
has a dense range. By the identity

(j(x)| A

A+B + I
j(x)) = (

A1/2

(A+B + I)1/2
j(x)| A1/2

(A+B + I)1/2
j(x))

= (A1/2i(x)|A1/2i(x)) = α(x, x)

and a similar expression for β(x, x), we obtain a bounded representation
(j, A

A+B+I
, B
A+B+I

) and then√
αβ(x, x) = (j(x)|

(
A

A+B + I

)1/2(
B

A+B + I

)1/2

j(x))

= (
A1/2

(A+B + I)1/2
j(x)| B1/2

(A+B + I)1/2
j(x))

= (A1/2i(x)|B1/2i(x)).

�
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Corollary L.11. Given positive forms α and β on H, we can find a
positive form

√
αβ, called the geometric mean of α and β, satisfying√

αβ(x, x) = sup{γ(x, x); γ is a positive form dominated by {α, β}}
for x ∈ H.

Remark 10. From the proof, we also have√
αβ(x, x) = sup{γ(x, x); γ is a hermitian form dominated by {α, β}}.

Appendix M. Transition Probabilities

Let ω be a positive functional of a C*-algebra A. According to [Pusz-
Woronowicz], we introduce two positive forms ωL and ωR on A defined
by

ωL(x, y) = ω(x∗y), ωR(x, y) = ω(yx∗), x, y ∈ A.

Lemma M.1. Let M be a W*-algebra and Let ϕ, ψ be positive normal
functionals of a W*-algebra M . Then√

ϕLψR(x, y) = 〈ϕ1/2x∗ψ1/2y〉 for x, y ∈M .

Proof. By the positivity 〈ϕ1/2x∗ψ1/2x〉 = (xϕ1/2x∗|ψ1/2) ≥ 0 and the
Schwarz inequality |〈ϕ1/2x∗ψ1/2y〉|2 ≤ ϕ(x∗x)ψ(yy∗), the positive form
(x, y) 7→ 〈ϕ1/2x∗ψ1/2y〉 is dominated by {ϕL, ψR}.

Assume for the moment that ϕ and ψ are faithful and consider the
embedding i : M 3 x 7→ xϕ1/2 ∈ L2(M). Then ϕL is represented by
the identity operator, whereas

ψ(xx∗) = ‖ψ1/2x‖2 = ‖ψ1/2(xϕ1/2)ϕ−1/2‖2

shows that ψR is represented by the relative modular operator ∆ (∆(ξ) =
ψξϕ−1). Note here that Mϕ1/2 is a core for ∆1/2. Thus√
ϕLψR(x, y) = (xϕ1/2|∆1/2(yϕ1/2)) = (xϕ1/2|ψ1/2y) = 〈ϕ1/2x∗ψ1/2y〉.
Now we relax ϕ and ψ to have no-trivial supports. Let e be the

support projection of ϕ + ψ. Then it is the supprot for ϕn = ϕ + 1
n
ψ

and ψn = 1
n
ϕ+ ψ as well. In particular, ϕn and ψn are faithful on the

reduced algebra eMe.
Let γ be a positive form on M dominated by {(ϕn)L, (ψn)R}. Then

ϕn(1− e) = 0 = ψn(1− e) shows that

|γ(x(1−e), (1−e)y)|2 ≤ ϕn((1−e)x∗x(1−e))ψn((1−e)yy∗(1−e)) = 0,

i.e., γ(x, y) = γ(xe, ey) for x, y ∈M , whence we have

γ(x, y) = γ(xe, ey) = γ(ey, xe) = γ(eye, exe) = γ(exe, eye).



140 YAMAGAMI SHIGERU

Since the restriction γ|eMe is dominated by (ϕn|eMe)L and (ψn|eMe)R
with ϕn and ψn faithful on eMe, we have

γ(x, x) = γ(exe, exe) ≤ 〈ϕ1/2
n ex∗eψ1/2

n exe〉 = 〈ϕ1/2
n x∗ψ1/2

n x〉.
Taking the limit n→∞, we obtain γ(x, x) ≤ 〈ϕ1/2x∗ψ1/2x〉 in view of
the Powers-Størmer inequality. �
Remark 11.

(i) The case ϕ = ψ is implicitly considered in [PW].
(ii) In the notation of [U,relative entropy], we have

QFt(ϕL, ψR)(x, y) = 〈ϕ1−tx∗ψty〉
for 0 ≤ t ≤ 1 and x, y ∈M .

Given a positive functional ϕ of a C*-algebra A, let ϕ̃ be the associ-
ated normal functional on the W*-envelope A∗∗ through the canonical
duality pairing.

Lemma M.2. Let ϕ and ψ be positive functionals on a C*-algebra A

with ϕ̃ and ψ̃ the corresponding normal functionals on A∗∗. Then√
ϕLψR(x, y) = 〈ϕ̃1/2x∗ψ̃1/2y〉 for x, y ∈ A ⊂ A∗∗.

Proof. The positive form A × A 3 (x, y) 7→ 〈ϕ̃1/2x∗ψ̃1/2y〉 (recall that

x∗ψ̃1/2x is in the positive cone to see the positivity) is dominated by

ϕ̃L and ψ̃R because of

|〈ϕ̃1/2x∗ψ̃1/2y〉|2 ≤ ϕ̃(x∗x)ψ̃(yy∗) = ϕ(x∗x)ψ(yy∗).

Consequently,

〈ϕ̃1/2x∗ψ̃1/2x〉 ≤
√
ϕLψR(x, x) for x ∈ A.

To get the reverse inequality, let γ be a positive form on A × A
dominated by ϕL and ψR. Then we have the domination inequality

|γ(x, y)|2 ≤ ϕ(x∗x)ψ(yy∗) = ‖xϕ̃1/2‖2 ‖ψ̃1/2y‖2.

Since A is dense in A∗∗ relative to the σ∗-topology, we see that γ is
extended to a positive form γ̃ on A∗∗ × A∗∗ so that

|γ̃(x, y)|2 ≤ ‖xϕ̃1/2‖2 ‖ψ̃1/2y‖2 for x, y ∈ A∗∗,
whence

γ(x, x) = γ̃(x, x) ≤
√
ϕ̃Lψ̃R(x, x) = 〈ϕ̃1/2x∗ψ̃1/2x〉 for x ∈ A.

Maximization on γ then yields the inequality√
ϕLψR(x, x) ≤ 〈ϕ̃1/2x∗ψ̃1/2x〉 for x ∈ A

and we are done. �
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Corollary M.3. Given a normal state ϕ of a W*-algebra M , let ϕ̃ be
the associated normal state of the second dual W*-algebra M∗∗. Then

L2(M) 3 ϕ1/2 7→ ϕ̃1/2 ∈ L2(M∗∗)

defines an isometry of M -M bimodules.

Proof. Combining two lemmas just proved, we have

〈ϕ1/2x∗ψ1/2y〉 =
√
ϕLψR(x, y) = 〈ϕ̃1/2x∗ψ̃1/2y〉

for x, y ∈M . �

In what follows, ϕ1/2 is identified with ϕ̃1/2 via the above isometry:
Given a positive normal functional ϕ of a W*-algebra M , ϕ1/2 is used
to stand for a vector commonly contained in the increasing sequence
of Hilbert spaces

L2(M) ⊂ L2(M∗∗) ⊂ L2(M∗∗∗∗) ⊂ . . . .

In accordance with this convention, the formula in the previous
lemma then takes the form

(xϕ1/2|ψ1/2y) =
√
ϕLψR(x, y) for x, y ∈ A.

Here the left hand side is the inner product in L2(A∗∗), whereas the
right hand side is the geometric mean of positive forms on the C*-
algebra A. Note that, the formula is compatible with the invariance of
geometric means:√

ϕLψR(x, y) =
√
ψLϕR(y∗, x∗) =

√
ϕRψL(y∗, x∗).

Remark 12. A W*-algebra M satisfies M∗ = M∗ if and only if dimM <
+∞. In fact, if dimM = ∞, we can find a sequence of non-zero
projections {pn}n≥1 in M such that

∑
n pn = 1. In other words, M

contains `∞(N) as a W*-subalgebra. Let f be a singular state of `∞(N)
and extend it to a state ϕ of M . If M∗ = M∗ in addition, ϕ is normal,
which contradicts with

1 = ϕ(1M) =
∑
n

ϕ(pn) =
∑
n

f(pn) = 0.

Remark 13.

(i) When ϕ and ψ are vector states of a full operator algebra
L(H) associated to normalized vectors ξ, η in H, our transition
amplitude (ϕ1/2|ψ1/2) is reduced to the transition probability
|(ξ|η)|2.
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(ii) Let P (ϕ, ψ) be the transition probability between states in the
sense of Kakutani-Bures-Uhlmann. Then we have P (ϕ, ψ) =
〈|ϕ1/2ψ1/2|〉2 (cf. [Ragio]) and

(ϕ1/2|ψ1/2)2 ≤ P (ϕ, ψ) ≤ (ϕ1/2|ψ1/2)

for states ϕ and ψ on a C*-algebra.

In the text, the transition probability described above is utilized to
analyse the universal representations of C*-algebras. We shall here
show that the main construction remains valid under some positivity
assumption on geometric means of positive forms.

Given a finite family {ωj}1≤j≤n of positive functionals of a *-algebra
A, let ω be a positive functional of Mn(A) defined by

X = (xjk) 7→ ω(X) =
n∑
j=1

ωj(xjj).

Lemma M.4. Let Ejk ∈Mn(C) be the matrix unit.

(i) The decomposition Mn(A) =
∑

j,kAEjk is orthogonal with
respect to the positive form

√
ωLωR.

(ii) For x, y ∈ A,
√
ωLωR(xEjk, yEjk) =

√
(ωk)L(ωj)R(x, y).

Proof. (i) is a consequence of the fact that
∑

AEjk is orthogonal rela-
tive to both of ωL and ωR.

(ii) If a hermitian form Γ on Mn(A) is dominated by {ωL, ωR}, then

|Γ(xRjk, yEjk)|2 ≤ ω(Rkjx
∗yEjk)ω(yEjkEkjx

∗) = ωk(x
∗y)ωj(yx

∗)

shows that the hermitian form γ(x, y) = Γ(xRjk, yEjk) on A is domi-
nated by {(ωk)L, (ωj)R}, whence

√
ωLωR(xEjk, xEjk) = sup Γ(xEjk, xEjk) ≤

√
(ωk)L(ωj)R(x, x)

for x ∈ A.
Conversely, given a hermitian form γ dominated by {(ωk)L, (ωj)R},

the hermitian form Γ(X, Y ) = γ(xjk, yjk) on Mn(A) is dominated by
{ωL, ωR}:

|Γ(X, Y )|2 ≤ ωk(x
∗
jkxjk)ωj(yjky

∗
jk) ≤ ω(X∗X)ω(Y Y ∗).

Thus, √
(ωk)L(ωj)R(x, x) = sup γ(x, x) ≤

√
ωLωR(xEjk, xEjk).

�
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Definition M.5. A set P of positive functional on a *-algebra A is
said to be positive if ω is a positive functional on Mn(A) associated
to a finite family {ωj} in P, then

√
ωLωR(XX∗, Y Y ∗) ≥ 0

for any X, Y ∈Mn(A).

Example M.6. The set of positive functionals on a C*-algebra is pos-
itive.

The positivity of√
ϕLϕR(a∗a, bb∗)

is highly non-
trivial. Any counter
example?

We now imitate the construction of standard Hilber spaces. Let P

be a positive set of positive functionals. On the free algebraic sum∑
ϕ∈P

A⊗ ϕ1/2 ⊗A,

introduce a sesquilinear for by(∑
j

xj ⊗ ω1/2
j ⊗ yj

∣∣∣∣∣∑
k

x′k ⊗ ω
1/2
k ⊗ y

′
k

)

=
∑
j,k

√
(ωj)L(ωk)R((x′k)

∗xj, y
′
ky
∗
j ),

which is positive because∑
j,k

√
(ωj)L(ωk)R(x∗kxj, yky

∗
j ) =

∑
j,k

√
ωLωR(x∗kxjEkj, yky

∗
jEkj)

=
√
ωLωR(X∗X, Y Y ∗) ≥ 0,

where

X =


x1 · · · xn
0 · · · 0
...

. . .
...

0 · · · 0

 , Y =

y1 0 . . . 0
...

...
. . .

...
yn 0 . . . 0

 .

The quotient inner product space is denoted by L2(A,P) with the

quotient vector of
∑

j xj ⊗ ω
1/2
j ⊗ yj with respect to this positive form

denoted by ∑
j

xjω
1/2
j yj.
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From

‖
∑
j

y∗jω
1/2
j x∗j‖2 =

∑
j,k

√
(ωj)L(ωk)R(yky

∗
j , x

∗
kxj)

=
∑
j,k

√
(ωj)L(ωk)R(yky∗j , x

∗
kxj)

=
∑
j,k

√
(ωj)L(ωk)R(x∗kxj, yky

∗
j )

= ‖
∑
j

xjω
1/2
j yj‖2,

the conjugation is well-defined by(∑
j

xjω
1/2
j yj

)∗
=
∑
j

y∗jω
1/2
j x∗j .

From the formula in the definition of pre-iiner product, we have(∑
j

(axj)⊗ ω1/2
j ⊗ yj

∣∣∣∣∣∑
k

x′k ⊗ ω
1/2
k ⊗ y

′
k

)

=

(∑
j

xj ⊗ ω1/2
j ⊗ yj

∣∣∣∣∣∑
k

(a∗x′k)⊗ ω
1/2
k ⊗ y

′
k

)
for a ∈ A, whence the left multiplication of a ∈ A on the quotient inner
product space is well-defined. Similarly for the right multiplication.

In this way, we have constructed a *-bimodule L2(A,P) of A.
A linear map Φ : A → B between C*-algebras is said to be a

Schwartz map if it satisfies the operator inequality Φ(a)∗Φ(a) ≤ Φ(a∗a)
for a ∈ A.

Theorem M.7 (Uhlmann, relative entropy, Proposition 17). Let Φ :
A → B be a unital Schwarz map between unital C*-algebras. Then,
for ϕ, ψ ∈ B∗+,

(ϕ1/2|ψ1/2) ≤ ((ϕ ◦ Φ)1/2|(ψ ◦ Φ)1/2).

Proof. Let γ : B × B → C be a positive form dominated by {ϕL, ψR}.
Then

|γ(Φ(x),Φ(y))|2 ≤ ϕ(Φ(x)∗Φ(x))ψ(Φ(y)Φ(y)∗) ≤ ϕ(Φ(x∗x))ψ(Φ(yy∗))

shows that the positive form A× A 3 (x, y) 7→ γ(Φ(x),Φ(y)) is domi-
nated by {(ϕ ◦ Φ)L, (ψ ◦ Φ)R}. Thus

γ(1, 1) = γ(Φ(1),Φ(1)) ≤
√

(ϕ ◦ Φ)L(ψ ◦ Φ)R(1, 1) = ((ϕ◦Φ)1/2|(ψ◦Φ)1/2).



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 145

Maximizing γ(1, 1) with respect to γ, we obtain the inequality. �

Example M.8. Consider an inclusion of matrix algebras π : Mn(C) 3
x 7→ x⊗ 1 ∈ Mn(C)⊗M2(C). By the isomorphism Mn(C)⊗M2(C) ∼=
M2n(C), π takes the form

π(x) =

(
x 0
0 x

)
.

Let aj, bj (j = 1, 2) be hermitian matrices in Mn(C) and set

a =

(
a1 a2

a2 a1

)
, b =

(
b1 b2

b2 b1

)
.

Consider positive linear functionals onM2n(C) defined by ϕ(y) = trace(a2y)
and ψ(y) = trace(b2y) for y ∈M2n(C). Then we see

(ϕ ◦ π)(x) = 2trace((a2
1 + a2

2)x), (ψ ◦ π)(x) = 2trace((b2
1 + b2

2)x)

for x ∈ Mn(C) and the inequality (ϕ1/2|ψ1/2) ≤ ((ϕ ◦ π)1/2|(ψ ◦ π)1/2)
takes the form

trace(|a| |b|) ≤ trace((a2
1 + a2

2)1/2(b2
1 + b2

2)1/2).

In view of the Jordan decompositions a = a+ − a−, b = b+ − b− with
|a| = a+ + a−, |b| = b+ + b−, we see trace(ab) ≤ trace(|a| |b|), which is
combined with above inequality to get trace(a1b1 + a2b2) ≤ trace((a2

1 +
a2

2)1/2(b2
1 + b2

2)1/2).
Now, by an obvious induction on m, we conclude the following:

Given hermitian matrices a1, . . . , am and b1, . . . , bm in Mn(C), we have
the inequality

trace(a1b1 + · · ·+ ambm) ≤ trace((a2
1 + · · ·+ a2

m)1/2(b2
1 + · · ·+ b2

m)1/2).

Theorem M.9. Let ϕ and ψ be positive functional on a C*-algebra
A with unit 1A. Let {An}n∈N be an increasing net of C*-subalgebras
of A containing 1A in common and assume that, given any a ∈ A, we
can find a net {an ∈ An}n∈N in A satisfying

lim
n→∞

anϕ
1/2 = aϕ1/2, lim

n→∞
ψ1/2an = ψ1/2a

in the norm topology of L2(A). Set ϕn = ϕ|An , ψn = ψ|An ∈ A∗n. Then

the net {(ϕ1/2
n |ψ1/2

n )}n∈N is decreasing and converges to (ϕ1/2|ψ1/2).

Proof. The net {(ϕ1/2
n |ψ1/2

n )} is decreasing with (ϕ1/2|ψ1/2) a lower
bound by the coarse-graining inequality.

Let en and fn be projections in B(L2(A)) defined by

enL
2(A) = Anϕ1/2, fnL

2(A) = ψ1/2An.
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By the variational expression of geometric mean, we can find positive
forms γn : An × An → C for n ∈ N so that each γn is dominated by
{(ϕn)L, (ψn)R} and satisfies

γn(1, 1) ≥ (ϕ1/2
n |ψ1/2

n )− εn,

where {εn} is a net of positive reals converging to 0. From the domina-

tion inequality of γn, we can find a linear map C ′n : ψ1/2An → Anϕ1/2

satisfying

γn(x, y) = (xϕ1/2|C ′n(ψ1/2y)) for x, y ∈ An

and ‖C ′n‖ ≤ 1. Let Cn = enC
′
nfn : ψ1/2A → Aϕ1/2. Since ‖Cn‖ ≤ 1,

we may assume that Cn → C in weak operator topology by passing to
a subnet if necessary. Now set

γ(x, y) = (xϕ1/2|C(ψ1/2y)),

which is a sesquilinear form on A satisfying |γ(x, y)| ≤ ‖xϕ1/2‖ ‖ψ1/2y‖.
Moreover, if x ∈ Am for some m ∈ N,

γ(x, x) = lim
n→∞

(xϕ1/2|Cn(ψ1/2x)) = lim
n→∞

γn(x, x) ≥ 0,

which shows that γ is positive on
⋃
m∈N

Am and then on A by the approx-

imation assumption. Thus, γ is a positive form dominated by {ϕL, ψR}
and the variational estimate is used again to get

(ϕ1/2|ψ1/2) ≥ γ(1, 1) = lim
n→∞

(ϕ1/2|Cnψ1/2) = lim
n→∞

γn(1, 1)

≥ lim
n→∞

(
(ϕ1/2

n |ψ1/2
n )− εn

)
= lim

n→∞
(ϕ1/2

n |ψ1/2
n ).

�

Appendix N. Random Operators

Random linear operators / A.V. Skorohod
A random operator is a family of operators parametrized by elements

in a Borel space in such a way that its dependence is considered to be
measurable in some sense.

When a measure is not specified, the measurability means that for
Borel structures.
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N.1. Polar Decomposition. Let {Hω} be a measurable field of sep-
arable Hilbert spaces and {Tω : Dω → Hω} be a family of densely
defined closed operators which is measurable in the sense that we can
find a sequence of measurable sections {ξn}n≥1 so that

∑
n≥1 Cξn(ω) is

a core for Tω at almost every ω ∈ Ω and sections {Tωξn(ω)}ω∈Ω (n ≥ 1)
are measurable. Let

Hω ⊕Hω = {ξ ⊕ Tωξ; ξ ∈ D(Tω)}+ {T ∗ωη ⊕−η; η ∈ D(T ∗ω)}

be an orthogonal decomposition associated with the graphs of Tω and
T ∗ω . Let Eω ∈ B(Hω ⊕ Hω) be the projection to the graph of Tω.
By the measurability assumption on {Tω}, {Eω} is a measurable field
of projections and hence so is {1Hω − Eω}. Thus {T ∗ω} is measurable
because the second component of {(1 − EΩ)(ζj(ω) ⊕ ζk(ω)); j, k ≥ 1}
is a core for T ∗ω , where {ζn}n≥1 is any sequence of measurable sections
such that {ζn(ω);n ≥ 1} is dense in Hω at almost every ω ∈ Ω.

Ginve a measurable section ζ(ω) of {Hω}, the orthogonal decompo-
sition

ζ(ω)⊕ 0 = (ξ(ω)⊕ Tωξ(ω)) + (T ∗ωη(ω)⊕−η(ω))

with ξ(ω) and {η(ω)} measurable sections of {Hω} and belonging to
D(Tω) and D(T ∗ω) respectively. The relation ξ(ω) = (1 + T ∗ωTω)−1ζ(ω)
reveals that {(1 + T ∗ωTω)−1} and then

T ∗ωTω
1 + T ∗ωTω

= 1− 1

1 + T ∗ωTω

are measurable. Since the square roots of a bounded positive operator
is realized as a uniform limit of polynomials,√

T ∗ωTω
1 + T ∗ωTω

is measurable as well. Now replace Tω with tTΩ (t > 0) and then divide
the result by t to get a measurable family of positive operators√

T ∗ωTω
1 + t2T ∗ωTω

.

Thanks to the spectral calculus, we then see that

|Tω|ξn(ω) = lim
t→+0

√
T ∗ωTω

1 + t2T ∗ωTω
ξn(ω)

is a measurable section for n ≥ 1. Since the partial isometry part Vω in
the polar decomposition of Tω, is given by |Tω|ξ 7→ Tωξ (ξ ∈ D(Tω) =
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D(|Tω|)), {Vω} maps measurable sections |Tω|ξn(ω) into measurable
sections Tωξn(ω) for n ≥ 1. Thus {Vω} is measurable.

Now let T be a densely defined operator in H =
∫ ⊕

Ω
Hω µ(dω) defined

by

Tξ =

∫ ⊕
Ω

Tωξ(ω)µ(dω)

for ξ =
∫ ⊕

Ω
ξ(ω)µ(dω) satisfying∫

Ω

‖Tωξ(ω)‖2 µ(dω) <∞.

Since the graph of T is equal to E(H⊕H) with the projectio E defined
by

E =

∫ ⊕
Ω

Eω µ(dω)

T is a closed operator. Furthermore,

|T | =
∫ ⊕

Ω

|Tω|µ(dω)

and

V =

∫ ⊕
Ω

Vω µ(dω)

is the partial isometry part in the polar decompositive of T .

N.2. Sesquilinear Forms. Let Ω be a Borel space with B(Ω) denot-
ing the complex vector space of Borel functions on Ω. Let {Hω}ω∈Ω

be a family of complex vector spaces parametrized by elements in Ω
and let H be a vector space consisting of sections of {Hω} fulfilling the
conditions:

(i) ξ = {ξ(ω)} ∈ H and f ∈ B(Ω) imply fξ = {f(ω)ξ(ω)} ∈ H.
(ii) H is closed under taking point-wise sequential limits.

A family {αω} of sesquilinear forms is said to be measurable if α(ξ, η) =
{αω(ξ(ω), η(ω))} ∈ B(Ω) for any ξ, η ∈ H.

Let φω(s, t) be a family of form functions which is measurable as
a function of (ω, s, t) ∈ Ω × [0,∞)2. Then, for mearurable families
{αω}, {βω} of positive sesquilinear forms, the family {φω(αω, βω)} of
sesquilinear forms is measurable.

To this this, let Hω be the Hilbert space associated to the positive
sesquilinear form αω+βω on Hω and furnish {Hω} with the measurable
field structure induced from H. Then the operator representation aω,
bω of αω, βω gives measurable families {aω}, {bω}.

Let Φ be the set of measurable functions φ on Ω × [0, 1] such that
rω = sup{|φ(ω, s)|; 0 ≤ s ≤ 1} < ∞ for each ω ∈ Ω and Φ0 be the
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subset consisting of functions φ for which {φ(ω, aω)} is a measurable
family of operators on Hω. Note that

φω(αω, βω)(ξ(ω), η(ω)) = (i(ξ(ω))|φ(ω, aω)i(η(ω))),

where φ(ω, s) = φω(s, 1 − s), and the measurability of {φω(αω, βω)}
follows from that of the operator family {φ(ω, aω)}.

Clearly Bb(Ω × [0, 1]) ⊂ Φ 15 and each φ is pointwise limit of the
sequence φn ∈ Bb(Ω× [0, 1]) defined by

φn(ω, s) =

{
φ(ω, s) if rω ≤ n,

0 otherwise.

Thus, to see Φ = Φ0, it suffices to check Bb(Ω×[0, 1]) ⊂ Φ0. In fact, Φ0

contains Bb(Ω) ⊗ C[s] and is closed under taking uniformly bounded
pointwise sequential limits. Thus it contains Bb(Ω) ⊗ C[0, 1] by the
Weierstrass approximation theorem and then the whole Bb(Ω× [0, 1])
and we are done.

N.3. Normal Homomorphisms. Let {φω : Mω → Nω} be a family
of normal *-homomorphisms and suppose that it is measurable: Given
an adapted operator family {a(ω) ∈ Mω}, the family {φω(a(ω))} is
adapted to {Nω}. Then we can find a measurable family {eω ∈ B(Hω⊗
`2)} of projections belongin to the commutant of Mω on Hω ⊗ `2 and
a measurable family of isometries {U∗ω : Kω → eω(Hω ⊗ `2)} such that

φω(a) = Uω(a⊗ 1)U∗ω for ω ∈ Ω and a ∈Mω.

Appendix O. Periodic Entirely Holomorphic Functions

Let f(z) be an entirely holomorphic function satisfying f(z + 2π) =
f(z). Apply the Cauchy theorem to a function f(z)e−inz (n ∈ Z) and
a rectangle z = x+ iy (0 ≤ x ≤ 2π, 0 ≤ y/b ≤ 1) with 0 6= b ∈ R to get

2πfn ≡
∫ 2π

0

f(x)e−inx dx =

∫ 2π

0

f(x+ ib)e−in(x+ib) dx.

For n 6= 0 and y satisfying ny ≤ 0, we then have an estimate

2π|fn| ≤ eny
∫ 2π

0

|f(x+ iy)| dx ≤ e−|y|
∫ 2π

0

|f(x+ iy)| dx.

Consequently, the asymptotic condition

lim
y→±∞

e−|y|
∫ 2π

0

|f(x+ iy)| dx = 0

implies fn = 0 for n 6= 0, i.e., f(z) is a constant function.

15Bb indicates the bounded Borel functions.
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The above equality also shows that the Fourier coefficients of the
function f(x+ ib) are of the form

1

2π

∫ 2π

0

f(x+ ib)e−inx dx = fne
−nb

and

f(z) =
∑
n∈Z

fne
inz.

In view of |fne−nb| → 0 as |n| → ∞, |fn| = O(e−r|n|) for any r > 0 and
the summation is absolutely convergent for any z.

Appendix P. Hilbert Algebras

Dixmier, Von Neumann Algebras, North-Holland, 1981.
A *-algebra H is called a Hilbert algebra if it is furnished with

an inner product ( | ) such that (x|y) = (y∗|x∗) for x, y ∈ H and
the left multiplication gives a bounded non-degenerate *-representation
of H; (ax|y) = (x|a∗y) for a, x, y ∈ H and H2 is dense in H. The
right multiplication is then bounded as well due to (xa)∗ = a∗x∗ and
compatible with the *-operation in view of

(xa|y) = (y∗|a∗x∗) = (ay∗|x∗) = (x|ya∗).

Example P.1. A typical example of Hilbert algebra is the algebra of
Hilbert-Schmidt operators on a Hilbert space H with the inner product
(x|y) = trace(x∗y). Another example is provided by a W*-algebra M
with a faithful τ ∈M+

∗ satisfying τ(xy) = τ(yx) for x, y ∈M : H = M
with the inner product given by (x|y) = τ(x∗y). The general Hilbert
algebra then turns out to be a kind of mixture of these.

Let H be the Hilbert space completion of H, which is *-bimodule of
H in an obvious manner. An element ξ ∈ H is sadi to be left-bounded
(resp. right-bounded) if H 3 x 7→ ξx (resp. x 7→ xξ) is bounded.
Denote the associated bounded operators on H by l(ξ) and r(ξ) re-
spectively. Clearly l(ξ) ∈ End(HH) and r(ξ) ∈ End(HH). Elements
in H are left and right bounded with l and r given by left and right
multiplications.

If ξ is left-bounded,

(ξ∗x|y) = (ξ∗|yx∗) = (xy∗|ξ) = (x|ξy) = (l(ξ)∗x|y)

for x, y ∈ H shows that ξ∗ is left-bounded and l(ξ∗) = l(ξ)∗, whereas

(xξ∗|y) = (ξ∗|x∗y) = (y∗x|ξ) = (y∗|ξx∗) = (y∗|l(ξ)x∗)
for x, y ∈ H shows that ξ∗ is right-bounded and r(ξ∗) = ∗l(ξ)∗.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 151

Consequently, left and right boundedness on elements in H are equiv-
alent; we simply refer to them as being bounded. Let B ⊃ H be the
set of bounded vectors in H. It is immediate to see that HBH ⊂ B
and

l(aξb) = l(aξb) = l(a)l(ξ)l(b), r(aξb) = r(b)r(ξ)r(a)

for a, b ∈ H and ξ ∈ B.
Lemma P.2.

(i) For ξ, η ∈ B, l(ξ) and r(η) commute.
(ii) If L ∈ r(H)′ and x, y ∈ H, then xL(y) ∈ B with (x(Ly))∗ =

y∗L∗(x∗) and l(xL(y)) = l(x)Ll(y).

Proof. (i) Let ξ and η be bounded. Then, for x, y ∈ H,

(l(ξ)r(η)x|y) = (xη|ξ∗y) = (y∗ξ|η∗x∗) = (ηy∗|x∗ξ∗) = (ξx|yη∗) = (r(η)l(ξ)x|y)

shows l(ξ)r(η) = r(η)l(ξ).
(ii) Since L and L∗ leave the set of left-bounded elements invariant

globally so that l(Lξ) = Ll(ξ) and l(L∗ξ) = L∗l(ξ) for a left-bounded
ξ ∈ H, xL(y) belongs to B and the remaining follows from

l(x)Ll(y) = l(x(Ly)), (l(x)Ll(y))∗ = l(y∗)l(L∗x∗) = l(y∗(L∗x∗)).

�

Corollary P.3. We have l(H)′ = r(H)′′ and l(H)′′ = r(H)′.

Proof. Since l(H) ⊂ l(B) ⊂ r(B)′ ⊂ r(H)′ by (i), it suffices to show
that l(H)′′ ⊃ r(B)′ and r(H)′ ⊂ l(B)′′. By the symmetry of left and
right, we shall only check the latter.

Let L ∈ r(H)′ and R ∈ l(B)′. We need to show that LR = RL. In
view of xL(y) ∈ B and l(xL(y)) = l(x)Ll(y) for x, y ∈ H, we have

l(x)Ll(y)R = l(xL(y))R = Rl(xL(y)) = Rl(x)Ll(y).

Since the representation is non-degenerate, the identity is approxi-
mated by elements in l(H) and we are done. �

For ξ, η ∈ B, we claim l(ξ)η = ξr(η). In fact, taking an approximat-
ing sequence yn ∈ H of η ∈ H, we have for any a ∈ H
(l(ξ)η|a) = lim(ξyn|a) = lim(ξ|ay∗n) = (ξ|aη∗) = (ξ|r(η∗)a) = (r(η)ξ|a).

We denote this common element by ξη, which belongs to B in view of
l(ξ) ∈ r(H)′ and ξη = l(ξ)η. Clearly this extends the multiplication in
H and makes B into a *-algebra in view of

(ξη)∗ = (l(ξ)η)∗ = r(ξ∗)η∗ = η∗ξ∗,

(ξη)ζ = r(ζ)l(ξ)η = l(ξ)r(ζ)η = ξ(ηζ).
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If we denote the von Neumann algebra l(H)′′ = r(H)′ by N and
extend the *-bimodule structure in H up to N by ξa = (a∗ξ∗)∗ (a ∈
N , ξ ∈ H), B is invariant under the biaction of N so that l(aξb) =
l(a)l(ξ)l(b) and r(aξb) = r(b)r(ξ)r(a) for a, b ∈ N and ξ ∈ B.

Lemma P.4 (Partition of Unity). Let M be a W*-algebra.

(i) If a, b ∈ M satisfy b∗b ≤ a∗a, then there exists unique c ∈ M
satisfying b = ca and c[a∗] = c, so that ‖c‖ ≤ 1.

(ii) Let {aj}j∈I be a family of elements in a W*-algebra M such
that

∑
j a
∗
jaj is weak*-convergent inM and set a = (

∑
j a
∗
jaj)

1/2.

If cj ∈ M is defined by aj = cja and [cn] ≤ [a], then∑
j∈I c

∗
jcj = [a] and a =

∑
j∈I c

∗
jaj.

Proof. (i) follows from ‖bξ‖2 ≤ ‖aξ‖2 for ξ ∈ L2(M) and (ii) from∑
j ac

∗
jcja = a2 = a[a]a by noticing that c∗jcj’s are supported by [a]. �

Corollary P.5.

(i) If b∗b ≤
∑n

j=1 a
∗
jaj with b ∈ N and aj ∈ l(B), then b ∈ l(B).

(ii) For a positive a ∈ N+, a ∈ l(B2) if and only if a1/2 ∈ l(B).

Proof. (i) From Lemma (ii), a =
∑n

j=1 cjaj ∈ Nl(B) = l(NB) = l(B)

and then b = ca ∈ Nl(B) = l(B) by Lemma (i).
(ii) If a =

∑
x∗jyj ∈ l(B2) with xj, yj ∈ l(B)

a =
∑
j

1

2
(x∗jyj + y∗jxj) ≤

∑
j

(x∗jxj + y∗j yj)

and hence a1/2 ∈ l(B) by part (i). The reverse implication is trivial. �

For a ∈ N+, we set

τ(a) =

{
(ξ|ξ) if a = l(ξ)∗l(ξ) for some ξ ∈ B,

∞ otherwise.

Clearly τ is faithful in the sense that τ(a) = 0 implies a = 0 and
semi-finite in the sense that {a ∈ N+; τ(a) <∞} is weak*-dense in N+

(cf. Kaplansky’s density theorem 4.23).
Additivity: τ(a+ b) = τ(a) + τ(b) for a, b ∈ N+. Since the condition

a + b ∈ l(B2) is equivalent to a, b ∈ l(B2) by Corollary P.5, the claim
is reduced to the additivity on l(B2)∩N+, which follows from the fact
that τ on l(B2) ∩ N+ is extended to a linear functional (also denoted
by τ) on l(B2) by

τ(l(ξ∗η)) = (ξ|η) = lim
r(ζ)→1

(ξζ|η) = lim
r(ζ)→1

(ζ|ξ∗η).
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Here ζ ∈ B and the limit is taken so that r(ζ) approaches to the identity
operator in weak operator topology. Note that l(B2) is linearly spanned
by l(B2) ∩N+ thanks to the polarization identity.

Trace property: τ(a∗a) = τ(aa∗) for a ∈ N , τ(ab) = τ(ba) for
a, b ∈ l(B) or for a ∈ N , b ∈ l2(B2). SinceB is invariant under uBu∗ for
a partial isometry in N , for a ∈ N , a∗a ∈ l(B2) ⇐⇒ aa∗ ∈ l(B2) and,
for b = l(β), c = l(γ) with β, γ ∈ B, τ(bc) = (β∗|γ) = (γ∗|β) = τ(cb).
Finally, if a ∈ N , ab, ca ∈ l(B) and τ(abc) = τ(cab) = τ(bca).

Normality (continuity): Given an increasing family {ai ∈ N+} in-
dexed by a directed set I with a limit a ∈ N+, we have sup τ(ai) = τ(a).

Note that τ(ai) is an increasing family in [0,∞] from the additivity

of τ . Note also that {a1/2
i } is increasing16 as well and converges17 to

a1/2. It suffices to show sup τ(ai) ≥ τ(a) and, for this, we suppose that

τ(ai) is bounded. Then a
1/2
i = l(ζi) ∈ l(B) and, for ξ, η ∈ B,

(ξ|a1/2η) = lim(ξ|a1/2
i η) = lim(ξ|ζiη) = lim(ξη∗|ζi).

Since (ζi|ζi) = τ(ai) is bounded by assumption, we may assume that
ζi converges weakly to some ζ ∈ H and we get (ξ|a1/2η) = (ξη∗|ζ) =
(ξ|ζη) for any ξ, η ∈ B, which means that ζ ∈ B and l(ζ) = a1/2.

τ(a) = (ζ|ζ) ≤ sup(ζi|ζi) = sup τ(ai).

We now embed B2 and B into N∗ and L2(N) respectively in an
algebraically compatible way. For this, we work with l(B) instead of
B. Recall that l(B) is a weak*-dense *-ideal of N and the trace trace
property τ(ax) = τ(xa) of τ holds if a ∈ l(B2) and x ∈ N . For the
choice a = l(ξ)∗l(η),

τ(ax) = τ(l(ξ)∗l(ηx)) = (ξ|ηx) = (ξx∗|η) = τ(l(ξx∗)∗l(η)) = τ(xa).

The intermediate expression shows the weak* continuity of the func-
tional τ(a(·)), which is denoted by τa = aτ . The embedding l(B2) 3
a 7→ aτ ∈ N∗ then preserves the N -biaction as well as the *-operation.
It also preserves the positivity, i.e., aτ ≥ 0 ⇐⇒ a ≥ 0, in view of

〈aτ, l(ζζ∗)〉 =
∑

(ξj|ηjl(ζζ∗)) =
∑

(ξj|ηjζζ∗) =
∑

(ζ|ξ∗j ηjζ) = (ζ|aζ)

for a =
∑
l(ξj)

∗l(ηj) ∈ l(B2) and ζ ∈ B. At the second equality,
notice that βl(α) = (l(α)∗β∗)∗ = (α∗β∗)∗ = βα for α, β ∈ B. Since B
is norm-dense in H, so is l(B2)τ = τ l(B2) in N∗.

We introduce a symbolical notation such as bτ 1/2 to indicate the
element l−1(b) ∈ B for b ∈ l(B), i.e., l(β)τ 1/2 = β for β ∈ B.

16Use tp =
sinπp

π

∫ ∞
0

t

λ+ t
λp−1 dλ for 0 < p < 1 and t ≥ 0.

17The Taylor expansion of
√

1− t converges uniformly on the interval [−1, 1].
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Note that a1/2τ 1/2 in H represents a left GNS-vector of ϕ1/2 so that
the correspondence xϕ1/2 7→ xa1/2τ 1/2 is extended to a unitary map

L2(N,ϕ)→ Na1/2τ 1/2 = H[a] ([a] being the support projection of a in
N).

To get the whole identification L2(N) = H, we need therefore to
check compatibility with (i) the inclusion Nϕ1/2 ⊂ Nψ1/2 for ϕ ≤ ψ
and (ii) the *-operation on Nϕ1/2.

Lemma P.6. Let ϕ = aτ and ψ = bτ for a, b ∈ l(B2) ∩ N+. Then
[ϕ] = [a], [ψ] = [b] and ϕitxψ−it = aitxb−it for x ∈ [ϕ]N [ψ].

Proof. By Connes’ trick, the problem is reduced to the case a = b.
We then prove the assertion by showing that the automorphism

group σt(x) = aitxa−it of [a]N [a] satisfies the KMS-condition for ϕ.
In fact, let β = β∗ ∈ B satisfy a1/2 = l(β), x ∈ l(B2) and y ∈ [a]N [a]
be entirely analytic for σt. For the choice x = l(ξ)∗l(ξ),

ϕ(xσt(y)) = (β|xσt(y)β) = (ξβ|ξσt(y)β) = (ξa1/2|ξσt(y)a1/2) = (ξ|ξσt(y)a).

Since σt(y)a is analytically continued to σ−i(y)a = ay in norm, we have

ϕ(xσ−i(y)) = (ξ|ξay) = (ξ|ξβ2y) = (βx|βy) = (y∗β|x∗β) = ϕ(yx).

�

Exercise 52. Formulate matrix ampliations for Hilbert algebras.

We can now check the compatibility. (i) Since the condition ϕ =
aτ ≤ ψ = bτ for a, bl(B2) is equivalent to a ≤ b, we have ϕ1/2 =
a1/2b−1/2ψ1/2, whereas l(a1/2b−1/2β) = a1/2b−1/2b1/2 = a1/2 = l(α)
shows that (a1/2b−1/2)(b1/2τ 1/2) = a1/2τ 1/2.

(ii) Let α = α∗ ∈ B satisfy a1/2 = l(α). Since xϕ1/2 ∈ [ψ]Nψ1/2 for
a sufficiently large ψ ∈ l(B2)τ , we may suppose that x is an entirely
analytic element in [ϕ]N [ϕ] for σϕt to see that (xϕ1/2)∗ = σϕ−i/2(x∗)ϕ1/2

corresponds to σϕ−i/2(x∗)α and l(σϕ−i/2(x∗)α) = σϕ−i/2(x∗)a1/2 = a1/2x∗ =

l(αx∗) = l((xα)∗).
If we set τ 1/2l(ξ) = l(ξ)τ 1/2 for ξ ∈ B, it is also compatible with the

*-operation: (l(ξ)τ 1/2)∗ = l(ξ)∗τ 1/2. In fact, letting l(ξ) = ua1/2 be the
polar decomposition and expressing a1/2 = l(α), (l(ξ)τ 1/2)∗ = (uα)∗ =
αu∗ = l(ξ)∗τ 1/2.

So far, we have shown that the identification L2(N) = H is compat-
ible with the *-biactions of N so that L2(N)+ is the closure of B+ in H

(l(B+) = l(B)∩N+). Finally we notice that, for ξ, η ∈ B, their product
as elements in L2(N) is given by l(ξη)τ ∈ N∗, which is formally equal
to (ξη)τ 1/2. In other words, the multiplication ξη in B is obtained from
the natural product in N∗ with the correcting factor τ−1/2 inserted.



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 155

Appendix Q. Measurable Operators

In this part, we present the basics in Segal-Nelson’s according to the
Haagerup’s tyle described in [Terp].

Let us begin with recalling standard facts on unbounded operators.
By an operator a on a Hilbert space H, we shall mean a linear map
a : D(a) → H with D(a) a linear subspace of H. Associated to an
operator a, we define its graph by G(a) = {ξ ⊕ aξ; ξ ∈ D(a)}, which
is a linear subspace of H ⊕ H. A linear subspace G of H ⊕ H is
the graph of an operator if and only if G ∩ (0 ⊕ H) = {0 ⊕ 0}. An
operator a is said to be closed if G(a) is closed, closable if the closure
of G(a) is the graph of an operator, and densely defined if D(a) is
dense in H, respectively. For a closable operator a, its closure is an
operator a specified by G(a) = G(a). For a densely defined operator a,
its adjoint is an operator a∗ specified by G(a∗) = G(a)†, where G(a)†

is the orthogonal complement of G(a)

(
0 −1
1 0

)
. A densely defined

operator a is closable if and only if a∗ is densely defined and, if this is
the case, a = (a∗)∗. For a closed operator a, its kernel ker a = {ξ ∈
D(a); aξ = 0} is closed and the support [a] of a is the projection to
(ker a)⊥.

An operator b is called an extension of an operator a and denoted
by a ⊂ b if G(a) ⊂ G(b). If a ⊂ b with a densely defined, b∗ ⊂ a∗.

An operator a is said to be symmetric (self-adjoint) if a is densely
defined and satisfies a ⊂ a∗ (a = a∗). A symmetric operator is self-
adjoint if and only if ker(a∗±i) = 0 (von Neumann). There exists a one-
to-one correspondence between self-adjoint operators and projection-
valued measures on R by the relation of spectral decomposition

a =

∫
R
λE(dλ).

Note that ker a = E({0})H and [a] = E(R \ {0}).
For operators a, b on H, their sum is an operator a + b defined by

D(a+b) = D(a)∩D(b) and (a+b)ξ = aξ+bξ for ξ ∈ D(a+b), and their
product is an operator ab defined by D(ab) = {ξ ∈ D(b); bξ ∈ D(a)}
and (ab)ξ = a(bξ) for ξ ∈ D(ab). In terms of graph, these are described
by G(a+ b) = G(a) ∩ G(b) and G(ab) = G(b) ∗ G(a), where

G(b) ∗ G(a) = {ξ ⊕ ζ; ξ ⊕ η ∈ G(b) and η ⊕ ζ ∈ G(a) for some η ∈ H}.

An operator a is said to be positive if (ξ|aξ) ≥ 0 for ξ ∈ D(a). For
a positive self-adjoint operator a and a positive real r ≥ 0, the positive
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self-adjoint operator ar is defined by

ar =

∫
R
λrE(dλ).

For a densely defined closed operator a, obviously positive operator
a∗a is self-adjoint and, if we denote (a∗a)1/2 by |a|, there exists a partial
isometry u satisfying u∗u = [a∗a] and a = u|a| (the polar decompo-
sition of a). The polar decomposition is unique in the sense that if
u|a| = v|b| with partial isometries u and v satisfying u∗u = [a∗a] and
v∗v = [b∗b], then u = v and |a| = |b|.

We present E. Nelson’s approach (cf. also Terp’s thesis) to Segal’s
theory of non-commutative integrations. Let N be a von Neumann
algebra on a Hilbert space H with τ a faithful semifinite trace on N .

Recall that two projections p and q in a W*-algebra M are said to
be equivalent and denoted by p ∼ q if we can find a partial isometry u
in M satisfying u∗u = p and uu∗ = q. The following old lemma about
an analogue of set-theoretical relations goes back to Murrey and von
Neumann.

Lemma Q.1. Let p, q be projections in a W*-algebra M . Then we
have (p ∨ q)− p ∼ q − (p ∧ q).
Proof. In view of ker(pq⊥) = qH + (p⊥ ∧ q⊥)H, we have

[pq⊥] = q⊥ ∧ (p ∨ q) = (p ∨ q)− q
while, in view of ker(q⊥p) = p⊥H + (p ∧ q)H,

[q⊥p] = p ∧ (p ∧ q)⊥ = p− (p ∧ q).
These are then combined with [pq⊥] ∼ [(pq⊥)∗] = [p⊥q] to get the
assertion. �

Corollary Q.2. If p∧q = 0, p is equivalent to a subprojection of 1−q.
Proof.

p = 1− p⊥ = (p ∧ q)⊥ − p⊥ = (p⊥ ∨ q⊥)− p⊥ ∼ q⊥ − (p⊥ ∧ q⊥) ≤ q⊥.

�

An operator a on H is said to be affiliated with N and denoted by
a ∈′ N if u′a = au′ for any unitary u′ in N ′ or equivalently the graph
of a is invariant under the diagonal action of u′.

A densely defined closed operator a with a = u|a| its polar decompo-
sition is affiliated with N if and only if u and all the spectral projections
of |a| belong to N .

A densely defined closable operator a ∈′ N is said to be τ -measurable
if for any ε > 0 there exists a projection p ∈ N satisfying pH ⊂ D(a)
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with ‖ap‖ < ∞ and τ(1 − p) ≤ ε. The set of τ -measurable operators

is denoted by Ñ .

Lemma Q.3. Let a, b be densely defined closable operators affiliated
with N and assume that there exist projections p, q in N such that
pH ⊂ D(a), qH ⊂ D(b). Let e = p∧ q and f = q ∧ (1− [(1− p)bq]) be
projections in N . Then we have the following.

(i) eH ⊂ D(a + b), ‖(a + b)e‖ ≤ ‖ap‖ + ‖bq‖ and τ(1 − e) ≤
τ(1− p) + τ(1− q).

(ii) fH ⊂ D(ab), ‖abf‖ ≤ ‖ap‖+ ‖bq‖ and τ(1− f) ≤ τ(1− p) +
τ(1− q).

Proof. Since f is the projection to

{ξ ∈ qH; (1− p)bξ = 0} = (qH) ∩ ker((1− p)bq),
we have eH ⊂ D(ab) in view of beH ⊂ pH ⊂ D(a), ‖abe‖ = ‖apbe‖ ≤
‖ap‖ ‖be‖ ≤ ‖ap‖ ‖bq‖ and then

τ(1− e) = τ((1− q) ∨ [(1− p)bq]) ≤ τ(1− q) + τ([(1− p)bq])
= τ(1− q) + τ([qb∗(1− p)])
≤ τ(1− q) + τ(1− p)

�

Corollary Q.4. If a, b ∈ Ñ , then a+ b ∈ Ñ and ab ∈ Ñ .

Lemma Q.5. Let a be a densely defined closed operator affiliated with
N . If a projection p ∈ N satisfies pH ⊂ D(a) and δ = ‖ap‖ <∞, then
the spectral projection eδ of |a| associated to the interval [0, δ] satisfies
τ(1− eδ) ≤ τ(1− p).

Proof. Let δ = ‖ap‖ <∞. The projection e then satisfies (1−e)∧p = 0
because ‖aξ‖ ≤ δ‖ξ‖ if pξ = ξ and ‖aξ‖ > δ‖ξ‖ if 0 6= ξ ∈ (1 − e)H.
Thus 1−e is equivalent to a subprojection of 1−p and we have τ(1−e) ≤
τ(1− p). �

Corollary Q.6.

(i) A densely defined closed operator a affiliated with N is τ -
measurable if and only if τ(1− eδ) <∞ for some δ > 0.

(ii) If a ∈ Ñ , then a∗ ∈ Ñ .

Proof. (i) If a is τ -measurable, the existence of δ > 0 is a consequence
of the lemma. Since eδH ⊂ D(a) and ‖aeδ‖ ≤ δ for any δ > 0,
τ(1− eδ) <∞ for some δ > 0 implies

lim
ρ→∞

τ(1− eρ) = τ(1− eδ)− lim
ρ→∞

τ(eρ − eδ) = τ(1− eδ)− τ(1− eδ) = 0
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and the τ -measurablity of a follows.

(ii) Since a belongs to Ñ as a closure of a ∈ Ñ and since a∗ = a∗, we
may assume that a is closed. Let a = u|a| be the polar decomposition.
Then |a∗| = u|a|u∗ and ueδu

∗ gives the spectral projection of |a∗| cor-
responding to the interval [0, δ]. The τ -measurability of a∗ now follows
from that of a in view of τ(1− ueδu∗) = τ(1− eδ). �

Theorem Q.7 (Identity). Let a, b ∈ Ñ . If aξ = bξ for ξ ∈ D(a)∩D(b),
then a = b.

Proof. Let e and f be the projections to the closure of G(a) and G(b)
respectively. Since a and b commute with N ′, e and f belong to the
commutant M2(N) of the diagonal embedding N ′ ⊂M2(B(H)).

By τ -measurability and Lemma Q.3 (i), given any ε > 0, we can find
a projection p ∈ N so that pH ⊂ D(a) ∩ D(b), ‖ap‖ = ‖b‖ < ∞ and
τ(1− p) ≤ ε.

Since ap = bp, we have e∧(p⊕p) = f∧(p⊕p) and then e∧f∧(p⊕p) =
e∧ (p⊕p). Thus (e− e∧f)∧ (p⊕p) = 0 and, thanks to Corollary Q.2,
τ2(e − e ∧ f) ≤ τ2(p⊥ ⊕ p⊥) = 2τ(1 − p) ≤ 2ε for any given ε > 0.
Consequently τ2(e− e∧ f) = 0 and hence e = e∧ f by the faithfulness
of τ2. From the symmetry of arguments, we have f = e∧ f as well and
conclude that e = f ; G(a) = G(b). �

Corollary Q.8. If a, b ∈ Ñ satisfy a ⊂ b, then a = b. For example,
from (ab)∗ ⊂ b∗a∗, (ab)∗ = b∗a∗ and, from a ⊂ a∗, a∗∗ = a∗.

Let Ñ be the set of closed τ -measurable operators on H. Taking

closure gives a surjection Ñ → Ñ and *-algebraic operations in Ñ are
inherited to Ñ : a+ b = a+ b, ab = ab and a∗ = a∗.

These are well-defined: Let aj, bj ∈ Ñ (j = 1, 2) satisfy a1 = a2 and

b1 = b2. Then a1 and a2 coincide on D(a1∩a2) and, if we define a ∈ Ñ
so that D(a) = D(a1)∩D(a2) and a = aj on D(a). Likewise we define

b ∈ Ñ .
Now aj + bj and ajbj are extensions of a + b and ab respectively,

whence a1 + b1 = a+ b = a2 + b2 and a1b1 = ab = a2b2 by the identity
theorem. For taking adjoints, a∗ extends a∗j for j = 1, 2 and again the
identity theorem is used to have a∗1 = a∗ = a∗2.

Since the associativity for sum and product holds in Ñ , the same
holds in Ñ . The distributive law which takes a form of inclusion a(b+

c) ⊃ ab + ac in Ñ gives the form of strict identity in Ñ , whereas the

identity (ab)∗ = b∗a∗ is always true in Ñ τ . Summarizing these, we
conclude that
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Theorem Q.9. We have a *-algebra N
τ

of densely defined closed τ -
mearable operators on H. Moreover, for a positive a ∈ N τ

, its positive
powers ar (r > 0) also belong to N

τ
.

In what follows, elements in Ñ are implicitly identified with their

images under the canonical map onto N
τ

so that Ñ itself is identified
with the *-algebra N

τ
.

Given ε > 0 and δ > 0, consider the condition on a ∈ Ñ that
there exists a projection p ∈ N satisfying pH ⊂ D(a), ‖ap‖ ≤ δ and
τ(1 − p) ≤ ε, which is equivalently described in terms of the spectral
decomposition of |a| by τ(1− [δ ∧ |a|]) ≤ ε.

LetN(δ, ε) be the totality of such elements. Here is a list of properties
of N(δ, ε) which can be checked immediately:

(i) N(δ, ε) is increasing in (δ, ε) and satisfies⋃
δ>0,ε>0

N(δ, ε) = Ñ ,
⋂

δ>0,ε>0

N(δ, ε) = {0}.

(ii) N(δ, ε)∗ = N(δ, ε) and N(δ, ε) = δN(1, ε).
(iii) N(δ1, ε1) ∩N(δ2, ε2) ⊃ N(δ1 ∧ δ2, ε1 ∧ ε2).
(iv) N(δ1, ε1) +N(δ2, ε2) ⊂ N(δ1 + δ2, ε1 + ε2).
(v) N(δ1, ε1)N(δ2, ε2) ⊂ N(δ1δ2, ε1 + ε2).

Thus, the family N(δ, ε) enables us to introduce a vector topology
(the topology of convergence in measure) so that it gives a neighbour-

hood basis of 0 and makes Ñ = N
τ

a topological *-algebra. Now, we
have the following, which as well as its proof is more or less an analogue
of Riesz-Fisher theorem on classical Lp-spaces.

Theorem Q.10. The topological *-algebra Ñ is complete and contains
N as a dense *-subalgebra.

Proof. The density ofN is immediate. So we focus on the completeness.

Let {an} be a Cauchy sequence in Ñ ; given any (δ, ε), there eixts a
natural number l such that am − an ∈ N(δ, ε) for m,n ≥ l.

It suffices to show that we can find a subsequence n′ and a ∈ Ñ so
that limn an′ = a. To see this, by the denseity of N , we may assume
that an ∈ N from the outset. Choosing a subsequence k′ so that
m,n ≥ k′ =⇒ am − an ∈ N(1/2k, 1/2k) and replacing an with an′ , we
may further assume that an+1 − an ∈ N(1/2n, 1/2n). �

Lemma Q.11. Let h ∈ Ñ be a positive measurable operator. Then,

(0,∞) + iR 3 z 7→ hz ∈ Ñ is analytic with respect to the measure

topology of Ñ .


