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1. ALGEBRAS AND REPRESENTATIONS

By a *-algebra, we shall mean an algebra A over the complex num-
ber field C which is furnished with a distinguished conjugate linear
transformation * : A — A (called a *-operation) satisfying

()" =a (ab)* =0b"a", a,beA.
Exercise 1. If A has a unit 14 (i.e., A is unital), then 1* = 1.

An element a in a *-algebra A is said to be hermitian if a* = a. A
hermitian element p is called a projection if p> = p. When A has a
unit 1, a is said to be unitary if aa* = a*a = 1.

A *-algebra is said to be unitary! if it is generated by unitaries.

Example 1.1. Given a *-algebra A, the n x n matrix algebra M, (A)
with entries in A is a *-algebra.

Example 1.2. Let C[X] be the polynomial algebra of indeterminate
X and make it into a *-algebra by (>, <, @, X™)* =" - @X". Then
0 and 1 are all the projections and constant polynomials of modulus 1
are all the unitaries.

'Warning: This is not a common usage of terminology.
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Example 1.3. Given a group G, the free vector space CG = ) sec CY
generated by elements in G is a *-algebra (called a group algebra) by
extending the group product to the algebra multipliction and defining
the *-operation so that elements in G are unitary. The group algebra
CG is unitary.

Exercise 2. Let A be the vector space of functions of finite support
on a group G and make it into a *-algebra (convolution algebra) by

(ab)(g) = Y _ a(g)blg"), a’(g) =alg™).
g'g"'=g
The convolution algebra A of G is naturally isomorphic to the group
algebra CG.

Given *-algebras A and B, their direct sum A®B and tensor product
A ® B are again *-algebras in an obvious manner.

Exercise 3. The matrix algebra M, (A) is naturally identified with the
tensor product M,(C) ® A.

Let HH be a pre-Hilbert space; H is a complex vector space with a
positive definite inner product ( | ). A linear operator T : H — H is
called the adjoint of a linear operator S : H — H (and denoted by
S*) if it satisfies (£]Sn) = (T€|n) (for £,n € H). A linear operator S
on H is sadi to be bounded (on the unit ball) if ||S|| = sup{||S¢||; ¢ €
H, )€ < 1} is finite. Let L£(JH) be the set of linear operators on
H having adjoints, which is a unital *-algebra in an obvious way. The
subset B(H) of L(H) consisting of bounded operators is a *-subalgebra.
When H is complete, a linear operator on H has an adjoint if and only
if it is bounded thanks to the closed graph theorem and the Riesz
lemma, whence £L(H) = B(H).

By a *-representation of a *-algebra A on a pre-Hilbert space H,
we shall mean an algebra-homomorphism 7 : A — L(H) satisfying
m(a)* = m(a*) for a € A. When ||7(a)|| < oo for every a € A, 7 is said
to be bounded. If A is unitary, any *-representation is automatically
bounded, i.e., m(A) C B(H). Two *-representations m; : A — L(H;)
(¢ = 1,2) are said to be unitarily equivalent if we can find a unitary
map 1" : H; — Hy satisfying T'mi(a) = me(a)T (a € A).

It is often convenient to regard the representation space H as a left
A-module by a§ = 7w(a)é. A right A-module structure then corre-
sponds to a *-antirepresentation, i.e., an algebra-antihomomorphism
7w A — L(H) satisfying 7(a)* = 7(a*), by the relation {a = m(a).
A pre-Hilbert space H is called an A-B bimodule (B being another
*-algebra) if we are given a *-representation A : A — L(H) and a
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*_antirepresentation p : B — L(H) satisfying A(a)p(b) = p(b)A(a) for
a€ Aandbe B, ie., (a)b = a(éb) in the module notation. An A-A
bimodule H is called a *-bimodule if we are given an antiunitary 2
involution &* on H satisfying (a&b)* = b*¢*a* for a,b € A and £ € H.

A linear functional ¢ on a *-algebra A is defined to be positive if
p(a*a) > 0 for a € A. A positive linear functional ¢ on a unital *-
algebra A is called a state if ¢(14) = 1 (14 being the unit element of
A). A linear functional 7 on an algebra A is called a trace or said to
be tracial if 7(ab) = 7(ba) for a,b € A.

Example 1.4. Given a *-representation 7 : A — L(H) and a vector
€ € H, pla) = (§|r(a)f) gives a positive linear functional. When ¢ is
a unit vector, ¢ is a state. This kind of state is called a vector state.

Exercise 4. Given a bounded *-representation 7 : A — B(H) and a
sequence {&, }n>1 of vectors in H satisfying > ., (&.]€,) = 1, observe
that -

pla) = (&lm(a))
n=1
defines a state on A. By specializing to A = My(C), recognize the
difference between states of this form and vector states.

Example 1.5. Let Cy(H) be the set of finite rank operators on a
Hilbert space H. Then Cy(H) is a *-ideal of B(H) and the ordinary
trace defines a positive tracial functional tr on Cy(J).

Example 1.6. Every probability measure p on the real line of finite
moments defines a state on the polynomial algebra C[X]| by

% <Z anX"> = Zan/Rt”u(dt).

Conversely, any state arises in this way (the existence part of the Ham-
burger moment problem). See §X.1 in Reed-Simon for more informa-
tion.

Example 1.7. In the group algebra CG, positive linear functionals ¢
are one-to-one correspondence with positive definite functions on G by
restriction and linear extension. The state associated to the positive

definition function
1 ifg=ce,
5(g) = { J

0 otherwise

2A conjugate-linear operator J on a pre-Hilbert space H is called an antiunitary
if it satisfies (J¢|Jn) = (n|§) and JH = H.
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is called the standard trace.

Exercise 5. The standard trace § has the trace property: d(ab) = §(ba)
for a,b € CG.

Given a positive linear functional ¢ on a *-algebra A, we define a
*_representation as follows: The inner product (alb) = ¢(a*bh) on A
is positive semidefinite and the representation space is given by the
associated pre-Hilbert space H, i.e., H is the quotient vector space
relative to the kernel of ( | ). The non-degenerate inner product on
the quotient space is also denoted by (| ), whereas the quotient vector
of £ € A in ¥ is denoted by x¢'2. The inner product then looks
like (z¢'2|yp'/?) = p(z*y) and we introduce a representation 7 by
m(a)(zp/?) = (azx)p'/?, which is well-defined in view of the Schwarz
inequality

[p(ab)]* < p(a”a)p(b'b), a,be A
In fact, if x is in the kernel of the inner product,

1/2 12 _

p(r*a*ax) < p(z*a*aaax) ' =p(z*x)

shows that ax is in the kernel as well. Moreover, the relation

(20| (a)ye"?) = o(z*ay) = (m(a*) " |yp'/?)

shows that 7(a)* = 7(a*), whence 7 is a *-representation.

The representation obtained in this way is referred to as the GNS-
representation or its process as the GNS-construction. When A is
unital, we have a distinguished vector ¢'/?2 = 1,402 in the repre-
sentation space, which is cyclic with respect to 7 in the sense that
H = 7m(A)p'/2.

Conversely, if we are given a *-representation (7, H) of a *-algebra
A and a cyclic vector € € H for 7, the formula ¢(a) = ({|7(a)) defines
a positive linear functional and the associated GNS-representation is
unitarily equivalent to the initial one by the unitary map ap'/? — 7(a)¢
(a € A).

Remark 1. GNS is named after I.M. Gelfand, M.A. Naimark and [.E. Se-
gal.

As a simple application of GNS-representation, we can show that
tensor products of positive functionals are again positive: Let A, B be
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*_algebras and ¢ : A — C, ¢ : B — C be positive. Then

(@ V) a; @b)) Z ar ® b)) = plaap)i(bibe)
i ik
= (Z ajp'* @ bjp'/?| Z arp'? @ bpy'/?) > 0
7 i

This can be also seen from the fact that entry-wise multiplications of
positive matrices are again positive.

Example 1.8. Given a positive trace 7 on a *-algebra A, the asso-

ciated GNS-representation space A7Y? is made into a *-bimodule by
(at'/?)* = a*7'/? (a € A).

Proposition 1.9. Let w be a positive functional on a unitary algebra
A with 7 : A — B(H) the associated GNS-representation. Then the
following formula gives a one-to-one correspondence between positive
functionls wy on A majorized by w and positive operators T in the
commutant w(A)" = {T € B(H);Tn(a) = 7(a)T, Ya € A} majorized
by the identity operator 1.

wrla) = (Tw'?r(a)w'?), acA.

Proof. Let ¢ be majorized by w, i.e., p(a*a) < w(a*a) for a € A. Then
by Schwarz inequality

lo(z*y)| < p(a*z) Po(y*y)? < w(z) Pwyy)'? = [lzw'?| |y,

we see that zw'/? x yw!'/? s p(2*y) gives a bounded sesquilinear form

on the completed Hilbert space H, whence we can find a bounded linear
operator 1" on H satisfying

p(z*y) = (aw'?|T(yw'?)) .,y € A.
)

By equating ¢(z*(ay)) and ¢((a*z)*y), we have T € m(A)". Further-
more, the condition 0 < ¢(a*a) < w(a*a) means the operator inequality
0<T < 1y

The converse implication is immediate and the proof is left to the
reader. O

Definition 1.10. Given a vector n in a Hilbert space H, the linear
functional n* : H — C is defined by n*(§) = (n|§) for & € H. By Riesz
lemma, the dual space H* of H is of the form H* = {n*;n € H} and it
is a Hilbert space by the inner product (£*|n*) = (n|§). The *-algebra
B(H) then naturally acts on H* from the right by n*a = (a*n)*. For
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£,m € H, define a rank one operator £n* € Cy(H) by®
(En* )¢ =mlQ)E, ¢ eXH.

The notation is compatible with the multiplications by elements in
B(H): algn®)b = (a&)(n"b).

Example 1.11. Let tr be the ordinary trace on the finite rank operator
algebra Cy(3). Then the correspondence {n*tr'/2 v & @ n* gives rise
to a unitary map from the GNS-representation space Co(H)tr'/? onto
HeH.

Example 1.12. The GNS-representation associated to the state on
C[X] realized by a probability measure p on R is identified with the
multiplication operator by polynomial functions on the Hilbert space
LA(R, ).

Example 1.13. The GNS-representation of the standard trace of a
group algebra CG is identified with the regular representation of G

(a8/2[06Y%) = 6(a"b) = Y @b, fora =Y a9, b= byg.
geG geG 9€G

By the trace property of d, the representation space (*(G) is a *-
bimodule of CG. L

When G is commutative, (?(G) is unitarily mapped onto L*(G) (G
being the Pontryagin dual of G) with the representation of CG unitarily

transformed into the multiplication operator on L%(G) given by the
function

Gowrs Zag(g,w> for a = Zagg € CG.
geG geqG

Exercise 6. For G = 7, identify Z with T and the unitary map (?(z) —
L?(T) with the Fourier expansion.

On a *-algebra A, introduce a seminorm || - |

c+ by
o+ = sup{||7(a)||; 7 is a bounded *-representation},

al
which satisfies
|ab] bl

Exercise 7. Check the following: |a*|
{a € A;|la]lc+ = 0} is a *-ideal of A.

Example 1.14. If G is commutative, we shall see later that ||a|c+ =
|m(a)]] for a € CG, where 7 is the regular representation of G. The
condition is known to be equivalent to the so-called amenability of G.

2
C*.
o« for a € A and

o- < [lalle- [[blle+,  [la*allo- = la]

o = |al

3According to Dirac, n* is often denoted by |€)(n)].
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2. GELFAND THEORY

Definition 2.1. An algebra A is called a Banach algebra if it is
furnished with a complete norm satisfying ||ab|| < ||a|| ||b|| for a,b € A.
A Banach algebra A is called a Banach *-algebra if it is further equipped
with a *-operation satisfying ||a*|| = ||a|| for a € A. A Banach *-algebra
A is called a C*-algebra if the norm satisfies ||a*a| = ||a||? for a € A.

The completion of the quotient *-algebra A /J relative to || - ||c+ (I =
{a € A;lla|lc+}) is a C*-algebra. For a group algebra A = CG, J =
{0} and the associated C*-algebra is called the group C*-algebra and
denoted by C*(G).

Example 2.2. If we introduce a norm on the group algebra CG by

1> F@)gl =D 1),

geG geG

then it satisfies ||ab||; < ||a|1 ||b||1 and ||a*||; = ||a||1, whence the norm
completion ¢!(G) of CG is a Banach *-algebra.

Example 2.3. The closure of the finite rank operator algebra Cy(H)
in the operator topology on B(H) is a C*-algebra as a norm-closed *-
ideal of B(3), which is referred to as the compact operator* algebra
and denoted by C(H).

Exercise 8. If H; is compact in the norm topology, then dim H < oc.

The norm ||al|s = |Jatr'/?|| = \/tr(a*a) on Cy(H) is known to be the
Hilbert-Schmidt norm and satisfies

labllz < llal[l[bllz; [16*[l2 = [1bll2 = [|bll, @ € B(3), b € Co(3H).

Thus the completion of Cy(H) relative to the Hilbert-Schmidt norm,
which is included in €(H) and denoted by Co(H), is a Banach *-algebra
and realized as a *-ideal of B(H).

The norm ||a||; = sup{|tr(ab)|;b € Co(H),|[b]] < 1} on Cy(H) is
known to be the trace norm and satisfies

lablls < llalllfbflv, 16"l = 1ol = [[bll2 [tr(b)] < bl

for a € B(H),b € Cy(H). Thus the completion of Cy(H) relative to
the trace norm, which is included in Cy(3H) and denoted by C;(H), is
a Banach *-algebra and realized as a *-ideal of B(JH) with the trace
functional extended to C;(3H) by continuity.

4The terminology is based on the fact that an element T in C(H) is characterized
by the property that the norm closure of T'(H;) (H; being the unit ball in H) is
compact.
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Exercise 9. Check the inequalities for the Hilbert-Schmidt and the
trace norms.

Exercise 10. Show that, for a positive operator a € B(FH),

tr(a) = > (&lag))

J

does not depend on the choice of an orthonormal basis {{;} in .

Exercise 11. Show that a € B(H) belongs to C;(H) if and only if
tr(Ja|) < oo. Here |a| = v/a*a. If this is the case, ||a]|; = tr(|al).

Exercise 12. For a € C;(H), ||alj; = ||al|2 if and only if @ is a rank-one
operator.

Exercise 13. Show that C;(H) = Cy(H)Ce(H) and deduce the in-
equality [[ablly < [lall2[[bl[> from [tr(ab)] < [[a][2[|b]]> (the Cauchy-
Schwarz inequality).

Example 2.4. Given a compact (Hausdorff) space K, the set C'(K)
of complex-valued continuous functions on K is a commutative C*-
algebra by point-wise operations. If F' C K is a closed subset,

A={f:K — C;f is continuous and vanishing on F'}

is a closed *-ideal of C'(K), which is unital if and only if F' is open in
K.

If Q is a locally compact but non-compact space with K = QU {oo}
the one-point compactification and F' = {oo}, we write A = Cy(Q2).
A positive functional ¢ on Cy(£2) is one-to-one correspondence with a
Radon measure p on €2 of finite total mass by the formula

ola) = / a(w) p(dw).

The functional norm is then calculated by ||| = ©(€).

The associated GNS-representation 7 on H is identified with the
multiplication operators on the Hilbert space L*(2, ) through a nat-
ural unitary map H — L?*(, 1) specified by

Ap'? 5 ap'? s a € Co(Q) C LA, ).

Exercise 14. The C*-algebra C'(K) has a non-trivial projection if and
only if K is not connected.

Exercise 15. Let [u] C © be the support of . Then
I (a)]| = sup{la(w)|;w € [p]}.
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Theorem 2.5. | With respect to the non-degenerate bilinear map
B(H) x C1(H) > (b,c) = tr(bc) = tr(cb) € C, we have the duality
relations of C(H): C(H)* = C1(H) and Cy(H)* = B(H).

Proof. The equality C(H) C C(H)* is by definition and the inclusion
B(H) C Ci(H)* is a consequence of

1]l = sup{tr(be) s ¢ € € (H), [lefly < 1} = sup{[(lon)|;€,n € FHu} = |bl|

In view of [[§n*[ly = [I€][ 7]l = [I&n*[| for &, n € 3, any ¢ € C1(H)*
defines a bounded sesquilinear form by ¢(&n*) and hence b € B(H)

by the relation ¢(&n*) = (n]b§). By rewriting (n|b¢) = tr(b&n*), we
see that p(c) = tr(bc) for ¢ € Co(H) and then, for ¢ € C(H), by the
density of Cy and the continuity of trace. O

Exercise 16. A ¢ on C(H) described by a trace class operator p €
C1(H) is positive of the form if and only if p > 0.

Any algebra A is enhanced to have a unit:

- {A if1e A,

- Cl + A otherwise.

0 > A A > C > 0
If A is a *-algebra, so is A by setting (A1 +a)* = Al +a*. For a Banach
*_algebra A without unit, the unital *-algebra A is a Banach *-algebra
by the norm ||A\1+al| = |A| + ||a]|. When A is a C*-algebra, the unital
*_algebra A is again a C*-algebra and it is in a unique way. Existence:
Ais a C*-algebra by the norm

IAL + all = supf[|Ab + ab;b € A, 5] < 1).

The uniqueness will be established later.

Exercise 17. Check all these other than the uniqueness.

Definition 2.6. Let a be an element in a Banach algebra A and a
power series f(2) = >, 5o fa2" (fn € C) be absolutely convergent at

z = |la||. Then f(a) € A is defined by
fla) =" faa™
n=1
Note that, if fo =0, then f(a) € A.

Example 2.7.

(i) If ab = ba, e%e® = e,
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(ii) If ||a|| < |A| with A € C, then

n

1 o
A—a:z_%/\i“

is the inverse of A\l — a in A.

Definition 2.8. Define the spectrum of an element a of an algebra
A by

oa(a) = {\ € C; A\l — a is not invertible in A}.
Exercise 18. If a € B(J) is a finite rank operator, ogs)(a) = {\ €
C;a& = X for some 0 # £ € H}

Exercise 19. If 1 € A, then 0 € o4(a) for any a € A.
Exercise 20. Assume that elements a and b in a Banach algebra A

with unit 1 satisfy ab — ba = 1. Show e*be™* =b+ 1, 0(b) = 1 + o(b)
and derive a contradiction.

Lemma 2.9. In a unital Banach algebra A, the set G of invertible
elements is open in A and the map G > g+~ ¢! € G is analytic.

Proof. Fora € G, g=a— (a—g) = a(l —a*(a — g)) is invertible if
la=t(a — g)|| < ||l |la — g]| < 1 with the inverse given by the power

series
o

glt=aty (M a—g)"

0

Theorem 2.10 (Gelfand). In a Banach algebra A, 04(a) is non-empty
compact subset of C for any a € A.

Proof. If 21 — a is invertible for any z € C, (21 — a)™! is a bounded
holomorphic function, a contradiction. O

Corollary 2.11. If a Banach algebra A is a field, then A = C1.
Exercise 21. Spell out the details of the proof.

Exercise 22 (Analytic Functional Calculus). Let A be the algebra of
functions which are holomorphic in a neighborhood of o4 (a). If we set

- 2200

for f € A, where the contour integral is performed by surrounding
oa(a), then A > f+— f(a) € A gives an algebra-homomorphism.
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Theorem 2.12 (Spectral Radius Formula). For an element a of a
Banach algebra A,
p(a) = sup{|Al: A € aa(@)} = lim fla”[V".

Proof. From the geometric series formula

= a”
M—a)' =) e AL llall,
n=0

we have p(a) < ||a||, which is combined with o(a)” C o(a™) to get
pla) < [la"||"/;

pla) < inf [la”||"/" < limsup [|a”[| /",
n>1 n— o0

Let r > ||a|| and apply the Cauchy integral formula:

1
a" = — AN'(AL —a) "t dA.
21 |\|=r
The radius r is then decreased to r > p(a) by the Caychy inttegral
theorem and we obtain the estimate

la| < 7" max{[|(AL — a) "Ml [A| = 7}

Consequently

limsup [|a”||*™ < r
n—oo

for r > p(a). O

Proposition 2.13. If A is a C*-algebra and aa* = a*a, then
lall = sup{|Al; A € 0.a(a)}.

Proof. 1f aa* = a*a,

1/2 1/2

la®[| = l|(aa)*aal|"’* = |a*aa”||"* = |a*al| = |al*,

which is used repeatedly to get ||a®"|| = ||a]|*". O
Corollary 2.14.
(i) The C*-norm of a C*-algebra A is unique: [|a|| = sup{|A|; A €
oa(a*a)} with the right hand side determined by the *-algebra
structure of A.

(ii) Let ¢ : A — B be a *-homomorphism from a Banach *-algebra
A into a C*-algebra B. Then ||¢(a)|| < ||a|| for a € A.

Proposition 2.15. In a Banach *-algebra, we have the following.

(i) oa(u) C T for a unitary wu.
(ii) oa(h) C R for a hermitian h.
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Proof. By the spectral radius formula, o(u) is included in the unit disk
but o(u™') = o(u)~! shows that A € o(u) implies |A\7!] < 1.
For A € C, e — e = (A — h)a = a(\ — h) with

= (AN (Gh)T
oo i3 N (ih)

n!

n=1

shows that, if e — e is invertible, then so is A\ — h because it admits
left and right inverses. Thus A € o(h) implies e € o(e), whence
e =1,ie, A ER. O

Theorem 2.16. If A is a closed *-subalgebra of a Banach *-algebra
B. Then o4(a) = og(a) for a € A.

Proof. Since Ais naturally regarded as a subalgebra of B with a com-
mon unit, we may assume that A = A and B = B with the trivial
inclusion op(a) C 04(a) from the outset.

First assume that a* = a. Since open sets C \ 04(a) and C\ op(a)
in C are connected thanks to o4(a) C R, it suffices for the equality
oa(a) = op(a) to show that C\ o4(a) is a closed subset of C\ op(a).

Let A\, € 0a(a) converge to A € op(a). Then A, — a converges in B
to an invertible element A —a, whence (A, —a)~! converges to (A —a)™*
in Bbut (A, —a)™* € Aimplies (A —a)™t € A, ie., A & oa(a).

Since the non-trivial inclusion o4(a) C op(a) is equivalently stated
that an element ¢ € A is invertible in A if it is invertible in B, assume
that bc = c¢b = 1 for some b € B. Then bb*c*c = bc = 1 shows that a
hermitian c*c is invertible in B and hence it is invertible in A as well:
we can find a € A so that ac*c = 1. Now b = ac*cb = ac* € A. O

The above theorem allows us to simply write o(a) to stand for o 4(a)
when a is an element in a Banach *-algebra A.

Definition 2.17. The spectrum o4 of a commutative Banach algebra
A is the set of non-zero homomorphism A — C.

Example 2.18. If A= C(K), 04 = {d,;x € K}. Here §,(f) = f(z).

Each w € o4 satisfies ||w|| < 1. To see this, we observe that w(A1 +
a) = A + w(a) defines a homomorphism A — C, which gives us w(a) €
o(a) and then |w(a)| < ||a]| for a € A by the spectral radius formula.

Thus 2 = 04 U {0} is a w*-compact subset of A} and o4 is locally
compact if furnished with the relative w*-topology. Write

Co(oa) ={f: Q2 — C; f is continuous and f(0) = 0}.

Note that o4 is compact if and only if A is unital.
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For a € A, the function 04 3 w +— w(a) is continuous and denoted
by a. The correspondance A 3 a — a € Cy(o4) is referred to as the
Gelfand transform on A. From definition, the Gelfand transform is
multiplicative.

Let A be unital and we shall show that, given a proper ideal I of A,
there exits a non-zero homomorphism w : A — C satisfying w(/) = 0.

In fact let B be the open unit ball of A at 0. Then every element in
1 4 B is invertible, which means that J N (1+ B) = 0 if J is a proper
ideal of A. Thus J N (1 + B) = () and any maximal ideal J D [ is
closed. Since the quotient Banach algebra A/J is a field, A/J = C and
a non-zero homomorphism is obtained as a composition A — A/J = C.

Theorem 2.19. Let a be an element in a Banach algebra A.

(i) If A is unital, o4(a) = {w(a);w € ga}.
(ii) If A is non-unital, o4(a) = {w(a);w € o4} U {0}.

Proof. Since w : A — C is an algebra-homomorphism, w(a) € o4(a). If
1€ Aand A € g(a), then A(\ — a) is a proper ideal of A, we can find
an w € o4 vanishing on A(A — a), whence A = w(a). O

Proposition 2.20. For a commutative Banach *-algebra A, the Gelfand
transform is a *-homomorphism.

Proof. In fact, for h=h* € Aand w € 04, w(h) € o(h) CR. O

Corollary 2.21. If a unital Banach *-algebra A is generated by {1, a}
with a € A, then 04 3w+ w(a) € o4(a) is a homeomorphism.

Proof. The compact (Hausdorff) space o4 is continuously mapped onto
oa(a), which is injective because {1,a} generates A. O

Theorem 2.22 (Gelfand). If A is a commutative C*-algebra, the
Gelfand transform is an isomorphism of C*-algebras between A and

Co(O'A).

Proof. The Gelfand transform is isometric because of

lall* = lla*al| = sup{|A|: A € o(a*a)} = sup{[a(w)[*;w € o4} = |[a]*

Since {a;a € A} is a *-subalgebra of Cy(04) and it separates points in
04, it coincides with the whole Cy(04) thanks to the Stone-Weierstrass
theorem. O
Example 2.23.

(i) Let A = Cp(2) with Q a locally compact space. Then Q >
T +— 0, € 04 is a homeomorphism.
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(ii) Let K isa compact subset of R, h € C'(K) be a continuous func-
tion defined by h(t) =t (t € X) and A be the C*-subalgebra
of C(K) generated by h. Then o4 is naturally identified with
K\ {0}, whereas o(h) = K.

Exercise 23. For a commutative C*-algebra A, o4 is compact if and
only if A has a unit.

In a unital C*-algebra A, let a € A generate a commutative *-

subalgebra; aa* = a*a and C' be the C*-subalgebra of A generated by
{1,a}. Then the spectrum of C' is identified with o(a) and the Gelfand
theorem enables us to define the element f(a) in C for a continuous
function f on o(a). This is referred to as the continuous functional
calculus of a.

Exercise 24. If g is a continuous function on o(f(a)) = {f(A); A €
o(a)}, then we have g(f(a)) = (g f)(a).

Example 2.24. A unital C*-algebra is unitary: If h = h* with ||h| <
1, then u = h + iv/1 — h? is unitary and h = (u + u*)/2.

Let A be a commutative *-algebra with A the associated C*-algebra.
Any w € o4 restricts to a non-zero *-homomorphism A — C. Con-
versely, any non-zero *-homomorphism of A into C defines a bounded
representation of A, whence it is continuous with respect to the C*-
seminorm and lifted to a *~homomorphism of A into C. Thus o4 is
identified with the set of non-zero *-homomorphisms of A into C. If
one applies this to a commutative group algebra CG, then o4 is iden-
tified with the set G of group homomorphisms of G into T and C*(G)

~ ~

with C(G). Let (*(G) — L*(G) be the Fourier transform. Then it
intertwines the left regular representation of C*(G) and the multipli-
cation operator of the Gelfand transform of C*(G), which shows that
the regular representation is norm-preserving on C*(G).

Example 2.25. The spectrum of the group C*-algebra C*(Z) is iden-
tified with Z = T and C*(z) itself with C(T).

Exercise 25. Let GG be an abelian group and a = dec agg € CG with
ag > 0. Then the C*-norm of a is simply calculated by [[al| = 3~ ¢ ay-

The Gelfand theorem establishes a categorical duality between the
category of compact spaces and the category of unital commutative
C*-algebras. Here morphisms are continuous maps for compact spaces,
unit-preserving *-homomorphisms for C*-algebras, which are in a con-
travariant relation. Thus a conitnuous map f : X — Y corresponds to
a *-homomorphism ¢ : C(Y) — C(X) by ¢(b) = bo f. Note that ¢
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is injective (resp. surjective) if and only if f is surjective (resp. injec-
tive). As an immediate application of this observation, we see that ¢
is isometric if it is injective.

Theorem 2.26. Let ¢ : A — B be an injective *-homomorphism
between C*-algebras. Then ¢ preserves the C*-norms.

Proof. Let C x A be the C*-algebra obtained by adding an external
unit to A. Thus C x A = A if A is not unital and C x A =2 Cc @ A if
A is unital. By extending ¢ to an injective *-homomorphism C x A >
(A,a) — (A, ¢(a)) € C x B, the problem is reduced to the unital case.
Let a € A and we shall show that ||¢(a)|| = ||a||. By passing to the
commutative C*-subalgebras C*(1 4+ a*a) and C*(1 + ¢(a)*¢(a)), the
problem is further reduced to the case of commutative C*-algebras and
we are done. O

Related to this, the following reveals a kind of algebraic rigidity in
C*-algebras. For the proof, we need the positivity of elements of the
form a*a and it will be postponed until the end of the next section.

Theorem 2.27. Any closed ideal I of a C*-algebra is a *-ideal and
the quotient *-algebra A/I is a C*-algebra with the C*-norm given by
the quotient norm.

Corollary 2.28. Let ¢ : A — B be a *-homomorphism between C*-
algebras. Then the image ¢(A) is closed in B.

3. POSITIVITY IN C*-ALGEBRAS

A hermitian element h in a C*-algebra A is said to be positive and
denoted by h > 0 if o4(h) C [0,00). Let Ay be the set of positive
elements in A, which is invariant under the scalar multiplication of
positive reals.

Lemma 3.1. For a hermitian element h in a C*-algebra, the following
conditions are equivalent.
(i) h is positive.
(ii) ||r1 — Al < r for some r > 0.
(iii) [|r1 — Al <r for any r > 0.

Consequently, the positive part A, is a closed subset of A.

Proof. Realize h as a continuous function on a compact subset of R. [

Corollary 3.2. If a > 0 and b > 0, then a +b > 0. Thus A, is a
convex cone.
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Proof. From the positivity, ||||a||—al| < ||a|| and ||||b]] —b]] < ||b]|, which
are used to get

[liall + el = ]| < |

Exercise 26. If an element a in a C*-algebra satisfies ||r1 —a|| < r for
any r > rog with rg some positive real number, then a is hermitian and
therefore positive.

lall = af| + |16l 8[| < liall + 18]
U

Theorem 3.3 (Kelley-Vaught). For any element a in a C*-algebra,
a*a > 0.

Proof. Let a*a = b — ¢ with b, ¢ positive and bc = ¢b = 0. Then
ca*ac = —c3 < 0. Thus the problem is reduced to showing that z*z < 0
implies z*z = 0. Let x = h + ik. Then

xx* =20 +2k* — ¥z > 0

and o(zx*) C [0,00), which is combined with the next lemma to get
o(z*x) = {0}. O

Lemma 3.4. In a Banach algebra A,
ga(ab) U{0} = o4(ba) U {0}

for a,b € A.
Proof. Formally
1 ab abadb 1 1 ba  baba
— -1 — — J— _ e — — J— JR— [
(A1 — ab) ytet et /\—i-)\Qa(l—i-)\—l— 2 +...)b
1 1 1
— X + XCL()\ — bCL) b
for A # 0 but the conclusion is true because of
1 1 1 ab a _1
- — 4+ —a(\ — =1—-—4+—-(A- — =1
(A — ab) ()\ + )\a(A ba) b) 3 + )\()\ ba)(\ —ba) b

and
ab a

G + ol - ba)—1b> (= ab) = 1= T SO~ ba) " (A= bajh = 1

Definition 3.5. An order relation in the set of hermitian elements is
introduced by a <b <= b—a € A,.

Exercise 27. For a hermitian element h and an arbitrary element a,
—[|hlla*a < a*ha < ||h||a*a.
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Proposition 3.6. Any positive linear functional ¢ on a C*-algebra A
is continuous and

lell = sup{¢(a);a = 0, [|al| < 1}.

Proof. Let M = sup{¢(a);a > 0,||a|| < 1} and assume that M = oc.
Then we can find a sequence {a,} of positive elements in the unit ball
such that ¢(a,) > n. From [la,|| <1, a=3_," | -5a, defines a positive
element in A and >_}_, ax/k* < a implies

"1 "1
pla) > Zﬁ%p(ak) 2 ZE — 00 (n — 00),
k=1 k=1

a contradiction. Thus M < oo.
For a hermitian h € A, —|h| < h < |h| imples |o(h)| < ¢(|h]) <
M]||h|| and, for an arbitrary a,

a -+ ax a—a* a-+a* a—a*
<M M
() < MY M

Now, for x,y € A,

p(a)] < el | < 2M|all

21

lp(y*2) > < oy y)p(z*z) < M?|y*y| ||z*z]|.

If we choose y = tffm with ¢ > 0, then

*

T

ok ok * tQ—

(z —y'z)(r —y'z) (t+z27)?

implies ||z — y*z|*> <t — 0 (t = +0) and we obtain the inequality
(@)* < M?|l2|?,

showing ||¢]| < M. O

Definition 3.7. An increasing net {u, }aes of positive elements in a
unit ball of a C*-algebra A is called an approximate unit if a =
lim, .00 au, for any a € A.

Proposition 3.8. An approximate unit exists.

Proof. As an index set, choose the directed set of finite subsets of A,
and, for « = {ay,...,a,}, set

onlag+ - +ay)
IL+n(a+--+a,)

Uq
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Then, for a 3 a*a,

(a — auy)*(a — auy) = a‘a
l+n(a+--+a,) 14+n(a+---+ay)
a1 + “e + Ay,
STra@s o ra)p
1
< ——:t >0} = —
- SUP{(I +nt)?’ } 4n
reveals that lim,_.~ au, = a. O

Theorem 3.9. For a linear functional ¢ on a unital C*-algebra A, the
following conditions are equivalent.

(i) ¢ is positive.
(ii) [lell = ¢(1).

Proof. (i) = (ii) is a consequence of the previous proposition in view
of a < ||a||l for a € A,.

(ii) = (i): We may assume that ||¢|| = ¢(1) = 1. Let h = h* and
©(h) = A +ip with A, u € R. Then

A+i(p+ 0] = [o(h+ )] < [|h+dit] = V][] + 22,

e, A2+ (u+1)? < ||h||* + ¢* for ¢t € R, which implies pu = 0.

Now let 0 < h < 1. Then

1= ()] = lp(l =h)[ < [ = Al <1.

Since ¢(h) is real, the above inequality requires ¢(h) > 0. O
Corollary 3.10. Let ¢ be a positive linear functional on a non-unital

C*-algebra A and 1 : A = C be an extension of . Then 1 is positive
if and only if (1) > ||¢]|-

Proof. Assume that 1 is positive and let a € A, .
0 < P((t+a)?) = p(1)t* + 20(a)t + p(a?)

for any t € R, whence

p(a)* < ¥(1)p(a’).
If we restrict |la]| < 1, this implies ¢(a)? < ¥(1)]|¢|| and then ||¢||* =
sup{p(a)%0 < a <1} <9 (D)]g].
Conversely assume that (1) > |l¢|. Then (A + a) = (¥(1) —
lelDA + @(A + a) and the positivity of ¢ is reduced to that of .
Clearly ||| > ||¢|| and the problem is further reduced to showing that
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2l < |lell. From 0 < wqau, < u? for 0 < a < 1 and uyau, — a
(v — 00), we have

¢(a) <liminf p(u2) < limsup p(u?) < |l¢||

and then, by taking supremum on 0 < a < 1, ||¢]| = limy e o(u?),
which is used to conclude that

(F(A+a)| = lim [Ap(ug ) +o(ug)| < limsup (||| [[Aug+aug ]| < [l A+
U

Exercise 28. For a bounded linear functional ¢ of a C*-algebra A and
an approximate unit {u,} in A, ¢ is positive if and only if

lpll = lim e (ua).

Theorem 3.11. Let A be a closed *-subalgebra of a C*-algebra B.
Given a positive linear functional ¢ on A, we can find a positive linear
functional 1 on B so that ¢(a) = 1(a) for a € A and ||¢|| = [[¢]|.

Proof. By adding unit, we may assume that B hasaunit 1. If 1 ¢ A, we
first extend ¢ to a positive linear functional @ by putting @(A\l 4+ a) =
|lell + ©(a) (the above corollary). Thus the problem is reduced to the
case l € AC B.

Now 1 be a Hahn-Banach extension of ¢: 1 is a linear functional
on B satisfying ¢(a) = ¢(a) for a € A and ||| = ||¢]]. Then ¢ (1) =
©(1) = |||l = ||]] by Theorem 3.9, which guarantees the positivity of
1 again by the same theorem. 0

Corollary 3.12. For any a € A, we can find a positive linear functional
¢ on A so that ||¢|| =1 and p(a*a) = ||al?.

Let {¢;}ier be a family of positive linear functionals on a C*-algebra
and assume that, for each 0 # a € A, ¢;(a*a) > 0 for some ¢ € I. Then
the direct sum 7 = @,_; m; of GNS representations is faithful.

In fact, if 7(a) = 0, ¢;(b*a*ab) = 0 for b € A and i € I, and then, by
letting b — 1, ¢;(a*a) = 0 for all i € I, whence a = 0.

Theorem 3.13 (Gelfand-Naimark). Any C*-algebra is *-isomorphic
to a closed *-subalgebra of B(H).

Proof of Theorem 2.27

Proof. Let a € I. Then <% ¢ J for t > 0 and a* is approximated by

. t+a*a
gt e,
Let {us} be an approximate unit for /. We claim that

la+ I|| = lim |ja — au|| = lim ||a — uqall.
(03 (0%
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For x € I,
lat+1]| < lla—aua| < [[(1=ua)(atz)[[+ [z —2uall < [latz(|+|[z—2u0l
implies
lla + I|| <liminf ||a — au,|| < limsup ||a — au,|| < |ja + z||.
Let a,b € A. For z,y € I,
lab + I] < [[(a +2)(b + y)I| < [la+ x| |6+l
implies [[ab+ I|| < |la+ I/ ||b+ I]|.

la+ I]|* = lim ||a — auy||® = lim ||(1 — ug)a*a(l — u,)]|
< lim ||a*a(1 — uy)||
—lta+ T < fla* + 1| la+ I].
shows that ||a* + I|| = |ja + I|| and then the equality |la + I||* =
la*a + 1. O

The *-algebraic operations of a C*-algebra A is now transferred into
the dual Banach space A*: For ¢ € A* and a € A, ap, pa and ¢* are
defined in A* by

(ap)(z) = p(za), (pa)(z) = plaz), ¢"(x) = p(z*), forzeA

with the following relations

(ap)b = a(pb), (apb)” = by a”.
A linear functional ¢ € A* is said to be hermitian if p* = ¢. Let A7
be the set of positive functionals on A. Then aA% a* C A7 for a € A.

Lemma 3.14. Let H be the set of hermitian elements in A, which is
a closed real-linear subspace of A. Then the real Banach space H* of
bounded linear functional on H is identified with the set of hermitian
functionals on A.

The following is an analogue of Jordan decomposition in measure
theory.

Theorem 3.15 (Grothendieck). Any hermitian functional § € A* is
expressed by 0 = ¢ — ¢ with ¢, ¢ € A% satisfying 6] = ||¢| + [|[¥||
and such an expression is unique.

Proof. The positive unit ball A% ; is compact in the weak™® topology
and so is the convex hull C' of A% ; U (=A% ;). Clearly C' C Hj and,
if f e Hy\C, we can find h € H such that f(h) > sup{g(h);g € C}
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by Hahn-Banach theorem (H being identified with the weak* dual of
H*).

The Gelfand transform of the C*-algebra C*(h) generated by h € A
enables us to find w € o¢-( satistying |w(h)| = [|h]|. Let p € A% | be
an extension of w. Then £¢ € C implies |f(h)| > f(h) > |p(h)| = A,
which contradicts with || f|| < 1.

Now we express 0/||0|| € Hy as an element in C: 0/|6| =ty — (1 —
)y with 0 <t <1 and 1,9, € A7 ;. Then the choice ¢ = t[|0][¢
and ¢ = (1 — t)||0||1)1 does the job for the existence part because of

1611 < llell+ 11l = ¢101 lpa [+ =) 101 |1 < tl6]]+(1=t)]l0] = 6]]-

The uniqueness will be established later on as a consequence of po-
lar decomposition for linear functionals (see Pedersen §3.2 for a direct
proof). O

4. REPRESENTATIONS AND W*-ALGEBRAS

In connection with representations, the notion of W*-algebra arises
in two ways: as the space of intertwiners or as a weaker notion of
equivalence of representations. For the analysis of these, the norm
topology turns out to be not much adequate.

As an example, consider the Schur’s criterion on irreducible repre-
sentations, which can be achieved by appealing to the spectral decom-
position theorem. To get spectral projections starting with a hermitian
operator h, a weaker notion of convergence comes into, although the
process of recovering h as a limit of linear combinations of projections
can be norm-convergent. Cumbersomeness here is that lots of related
notions of weaker topologies arise on sets of operators.

Definition 4.1. Too many topologies on operators. Write ¢% = (?(N).

(i) The weak operator topology is the one described by semi-
norms |(§lan)| (€7 € H).
(ii) The strong operator topology is the one described by semi-
norms |[a]| (€ € H).
(iii) The *strong operator topology is the one described by
seminorms |[a&|[, ||a*¢]| (€ € H).
(iv) The o-weak topology is the one described by seminorms

(€@ )n)| (§,n € He ).
(v) The o-strong topology is the one described by seminorms

[(a® 1)E]| (€ € H® L),
(vi) The o-*strong topology is the one described by seminorms

l(a® 1)E]], [I(a* @ 1)E]| (§ € H @ £2).
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Exercise 29. Given a vector £ € H ® H*, we can find a (at most)
countable orthonormal system {7, } in J such that { € >~ H @ .

Proposition 4.2. Regard H @ H* as a B(H)-bimodule.

(i) The o-weak topology is given by seminorms |(&|an)| (§,n €
H e IH*).

(ii) The o-strong topology is the one described by seminorms ||af]|
(€ € H @ FH).

(iii) The o-*strong topology is the one described by seminorms
lag]l, igal (€ € 3 2 3¢°).

Proof. 1f dim H = oo, the topologies are controlled by vectors of count-
able decomposition, whereas all these collapse to the single euclidean
topology for a finite-dimensional H. In the assertion (iii), note that
l€al| = ||(€a)*|| = ||a*&|| covers the adjoint part. O

Proposition 4.3. The operator multiplication is separately continuous
in any of these topologies. The star operation is continuous in each of
weak, o-weak and o-*strong topologies. Given a bounded subset B of
H, the operator multiplication on B x B(H) is jointly continuous in
strong operator topology.

Exercise 30. Let S : ¢ — (% be the unilateral shift operator. Then
(S*)™ — 0 in the strong operator topology but not for its adjoint {S™}.

Exercise 31. Let T : ¢*(Z) — (*(z) be the bilateral shift operator.
Then T — 0 (n — o) in the weak operator topology, but not in the
strong operator topology.

Proposition 4.4.

(i) On a bounded subset B of B(H), the weak (resp. strong or
*strong) operator topology is equivalent to the o-weak (resp. o-
strong or o-*strong) topology.

(ii) On the set U(H) of unitary operators on H, all of these six
topologies are equivalent and U(H) is a topological group with
respect to this common topology.

Example 4.5. Let H be a separable Hilbert space and choose a count-
able dense set {&,} in the unit sphere of H. For x € B(H),

1
el = 3" sl

m,n>1

defines a norm weaker than the operator norm. Then the topology
induced from the distance function ||z — yl|, coincides with the weak
operator topology when restricted to the unit ball B of B(JH). Moreover
B is complete with respect to this metric.
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Exercise 32. If a sequence {7,} of bounded operators converges to
a bounded operator 7" in the weak operator topology, then {||7},||} is
bounded and therefore T,, — T' in the o-weak topology. (Use Banach-
Steinhauss theorem twice.)

Exercise 33. Let {{,} be a countable dense subset of the unit sphere
of a Hilbert space H. Consider the directed set of pairs a@ = (e, ¢)
(e > 0 and e being a finite rank projection) with (e, €) < (¢/,¢’) if and
onlyife < e and e > ¢. Let T, = ee+m?(1—e)|&n) (6] (1 —€), where
m = min{n > 1; |[e&,]|* < €}.

Show that T,, — 0 in the weak operator topology, whereas

1 1
Z ﬁ‘(€n|Ta§n)| > W|(€m|Ta§m)| > (1 - 6)2

n
for any oo = (e, €).

By a conjugation on a Hilbert space HH, we shall mean a conjugate-
linear involution I' : H — H satisfying (I'¢|T'n) = (n|) for &,n € H.
A conjugation enables us to identify H* with H itself: £ — I'¢ gives
a unitary map between H* and H.

As an example, the Hilbert space H ® H* is self-dual through the
natural conjugation defined by (¢ ® n*)* = n® £*. In other words, the
linear functional (£ ®@n*)* on H @ H* is identified with the vector n® &*
in H ® H*.

Proposition 4.6. The following conditions on a linear functional ¢ :
B(H) — C are equivalent.
(i) ¢ is of the form ¢(a) = tr(Ta) with T" € B(H) in the trace
class.
(i) ¢ is o-weakly continuous.
(iii) ¢ is o-*strongly continuous.
(iv) There exist vectors £, € H ® ¢* such that ¢(z) = (£[(z®1)n)
for z € B(H).

Proof. (i) <= (ii): Write T' = z*y with z,y € Cy and let {,n € HRH*
be the vector representatives of z,y. Then tr(T'a) = ({|an) is o-weakly
continuous.

(ii) = (iii) is obvious. Assume (iii). Then there exists £ € H @ H*
such that

9(a)] < [la€ @ £al

whence a€ @ £a — @(a) defines a bounded linear functional on {a& &
€a;a € B(H)} CHRH* & H @ H* and, by the Riesz lemma, we can
find n,( € H @ H* so that

p(a) = (n @ ¢lag & &a) = (n|ag) + (C[Ea) = (n]ag) + (£7|ac”),
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which reveals the o-weak continuity of ¢.

(i) <= (iv): If we express T as a product of two operators in
the Hilbert-Schmidt class, then we see that p(z) = (£|(§ ® 1)n) with
§&,neH®H" Let {(j;} be an orthonormal basis in 3*, then £ and
n are supported by a countable subset {iy, s, ...}, whence £ and 7 are
identified with vectors in H ® 2. O

Exercise 34. If a linear functional ¢ : B(H) — C is continuous relative
to the *strong operator topology, then it is continuous relative to the
weak operator topology.

Proposition 4.7. An operator a € B(H) is in the o-strong closure of

a subset § C B(H) if and only if (a®1)£ € (8 ® 1) for any £ € H® 2.

Here (8 ® 1)¢ denotes the norm closure of {(s ® 1)¢;s € 8} in H ® 2.

Proof. Controls at finitely many families {&; = @;&;;}1<i<n are man-
aged by a single vector & = & @ --- @ &,, which is identified with a
vector in H ® ¢% through any bijection N* & N, U

The following is an analogue of the monotone convergence theorem
in Lebesgue integration, which describes a completely different feature
from the norm topology.

Proposition 4.8. A bounded increasing net {a,} of positive elements
in B(H) converges to a positive element in the o-strong topology.

Proof. By the polar identity, the sesquilinear form (£|a,n) converges
point-wise: there is a positive element a € B(H) such that

(Elan) = lim (flaan), &ne I
and then
(@ = aa)€l1? < ll(a = aa) 2|l (@ — as)"*¢|I?
= lla = aal|'* (€](a — aa)€)
< [lal|'2(€](a — aq)€) = 0 (a = o0).
We now apply this convergence to the net {a, ® 1} in B(H ® £2) to
find a positive operator @ on H®¢2. Since a,®1 commutes with 1Qp;pj
(7,k > 1) and the operator multiplication is seperately continuous in

the strong operator topology, we see that a commutes with 1 ® p;p; as
well, whence @ is of the form a ® 1 with a € B(H). O

Definition 4.9. A *-subalgebra A of B(H) is said to be non-degenerate
if AJ is dense in J.

A WH*-algebra on a Hilbert space H is a o-weakly closed non-
degenerate *-subalgebra of B(H).
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Definition 4.10. The commutant & of a subset 8 of B(H) is defined
to be
8 = {c € B(H);cs = sc for every s € 8}.

Note that by the separate continuity of multiplication, 8" = gl, where
8 denotes the closure of 8§ in the weak operator topology.

Exercise 35. Show that & = 8.

Example 4.11. Given a subset § = 8 C B(H), its commutant &
is a W*-algebra. As a special case of this, given a *-representation
7w A — B(H), the space of self intertwiners is a W*-algebra.

Example 4.12. For the left and right regular representations A, p of
a group G on *(G), \(G)' = p(GQ)".

Recal that that £*(G) is a *-bimodule of CG. Let r € A\(G)’ and set
n = r(6Y?) € £2(G). Notice r(ad'/?) = ar(6'/?) = an (a € CG shows
that r is given by a right multiplication of 1 and one may expect that
it can be approximated by cutting the support of & down to finite sets.
Real life is, however, not so easy but still simple enough:

Let | € p(G) and express it as a left multiplication of ¢ € ¢*(G):
1(ad'/?) = £a for a € CG. Then I* is given by the left multiplication of
& and r* by the right multiplication of n*, which are used to see

(8121 (661/2)) = (1*(a8"/2)[(46) = (€"albm) = (5°D']a"€)
— (Cl77*|§b) = (r*(a§1/2)|l(b51/2)) _ (a51/2|7’l(b(51/2)),

Exercise 36. Let two subsets A, B C B(H) commute with each other.
Then A’ = B” if and only if A’ commutes with B’.

Lemma 4.13. Let A be a *-subalgebra of B(H) and p; : H ® (* — H
be the projection to the j-th component.

(i) Then an element C' € B(H ®¢?) belongs to (A®1)" if and only
if p;Cp; € A’ for any j, k > 1.
(i) We have (A® 1) = A" @ 1.
(iii) A projection e € B(H) belongs to A’ if and only if eX is
invariant under A.

Proof. (i) is a consequence of p;(a ® 1) = ap; for a € A and j > 1.

The inclusion A” ® 1 C (A ® 1)” follows from (i). To get the reverse
inclusion, assume that C' € B(H ® ¢?) is in the commutant of (A ® 1)
Then C' commutes with pjpy for any j,k > 1, whence p;Cp}, = 9;xc
with ¢ € B(H), i.e., C = c®1. Since C commutes with pia'p; (a’ € A’)
as well, we see that ¢ is in the commutant of A’.

Non-trivial is the if part: since A is a *-subalgebra, the invariance
of e under A implies the invariance of the orthogonal complement
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(1 — e)H as well and we see that ae§ = a& = ea for £ € eXH, while
ae§ =0 = eaf for £ € (1 —e)FH. d

Lemma 4.14. If a *-subalgebra A C B(H) is non-degenerate, then
¢ € A€ for any € € H.

Proof. Passing to the norm closure, we may assume that A is a C*-
subalgebra of B(H) and let {u,} be an approximate unit in A. Then,
on a dense subspace AXH,
i Y = 35 I s =
j=1 j=1 j=1
shows that lim,_,, u, = 1 in the strong operator topology. Particu-
larly, & = lim, u,& belongs to the closure of AE. U

Theorem 4.15 (von Neumann’s Bicommutant Theorem). Let A be
a non-degenerate *-subalgebra of B(H). Then the bicommutant A" is
the o-strong closure of A.

Proof. Since A” is closed in the weak operator topology, we need to
show that any a” € A” is in the o-strong colosure of A. In fact, in view

of Proposition 4.7, let £ € H® ¢? and P be the projection to (A ® 1)¢.
Then P € (A® 1) commuets with ” ® 1 by Lemma 4.13 (ii), (iii) and

Pd"®1) = (a"®@1)P¢ = (" @ 1)¢E.
Here the non-degeneracy of A®1 on H®F? is used to ensure P = £. O

Corollary 4.16. For a non-degenerate *-subalgebra M of B(H), the
following conditions are equivalent.
(i) M = M".
(ii) M is closed in the weak operator topology.
(iii) M is a W*-algebra.
(iv) M is closed in the o-*strong topology.

Proof. (i) = (ii) = (ili) == (iv) are trivial. Assume that M is
closed in the o-*strong topology. Then it is closed in the o-strong

topology by Hahn-Banach theorem in view of Proposition 4.6, whence
M= M". O

Example 4.17. Let M be a W*-algebra on H and a = v|a| be the
polar decomposition of @ € M. Then |a| and v belong to M. In fact, if
w is a unitary in M’, then a = vau* = wvu*u|a|u* and the uniqueness
of polar decomposition shows that wvu* = v and ula|u* = |al.

By a similar argument, for a hermitian h € M, the spectral projec-
tions of h belong to M.
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Lemma 4.18. Let M be a W*-algebra on a Hilbert space H and
e € B(H) be a projection. Then e € M if and only if e} is invariant
under M.

Corollary 4.19. The set of projections in a W*-algebra M is a com-
plete lattice.

Proof. This is because projections in B(JH) are in one-to-one correspon-
dence with M’-invariant closed subspaces of H. O

Exercise 37. Any o-weakly closed left ideal of a W*-algebra M is of
the form Mp with p € M a projection. If it is an ideal, then p belongs
to the center M N M’ of M.

Example 4.20. The *-subalgebra of finite rank operators is dense in
B(H) with respect to the o-*strong topology.

Example 4.21. Let p be a o-finite measure on a Borel space 2 and
regard L>(), u) as a *-subalgebra of multiplication operators on the
Hilbert space L*(Q, u). Then (L®(Q, pn)) = L®(Q, u): L=®(Q, p) is a
commutative W*-algebra on L?(§2, u1), which is maximally commutative
in B(L2(2, p)).

In fact, if b € B(L*(, i) is in the commutant of L>°(€, u) and
bp € L*(Q,p) is defined by b(1gpu'/?) = bpu'/? for a Borel subset
E C Q satisfying pu(F) < oo, then these are patched together to a
p-measurable function by on 2 satisfying 1gbg = bg (the o-finiteness
of u is used here). Then, for a € L*>°(2, 1) and for E with u(F) < oo,

b(alE,ul/Q) = ab(lEul/Q) = bgalpp'’? = boalgp'/?.

Since UpL>®(Q, u)1pu'/? is dense in L*(Q, i), the boundedness of b
compels by to be bounded and we see that b is the multiplication op-
erator by bq.

We now construct the universal representation of a commutative C*-
algebra A = Cy(Q2). Consider the free A-module over the set of formal
symbols {901/ 2ope A%} on which we introduce a positive sesquilinear
form by

(Z o' Zywm) = Z/myw(w)\/w(dw)\/w(dw)-
o) ® o 8

Here ¢ (resp. ) is identified with the Radon measure ¢(dw) (resp. ¥ (dw))
on €2 and the Hellinger integral is defined by

| s/ = [ ren |5 @

o dp
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with g any auxillirary measure satisfying ¢ < p and ¢ < p. Note
that the positivity as well as the boundedness of left multiplication by
elements in A follows from this expression:

<Zax¢gpl/z ZaxSo(plp) :/Q]a(w)\2

The associated Hilbert space is denoted by L?(A) on which A is rep-
resented by multiplication. Moreover L?*(A) is a *-bimodule by the
involution (3_, T /) = >0 T2,

We shall later generalize the construction to non-commutative C*-
algebras in a far-reaching way.

Theorem 4.22. A W*-algebra M is order-complete in the sense that
every norm-bounded increasing net {a,} of positive elements in M ad-
mits a least upper bound a in M and the net {a,} converges to a in
the o-strong topology.

p(dw).

S r @)y 2 (w)

dp

Proof. Let M be on H. Then {a,} converges to a positive element
a € sB(H) in the o-strong topology by Proposition 4.8, whence it
converges in the weak operator topology. Since M is closed in the
weak operator topology by Corollary 3.13, we have a € M. Let b be
an upper bound of {a,} in M. Then

(€ag) = lim(Ela.g) < (£]6€)  for £ € H
shows that a < b. Thus a is the least upper bound of {a,} in M. O

Theorem 4.23 (Kaplansky Density Theorem). Let A be a *-subalgebra
of B(H) and a € B(H) be in the closure of A with repsect to the weak
operator topology. Then we can find a net {a,} of elements in A such
that ||a,|| < |la|| and a = lim, @, in the *strong topology.

Proof. Since (c?* a) is in the weak operator closure of My(A), the

0
problem is reduced to approximating a = a* by a, = a; in the strong
operator topology.

Let f(t) = 2||al|t/(1+t?) be a R-valued function in Cy(R), which gives
a homeomorphism between [—1, 1] and [—||a||, ||a||]] when restricted to
the interval [—1,1].

Given a closed subset S of R, let Bg(H) be the set of hermitian
elements, say h, in B(H) satisfying o(h) € S. Then f(Br(H)) C
B jjal,|la (F0) and the functional calculus by f gives a bijection between
Bi-1,1)(F) and B(_jjq|1, o)) (FC) with the inverse map given by g(h) (h €
Bi_jjal,[laln (F1)), where g : [—|la|, |la]|]] = [-1,1] is the inverse function
of f |[—1,1]-
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Now choose b € Bj_11(H) so that a = f(b). Then, for a unitary
u e A, ubu* = f~'(uau*) = b shows that b € A" and we can find a
net {b, = b},e; in A” so that b = lim, ,,, b, in the strong operator

topology. From the expression f(t) = L'%! + _”%ﬂw

f(bz)—f(b)zﬂ(b_bz) L, _lal (b—bz)L

i+ b, 1+b —i+0b, —1+0b
reveals that f(b,) — f(b) in the strong operator topology. O

Example 4.24. Let H be a separable Hilbert space and ||z —y]|., be the
complete metric on the unit ball B of B(H) discussed in Example 4.5.
The complete metric space B is then separable. In fact, each operator
in B is o-weakly approximated by finite rank operators in B, which
in turn are approximated in norm by finite rank operators of rational
entries.

At the closing of this section, we introduce standard terminologies on
*_representations. To simplify the description, it is convenient to view
representations as left A-modules; 7(a)¢ is simply denoted by a. Let
AH and 4K be two *-representations of A. A bounded linear map 7" :
H — K is called an intertwiner between them if it satisfies T'(a) =
al'(§) for a € A and £ € H. Regarding the space Hom(4H, 4K)
of such intertwiners as a hom-set, we have the category s Mod of *-
representations of A.

Clearly End(4H) = Hom(4H, 4H) is a W*-algebra on H and each
hom-vector space as an off-diagonal part of the block presentation of
the W*-algebra

End(H Hom(X, H
End(4(H & X)) = (Hom(fg{,f)K) En((i(ﬂC) )>

A closed A-submodule 4H' of 4H is called a subrepresentation
of 4H. Let e be the projection to H' C H. Then e € End(4,H) and
there is a one-to-one correspondence between subrepresentations of 4 H
and projections in End(43H). To make the commutativity with the left
action of A visible, let M be the oppositive W*-algebra® of End(4H),
which acts on H from the right: £a® = a for a € End(4,H) and £ € K.
Then two subrepresentations sHe and 4 f with e, f projections in M
are unitarily equivalent if and only if e, f are equivalent in M in the
sense that there exists a partial isometry v € M such that v*v = e and
vt = f.

°f N is a WH-algebra on a Hilbert space H, then the opposite algebra N° is a
WH-algebra on H*: a°£* = (a*€)* for a € N and £ € H.
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Lemma 4.25 (Bernstein). Assume that e is equivalent to a subpro-
jection f’ of f and conversely f is equivalent to a subprojection €’ of
e. Then e and f are equivalent in M.

Proof. We just imitate the set-theoretical proof: Let u and v be partial
isometries satisfying u*u = e, v*v = f, uu* < f and vv* <e.
Then

U, VU, UV, VUV, - - - and v, uv, vuv, uvuv, - - -

are sequence of partial isometries with their initial projections satisfy-
ing

e>u'u > uvtvu > uwvtutuou > - -

f=vv > v ufuw > v utvtoun > -
Let e =eg+e1+---+ex and f = fo+ f1+- - -+ foo be the acompanied
decomposition, where ey = e —u*u, e; = u*u— u*v*vu and so on. Since
viegu = fi, u fou = ey, vev = fo, u*fiu = ey and so on, partial
isometries defined by

u=ulegt+ex+--+), vo=v(fo+fot ), U = Ut

satisfy
* *
Us Uoo = ooy UsolUng = foo,
* *
Ugllp = €9 +ea+ -+, uoug = fr + fs+---,
* *
vovo = fo+ fa+ -, vovyg=e+ez+ -

Thus the partial isometry w = uq+up+vg; gives an equivalence between
e and f: w*w = e and ww* = f. O

A *-representation 4H is said to be irreducible if End(4H) =
Clge. A positive functional is said to be pure if the associated GNS-
representation is irreducible. A family {49(;} of *-representations of
A is said to be disjoint if Hom(4J;, 4dH;) = {0} for j # k. Two
*_representations of A, @ on H and o on X, are said to be quasi-
equivalent if the correspondance m(a) +— o(a) (a € A) extends to a
*-isomorphism of 7(A)"” onto o(A)”. Two positive functionals ¢ and 9
of A are said to be disjoint (resp. quasi-equivalent) if the associated
(left) GNS representations are disjoint (resp. quasi-equivalent).
Theorem 4.26.

(i) A positive functional ¢ is pure if and only if any positive func-
tional v satisfying 1) < ¢ is proportional to ¢.

(ii) A *-representation 4H is irreducible if and only if A = J for
any 0 # ¢ € H.
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(iii) Two *-representations 4H and 4K are not disjoint if and only if
we can find non-zero subrepresentations sH' C 4H and 4K’ C
AKX such that ,H" and 4K’ are unitarily equivalent.

(iv) Two *-representations 4H and 4K are quasi-equivalent if and
only if there are sets X, Y such that 4 H®¢*(X) and 4 K@¢*(Y)

are unitarily equivalent.

Corollary 4.27. The set of pure states of a C*-algebra A is invariant
under *-automorphisms of A.

Exercise 38. The following conditions on a family {m; : A — B(H;)}
of *-representations of a *-algebra A are equivalent.

(i) The representations m; (i € I) are mutually disjoint.
(i) (B, m)(A) = D, mi(A)"
(iif) (B; m)(A)" = D, mi(A)".

5. LINEAR FUNCTIONALS ON W*-ALGEBRAS

The LP-duality is usually established via Radon-Nikodym derivatives
and in a measure theoretical way (see Rudin’s Real and Complex Anal-
ysis Chapter 6 for example.) Try to give a functional analytic proof
based on the Riesz lemma, i.e., by modifying the von Neumann’s proof
of the Radon-Nikodym theorem.

A positive linear functional ¢ of a W*-algebra M is said to be com-
pletely additive if ¢(},.,e,) = > ,c;¢(e,) for any family {e,},er of
pair-wise orthogonal projections in M. It is said to be normal® if
o(sup,e; a,) = sup,¢; ¢(a,) for any bounded increasing net {a,},e; of
positive elements in M, where sup,c; a, denotes the least upper bound
of {a,},er. Clearly complete additivity follows from normality.

Theorem 5.1 (Dixmier). The following conditions on a positive func-
tional ¢ of a W*-algebra are equivalent.

(i) ¢ is o-weakly continuous.
(i) ¢ is normal.
(iii) ¢ is completely additive.

Proof. The implication (i) = (ii) is a consequence of o-weak conver-
gence of sup, a, and (ii) = (iii) is obvious.

We first show that, given any projection 0 # p € M, we can find
a subprojection 0 # p’ < p such that M > x — @(xp’) is o-strongly
continuous. To see this, choose a positive ¥ € M, so that ¢(p) <
¥(p). Since both of ¢ and ¢ are completely additive, we can find a

6This is a standard but not illuminating terminology; order-continuity would
have been much better.
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subprojection p” < p which is maximal among subprojections satisfying
@(p") > (p"). From ¢(p) < ¥ (p), p' = p—p" # 0 and, by maximality,
any subprojection e of p’ has the property ¢(e) < (e), which implies
v(a) < (a) for a € p’ M, p' by spectral decomposition. Now M > x +—
o(xp') is o-strongly continuous becuase of

lp(zp')| < (1) 2oz zp)? < (1) 2y (p'z*ap') /2.

To complete the implication (iii) = (i), choose a maximal family {p,}
of pairwise orthogonal projections satisfying p, € M,. Then ) p, =1
by the previous step and, for a finite subset J C I,

pla(1 =Y p))| < wlaz”)Po(1=) p)"? < llellZllzlle(1=)_ p)*?

JjeJ jeJ jeJ
shows that
1Y pie =l < llell (1 =D pp)* =0 (J /).
jeJ jedJ

O

Proposition 5.2. Let M, be the set of o-weakly continuous linear

functionals on a W*-algebra M, which is referred to as the predual of
M.

(i) Aa a subset of M*, M, is a norm-closed *-subbimodule of M.
(ii) The Banach space M is the dual of M, and the o-weak topology
on M is equal to the weak™ topology as the dual of M,.

Proof. Since M C B(H) is o-weakly closed, this follows from C;(H)* =
B(H) and the polar relations. O

Example 5.3. The predual of B(H) is naturally identified with the
Banach space C;(H) of trace class operators (cf. Theorem 2.5). A nor-
mal state on B(H) is then represented by a positive trace class operator
p satisfying tr(p) = 1, which is referred to as a density operator.

Since any trace class operator is a linear combination of four den-
sity operators, any normal functiona of a W*-algebra M is a linear
combination of four positive normal states.

Exercise 39. Let S be the unitary shift on £2(z). Then lim,, ., S™ = 0
in the weak* topology of M = B(¢*(z)) but ||¢pS"|| = ||¢|| for 0 # ¢ €

M, does not converge to 0.
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Definition 5.4. Let M C B(H) and N C B(X) be W*-algebras. A
*-homomorphism ¢ : M — N is said to be normal if it is order-
continuous: if {a,} is a norm-bounded increasing net of positive ele-
ments in M, then

¢ (Sup az> = sup ¢(az)'

A *-representation m of M on a Hilbert space H is said to be normal
if m: M — B(H) is normal.

Proposition 5.5. The following conditions on a *-homomorphism be-
tween W*-algebras are equivalent.

(i) ¢ is normal.
(ii) If a positive functional w : M — C is normal, then so is w o ¢.
(iii) N, 0 ¢ C M.

Proof. (1) = (ii) is trivial.
(ii) = (iii): Any ¢ € N, is a difference of two normal functionals.
(iii) = (i) follows from the o-weak convergence of suprema. O

Corollary 5.6. If ¢ : M — N is a *-isomorphism between W*-
algebras, ¢ and its inverse ¢! are o-weakly continuous.

Theorem 5.7. If ¢ : M — N is a normal *-homomorphism of W*-
algebras, then ¢(M) is o-weakly closed in N.

Proof. Since ¢ is continuous with respect to the weak™ topologies and
the unit ball B C M is o-weakly compact, ¢(B) C N is o-weakly
compact and therefore it is o-weakly closed in N. If b is in the o-weak
closure of ¢(M), then it is in the o-weak closure of ||b||¢(B).

Note that (1 +¢€)¢(B) contains the unit ball of the C*-algebra ¢(M)
for any € > 0. O
Example 5.8.

(i) An ampliation M >z — 2 ® 1 € M ®1 is an injective normal
*_homomorphism.
(ii) A unitary map H — X induces an *-isomorphism of W*-
algebras M > x +— UxU* €e UMU™.
(iii) Let K = ¢’H be M-invariant with ¢’ € M’ a projection. Then
M > x +— xe € Me' is a surjective normal *-homomorphism.

These are simple examples of normal *-homomorphisms but they are
enough to describe general ones.

Theorem 5.9 (Dixmier). Let M on H and N on X be W*-algebras,
¢ : M — N be a normal *-homomorphism and suppose that N =
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@¢(M). Then we can find an index set I, a projection e € (M ® 1p2(;))
and a unitary map U : e(H ® (*(I)) — X so that

Ula® 1)U* = ¢(a) forae M.

Proof. Choose vectors {1, };es in X so that X = @jeJN_nj and let ¢,
be positive normal functionals on M defined by ¢;(a) = (n;|¢(a)n;).
Then we can find vectors &; in H ® ¢* satisfying p;(a) = (&;](a @ 1)&;)
(a € M), which allows us to introduce unitary maps U; : (M ® 1)&; —
Nn; by U;((a ® 1)&;) = ¢(a)n;. Note that N = (M) is used here to
guarantee the surjectivity of Uj.

Since P, (M ® 1)¢; is identified with an M ® 1-invariant closed
subspace of H ® (* ® (*(.J), the projection e to the subspace belongs
to (M ®1).

Now, with the choice I = N x J and the identification ¢*(I) = ¢* @
(*(.J), the unitary map U : e(H ® (*(1)) — K defined by U = @, U;
meets the desired property. O

jeJ

As a simple application of this theorem, we shall show that the tensor
product of W*-algebras has a space-free meaning.

Let M, (resp. N;) be W*-algebras on H; (resp. K;) for j = 1,2
and o : My — My, B8 : N — Ny be *-isomorphisms. Then the
correspondence x ® y — «a(z) ® [S(y) is (uniquely) extended to a *-
isomorphism of M; ® N; (acting on H; ® K;) onto My ® Ny (acting on
Ho @ Ky).

Exercise 40. Describe the details in the proof of the assertion.

In view of the intrinsic nature of o-weakly continuous linear func-
tionals, it is natural to expect a Jordan type decomposition for ¢ =
p* e M,.

Definition 5.10. Given a normal linear functional ¢ on a W*-algebra
M, its left and right supports [p]; and [¢], are the largest projection e
and f in M satisfying ep = ¢ and ¢ f = ¢ respectively.

Note that, if ¢* = ¢, left and right supports coincide and are denoted
by [p]. If ¢ is positive, ||¢]] = ¢(1) = ¢([p]) and ¢ is faithful on
(o] Mp] in the sense that ¢(a) = 0 implies a = 0 for any positive
a € [p]M][p] (apply ¢ to the spectral projections of a).

Example 5.11. Let M = B(H) and represent ¢ in terms of a trace
class operator operator 7" on H. Then left and right supports of ¢ are
those of T'.

Proposition 5.12. A projection e in a W*-algebra M is of the form
e = [p] for some ¢ € M if and only if it is o-finite in the sense that
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an orthogonal decomposition )., e; of e in M is possible only for a
countable index set I.

Theorem 5.13 (Sakai). Each normal linear functional ¢ on a W*-
algebra M is of the form wu|p|, where |p| is a positive normal linear
functional and w is a partial isometry in M satisfying u*u = [¢], =
[|¢|] and the pair (u, |p|) is uniquely determined by these properties.
Moreover we have uu* = [p];.

Proof. By replacing ¢ with ¢/||¢||, we may assume that ||| = 1. Let
¢ = [l and [p]; = f.

We first check the uniqueness. Let (u,w) be such a pair. From ||¢|| <
Jul[ lwl| = flwll and [jw|| < lull{[ell = llell, we see [lw| = flell = 1,
whence 1 = w(1) = ¢(u*).

Assume that ¢(a) = ||¢|| = 1 with a in the unit ball of eM f. Then
1 = w(b) with b = au in the unit ball of eMe and

1 =w(b) < Vw(l)y/w(b*d) = /w(b*d) < 1
shows that w(b*b) = 1 = w(1) = w(e). Since b*b is in the unit ball of
eMe and w is faithul on eMe, w(e —b*b) = 0 implies e = b*b. Likewise,
starting with w(b*) = 1, we obtain e = bb*. Thus b is a unitary in the
unital C*-algebra eMe and te + (1 —¢)b (0 < t < 1) can be identified
with the continuous function t + (1 —t)z of z € o(b) C T. Let p be the
probability measure in o (b) associated with the state w. Then

l=w(te+ (1 -1t)b) = / (t+ (1 —1t)z) u(dz)

a(b)

1 —1)z| u(dz

</G(b) |t + (1 —1t)z| u(dz)
1—-1)|z dz) =1.

</U(b)(t+( t)|z]) pu(dz)

Since |t + (1 —t)z| < 1 for 1 # z € o(b), u must be supported by a
single point {1} and we have

alle=ble=t)= [ (1P puldz) =0,
o(b)

which means b = e by the faithfulness of w on eMe, i.e., a = u*. Thus
the partial isometry part u € fMe is uniquely determined by p(u*) = 1
and so is w = u*p.

Now we establish the existence. Since the unit ball B of M is o-
weakly compact, the function B 3 x +— |¢(z)| is o-weakly continous,
and since 1 = ||| = sup{|¢(z)|;z € B}, we can find x € B such that
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lp(z)] = 1 and then a = z/p(z) € B satisfies p(a) = 1. Replacing
a with eaf, we may further assume that a belongs to the unit ball of
eMf. Let a* = uh be the polar decomposition of a* with 0 < h <1
and p < e be the support projection of h. Then the linear functional
w = u*p satisfies [|w|| =1 and w(h) = ¢(a) = 1.

We claim that w is positive. In fact, ||h + €?(1 — h)|| < 1 and, for
the choise of f € R satisfying e®w(1 — h) >0,

1<1+e% (1 —h)=wh+e’1—-h)<|h+e’1-hn) <1

w(l—h)=0,1ie,w(l) =w(h) =1with ||w|]| = 1, whence w is positive.

Now the existence is proved by checking p = e, i.e., pp = . If not,
©(1—p) # 0 and we can find b € B satisfying (1—p)b = b and ¢(b) > 0.
Then a*b = a*p(1 — p)b = 0 and, for t > 0,

la +tb]|* = ||(a +tb)*(a + tb)|| = ||a*a + t?b*b|| < 1+ 2
and therefore
1+ tp(b) = p(a+tb) < [la +tb]| < V1 +#2,
which is impossible for ¢(b) > 0. O

6. TOMITA-TAKESAKI THEORY

Mainly we follow the presentation in [Bratteli-Robinson 1].

A positive normal functional ¢ on a W*-algebra M is said to be
faithful if ¢(a) = 0 for a positive a € M implies @ = 0. A positive
normal functional ¢ is faithful if and only if [¢] = 1 and any positive
normal functional ¢ is faithful when restricted to [¢|M|[y].

Example 6.1. Let M = B(H) and represent ¢ in terms of a positive
trace class operator operator p on J. Then ¢ is faithful if and only if

ker p = {0}.

Exercise 41. A W*-algebra M admits a faithful positive normal func-
tional if and only if it is sigma-finite in the sense that any mutually
orthogonal family {e;};c; of non-zero projections in M has counatble
cardinarity in the index set [.

Let M be the set of positive normal functionals. Then M and M,
are in the polarity relation: M, = {a € M;w(a) € R} Yw € M} and,
if a € M, satisfies w(a) = 0 for all w € M, then a = 0.

Given a faithful ¢ € M, we shall identify the left and right GNS

*

representation spaces M /2 and ©!'/2M in such a way that the iden-
tified Hilbert space L?*(M) allows a *-bimodule structure satisfying
(¢'/?)* = ©/2 and the closed convex hull of {ap'/?a*;a € M} gives a
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positive cone in L2(M), i.e., (¢ %alap'/?) = (¢'/?|ap'/?a*) > 0 for any
a € M and ¢ € M.

To get a hint for the construction, think of a (possibly unbounded)
operator A'/? formally defined by A'Y2(ap'/?) = p'/2a, which is posi-
tive by the positive cone assumption, and introduce the notation J to
stand for the conjugate-linear isometric involution & — £* (£ € L*(M)).

Then the combination JAY? satisfies
TAY2(ap"?) = a*p1/?.

In other words, if we introduce a (possibly unbounded) conjugate-linear
involution S on the left GNS space H = M'/2 by S(ap'/?) = a*p'/?,
then J and A2 can be captured as parts of the polar decomposition of
S. Now we regard M C B(H) and introduce the *-operation as well as
the right multiplication of a € M on H by £* = J¢ and {a = Ja*J¢ for
¢ € H. At this point, we have (©/2)* = ¢!/ because ¢'/? is invariant
under S.

The condition (a€)b = a(&b) is then equivalent to JMJ C M’, which
turns out to be enough to ensure (a&b)* = b*¢*a* for a,b € M. We also
need to show the inequality (a*'/2|J(ap/?)) > 0 (a € M) to realize
the positive cone assumption.

Under these backgrounds, we introduce two conjugate-linear involu-
tions Sy and Fy by

SO(@SOI/Z) _ a*gpl/Q Fo(a’gal/z) _ (&/)*801/2’ a € M, a e M

Lemma 6.2. Both of Sy and Fj are closable with their closure S and
F' being adjoints of Fj and S; respectively. Moreover, the following
conditions on £,n € H are equivalent.

(i) £ € D(F) and n = F¢.
(ii) There is a closed operator p affiliated” with M’ satisfying pp'/? =
¢ and p*o'/? = 1.
A similar statement holds for S and M.

Proof. Inclusions Sy C Fjj and Fy C S are immediate.

For ¢ € 3, a densely defined operator p, in H is set to be pg(ap'/?) =
a€ for a € M. If £ € D(S;) and n = S¢, ie., if

(a 1/2|77) (§|a*g01/2) for all a € M,
then
(a2 pe(bp'?)) = (b*ap'?[€) = (n]a*bp'’?) = (py(ap?)|bp'/?)

If v|p| denotes the polar decomposition of p, this means that v and spectral
projections of |p| belong to M’.
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shows that p¢ C p; and p, C pi. Let p = pg* be the closure of pe with
v|p| the polar decomposition of p (cf. Reed-Simon §VIIL.9).

If u € M is a unitary, pe(uap'/?) = ua& = upe(ap/?) shows that
u*peu = pe and hence u*pu = p. By the uniqueness of the polar
decomposition, v € M’ and the spectral projections of |p| belong to
M’ ie., pis affiliated to M’. Let e/, € M’ be the one associated to the
interval [0,n] and set p, = v|ple,, € M’. Then, the convergence

pu!? = vl pe? = v E €
Prp'? = enpie!? = e =
shows that £ @& n is in the closure of the graph of Fj. O

Let S = JA'Y? be the polar decomposition. Recall that AY? is
a positive self-adjoint operator specified by ||AY2¢|? = ||S¢||? with
D(A'Y?) = D(S) and the antiunitary operator .J by J : AY2¢ s S¢
for ¢ € D(S). Since S = S7! as the closure of Sy = S;*, we have
JAV?2 = A1/2J-1 = J-1JA=1/2 ]! and the uniqueness of the polar
decomposition gives

JV=J JAY2]=A"12

Thus the polar decomposition of F is given by S* = AY/2J = JA~Y/?
and the positive self-adjoint operator F'S = SF' is equal to the square
A of AY2,

Lemma 6.3 (Fundamental Lemma). Let a € M, A € C\ [0,00) and

set & = ;—k—rap'/?%. Then an element p, in M’ is defined by

pr(xpt?) = z€ forx e M

with an estimate

oAl <
Proof. Since { = —k—ap'/? is in the domain D(S*) = D(A™'?), we
can find a closed operator py affiliated to M’ satisfying
pa(zo'/?) = x€ forz e M

and the problem is reduced to showing the estimate on ||p,|].
Let x € M. In the expression
ap'/ 2) :

1
lw€]|* = (z*2¢]€) = (Wif*xf
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we use the fact that ﬁx*xﬁ is in the domain of F' to find a closed
operator p affiliated to M’ and satisfying

1 1
1/2 * « 1/2 *
P = AT g, pp’t=F <—A* —Ai” xf) :
Let v|p| be the polar decomposition of p. Then

Jw€l1® = (o 2Jas’2) = (1pl"2"2]al
< llal 161" /26 211 llpl /20" 0172,

1/2, % 1/2)

Since [[[p|"?v*'?||? = (pp'*|vp!/?) and ||| p|'*v*?||? is equal to

(W 2 |p* M%) = (F(ve' )| F(pp'?)) = (pp' 2| A 0! ?),

we observe that

Mol 20 212 = llp[ 20" 0 22| = (X = A~ 2o /2)
= |@aeloe)| = |(agloet’?)
< llzg]) llz 2|

which is combined with the quadratic inequality
As —t]2 > |As —t|* — (|Als —t)* = (2]A] — A — \")st
for the choice s = |||p|*/2p"2|12, t = |||p|"/?v*¢'/?||? to get
V2L = A= X[[z€]* < V2N = X = A[lalll[[p] 2o 2 llol 2ot 02|
< llall [lz€]| o'
O

Lemma 6.4 (Fundamental Relation). As a sesquilinear form relation,
we have

JaJ = )\Afl/ZpiAlﬂ N A1/2p§A71/2
on D(AY2) A D(A-1/2),

Proof. We start with the relation pyp'/? = (A — A™")"lap'/? in the
form

(@' (y) ¢ lap'?) = A" () ¢ Ipae'?) = (2 () 02| A pr!?)
for ',y € M’ and rewrite each of three terms as follows:
(@' (y) ¢ lap'?) = () ¢ Pla(2) ') = (F(y'") aF (a'p'?))
_ (JCLJA 1/2 ’ 1/2|A 1/29/301/2)
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(@' (1) Ploae™®) = () "2 |(2) pa™?) = (F(y'0"?)|F(p3a’ "))
— (A 1/2,0*~T S01/2|A 1/2 / 1/2)
and
() S IA pagl2) = (Flpag P F( () 6112)
= (05" Py (') 0'?) = () pre 1 (&)%)
= (F(pay''*)| F(2/'?))
— (A 1/2 / I/Q‘A 1/2p y/¢1/2)

Note here that we need to be alert on the domain of undounded oper-
ators.

To get rid of these nuisances, we again apply the fundamental lemma.
For any © € M, (1 + A™")"lap'/? is of the form 2'p'/? with 2/ € M’
and similarly for 3’. With this special choice of ' and 3/, we obtain

the following bounded version:
yp'/? )
AN 1
100 IV, 12 1/2y _ 12|, 172
(@'Y ) Floap ") = (1+A1pA1+A1 o= |y )
1 AN
'V O Y2IA oy o2 — x 1/2) 1/2
A ) = (g amee )
Since x,y € M are arbitrary, these relations lead us to

Afl/Q Ja) Afl/Q \ Afl § 1 1 § Afl
T+A VY TE AT T T HA TP TE AT TrA M TEAT

and, as a sesquilinear form relation, we conclude® that
JaJ = AA~ 1/2 *AI/Q AI/QpXA_I/Q
on D(AY?2)n D(A~Y/?), O

Theorem 6.5 (Tomita-Takesaki). We have A*JMJA™" = M’ for
teR.

A71/2 A71/2

1ok, 1/2 1/2y 1/2
) ) = (S gt g

Proof. We shall prove AYJMJA® C M’ for t € R in a series of
arguments below. Then the inclusion for M’ gives A4 JM'JA® C
M" = M for t € R in view of J' = J and A’ = A~!, whence the
equality holds. U

8Recall that the range of m is a core for A'/2 and A=1/2,
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Before giving a proof, we discuss a general fact on one-parameter
automorphism group of the form AdA®.

Let A" be a one-parameter group of unitaries on H and C' € B(H).
Let £, € H be entirely analytic vectors for A* (z € C) and consider a
holomorphic function of the form G(z) = g(z)(A*¢|CA™*n), where g(z)
is a holomorphic function in the punctured strip domain {|Re(z)| <
1/2}\ {0} with a residue r at z = 0, and try to have the following form
of Cauchy’s formula:

o0

21 (£|Cy) = / (G(it +1/2) — G(it — 1/2)) dt,

— 00

where the right hand side is equal to

00 A 1 1 |
/ dt (£|A™ (g <it + 5) AV2ZOA"/2 g(z’t _ 5) A‘l/Q(JAI/Q) A—ztn).
To tie the integrand to the fundamental relation in Lemma 6.4, we
require

g(it— %) = Ag(it—l— %) for t € R.

Then, by the choice p = log(—\), the function f(z) = g(z)e"* is ex-
tended to an entire function satisfying f(z + 1) = —f(z) with sim-
ple poles at integer points. Thus it is reasonable to set? g(z)et* =
1/sin(nz), i.e., g(z) = e **/sin(nz).

With this choice, g(it +s) (t € R, —1/2 < s < 1/2) is rapidly
decreasing as t — +oo if and only if —7 < Impu < w. Thus, for p in
this range, the above integral formula in fact holds and takes the form

20 = e/’ / T (AV2ZOATY2 - AATIPOAVR) AT
—oo cosh(mt)

as sesquilinear forms on D(AY/2) N D(A™Y/2).
Now apply the formula just established for the choice C' = JaJ to
get

00 —iut
—2eM? % :/ dt — A JaJ A
“ A —oo  cosh(mt) ¢

Note here that p in the range |Im pu| < 7 meets the condition A & [0, 00).
Finally, let b € M. Then, for £,n7 € H, we have

00 e—iut ) )
Azt A—zt —
[ S elA  TaI A ) = 0

9The choice is effectively unique up to scalar multiplication, see Appendix M.
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first for 0 < |Imp| < 7 and then for 4 € R by continuity on the
parameter p. Thus A% JaJA™® commutes with every b € M and we
are done.

Corollary 6.6. We have JMJ = M’ and AYMA~% = M for t € R.

Exercise 42. It is instructive to see what is going on in the case
M = B(H).

Let N be another W*-algebra and ¢ € N be faithful. In view of
the expression

p@)v(y) = (¢ @z @y) (P @ 9!?), seMyeN
M®N 35 z®y— ¢(z)Y(y) defines a normal positive functional ¢ ®
of M @ N. Note that ¢ ® ¢ is faithful because M’ @ N’ C (M ® N)’
and (M’ ® N')(¢'? ® ¢?) is dense in M!/2 ® N'/2 in view of
M'pl/?2 = MpY/2 and N'ip1/2 = Nip1/2. Since the algebraic tensor
product of M and N is o-weakly dense in M ® N, Kaplansky densitiy

theorem 4.23 ensures that M2 @ N'/2 is a core of S gy and we
have

J¢®¢ — J(p ® Jw, A¢®w - Ag& ® A¢.

Now, on the Hilbert space M¢/2 @ N11/2, we have
(M®N) = Jooyp(M @ N)Jogy = (Jo,MJy) @ (JyNJy) = M'@ N’

Theorem 6.7 (Tomita). Let M C B(H) and N C B(K) be W*-
algebras. Then (M ® N)) = M'® N on H ® K.

Proof. We use a general fact that, given a projection e € M, (eMe) =
M'e. By the previous discussion, we know

(MON) (e@f) = (e f)(MRN)(e®f)) = (eMexfNf) = M'e@N'f

if e = [p], f =[] with p € M, ¢» € NI and the theorem follows
from the next lemma. 0

Lemma 6.8. For the directed set structure in M, we have

1= lim
Jim []

with respect to the o-weak convergence in M.
Proof. This is a consequence of the fact that, for a € M., p(a) = 0 for

all ¢ € M implies a = 0, which in turn follows from M = (M.)* and
M, = M} — M} +iMF —iM?. 0
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7. STANDARD HILBERT SPACES

We now identify the left GNS space M p!/2 and the right GNS Hilbert
space @!/2M by the unitary map J(z¢'/?) — p'/22* with the identified
Hilbert space denoted by L?(M, ¢) as a non-commutative analogue of
L*(Q, it). On the Hilbert space L?(M, @), we have J(zp'/?) = o'/22* =
(z'/2)*; J is the star operation on L*(M,¢) as expected.

Let p(b) be the right multiplication operator by b € M. Then

p(b)J(z"?) = p22%b = J(b*zp*?) = Jb* T J(xp?)

shows that p(b) = Jb*J on the left GNS space and the associativity
(a&)b = a(&)b for a,b € M and £ € L*(M, ) follows from the com-
mutativity JMJ C M’. The compatibility (a&b)* = b*¢*a* is also
reduced to the commutativity Ja(Jb*J) = b*(JaJ)J. The positivity
assumption (at the beginning of the previous section) is a consequence
of the positivity of A2 (a*@'?|J(ap'/?)) = (ap'/?|AY2ap!/?) > 0.
Note that another positivity holds also: For a,b € M, (ap'/?|p'/?b) =
(¢'?|aJbJp'/?) > 0 because aJbJ is a positive operator on L(M, ¢).

Though the J operation is enough to identify left and right GNS
Hilbert spaces, the fact AYMA~% = M is also fundamental in further
analysis of ¢.

When ¢ € M} is not faithful, we set L2(M, @) = L*([¢]M][p], ).

Definition 7.1. The modular automorphism group® {o;},.g of
M associated to a faithful ¢ € M] is defined by o.(a) = A%aA~"
(a € M).

Let M be the set of entirely analytic elements for {o;}. Then M is
a *-subalgebra of M. In fact, if f(z) = o.(x) and ¢(z) = 0.(y) are
analytic continuations of o;(z) and oy(y) for z,y € M, then f(Z)* and
f(2)g(z) are analytic continuations of o,(z*) and o,(zy) respectively.
Moreover, thanks to the Gaussian regularization and the Kaplansky
density theorem 4.23, {zz*;z € M, ||z|| < 1} is strongly dense in the
operator interval {a € My;|la| < 1}.

For a natural number n > 2, let M, (M) = M ® M,(C) be the matrix
ampliation of M. Given a finite family {w;} in M, let w € M, (M)}
be defined by

w({aji}) = Z%‘(%‘)-

10Whereas the natural notation is definitely ¢ (-)p~, it is customary to use
the same symbol ¢ with the spectrum.
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Then [w] = diag([w], -+, [wn]) and [w]M,(M)[w] is of the form

My My ... My,
Mfl MZ” . Mf” with M, = [w;]M[wy].
My My ... M.,
The left and right GNS spaces are obviously identified with
aniﬂ Mlzw%m Mlnw1/2
L na = | Mot Ml Myl
M, 1wi/2 M, 20.)%/2 ]\/[Tm(,u,ll/2
and
My My wPM,
DN, (M)[w] = 1/2]\/[21 1/2]\/[22 e 1/2M2n
w,l/2Mn1 w,l/2Mn2 w,l/QMnn
respectively. Here w'/? is identified with the diagonal matrix
wi/ 2 O
O | wi!?

to utilize the matrix structure in L?(M, (M), w).
Since [w|M,(M)w'/? = L*(M,(M),w) = w'2M,(M)[w], we have
a natural identification Mjkw;/ 2 = wl/ 2Mjk, the explicit procedure of

which will be recalled in the present context:
A densely defined conjugate-linear map

Mjkwk/ > a]kw,i/ > a;kwl-/z € Mkjwl-/Q

is closable with its closure Sj; satisfying St k= = Skj. Let S = ijAl/Q

be the polar decomposition'! with Jj, : Mjkwk/ — Mkjwj/ antiunitary
and the identification of Hilbert spaces is given by

M]kw;ﬁ = 5 — (ijé)* S W;/QMjk.

Note here that the diagonal stuff is associated to the restriction of ¢;
on the reduced algebras [p;|M[p;].

HAj,k are referred to as relative modular operators.
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- ; 172 . .
The unitaries A% on Mjkwk/ induces a o-weakly continuous one-

k . .
parameter group o of isometries on M, so that

i 1/2 ' 1/2

Ajtkajkwk/ = Ufk(ajk)wk/
and, for entirely analytic elements of 07¥, the identification is also spec-
ified by

ajkw,iﬂ = w;/QCTg/kQ(&jk)

We notice, in particular, that the identification depends not on the
whole family {w;} but only on the pair (w;,wy), and the modular au-
tomorphism group of w is realized by

a1 aiz2 ... Q1np at“(an) O'tlz(alg) e O't1n<a1n)

91 A2 ... QAon, 0't21 (a21) 0'1522(0,22) e af”(aQn)
Ot . . . . = . .

1 Ana ... Gpn o (an) oM (an2) ... o (Apn)

Note also that Jj; is the restriction of the J for w to the subspace
Mjkwi/2.
For a pair (p,) in M}

*

it is cusomary use the more memorable
notation such as A, J, and o

The pair-wise identifications are now patched up to a single Hilbert
space. For each p € M}, let M ®¢'?® M be a dummy of the algebraic
tensor product M ® M, which is an M-M bimodule in an obvious way
with a compatible *-operation defined by the relation (a ® ¢'/? ® b)* =

b* @ ¢'/2 ® a*. On the algebraic direct sum
P MeePeoMm

pEM;F

of these *-bimodules, introduce a sesquiliear form by

(@:{;j®w;/2®yj @xﬁﬂ@w,ﬁﬂ@y;)
J

* 1/2 1/2 *
= " (wil (@) zjw) oy *yhys wj)),
gk

which is positive because of
> (gl *pys lwg]) = (X! 2|w!?Y)
jik
= (X2 M2y V2 X212y 12) > g,
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Here
) hn

X=[Wwl|:|(x1 ... z)[w] and Y =[] | W .. u) W
x Yn

are positive elments in [w]M,, (M )[w]. Recall that [w] = diag(jw], ..., [wa)).

The associated Hilbert space is denoted by L*(M) and the image of
a® p?®bin L>(M) by ap'/?b. Here the notation is compatible with
the one for L?(M, ) because

[P Mp] @ 02 @ [p]Mp] 3 a @ 92 @ b ap'?b € L2(M, ¢)
gives an isometric map by the very definition of inner products. Similar
remarks are in order for left and right GNS spaces.

The left and right actions of M are compatible with taking quotients
and they are bounded on L?*(M): For a € M,

2
\@Mj@w;m@%
Ty

0<Z=w]| : |aa(zr ... x,)w] <|al’X.

*

T

= (WY ZTY Jw'/?)

with

Moreover, these actions give *-representations of M: (a&|n) = (£|a*n)
and (¢aln) = (&|na*) for £,n € L*(M) and a € M, which is immediate
from the definition of inner product.

The *-operation on L?(M) is also compatible with the inner product:

12 2
H (@ 2w Wﬂ') Dy e e = Vol X)
J J
= (@ XYW = (X Pl 2Y)

2
Dol o

J

So far, we have constructed a *-bimodule L*(M) of M in such a
way that L?(M,p) C L*(M) for each ¢ € M, and the closed sub-
spaces M /2, p'/2M in L*(M) are naturally identified with the left
and right GNS spaces of ¢ respectively. Moreover, for p,¢ € M, we
have [p|M1/2 = p1/2M )] in L?(M), which is just a reflection of the
fact that the same identification inside L?(M,,(M),w) is used in the
definition of inner product.
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Lemma 7.2. Given a countable family {a;} in M and a countable
family {¢;} in M, let ¢ € M} be defined by

B 1 ajpia;
Y= Z 2j+k gok(a;faj)'

3 k>1

Then [(p](@gpiﬂ = ajap,i/Q for 5,k > 1.

Proof. Tn fact, 0 = o(1 = [¢]) = 3=, 7 ll(1 = [£Dajer*|I2/ llajeonl|
O

Proposition 7.3. Let ¢ € M} and p be the central support'? of ¢.

Then we have

Pl2M = [p]LX(M),  L*(M,p) = [p]L2(M)[¢], M@'Y2M = pL*(M).
Proof. The first equality follows from
o]y age; by € Y lelMwj®b; = " o PMwylb; € 912M.

J J

The second equality is a consequence of the first equality by

L*(M, ) = o' 2[p]M[p] = p12M][g].

Let U be the set of unitaries in M. Then p = \/ ufp|u* and

uel

pLA(M) =Y " ulpluwr L2 (M) = > ulg]L2(M) =Y " up'”M C Mg/ M.

ueU uelU uelU

O

Corollary 7.4. The algebraic sum > )+ Mp'/? is dense in L*(M).

Consequently the left and right representations of M on L*(M) are
o-weakly continuous.

Proof. By the previous lemma, [¢] /7 1 as ¢ ' oo, which is used to
have
L*(M) = lim [@]L*(M) = lim ¢!/2M.
®,/00 ® /100
O

Lemma 7.5. Let ¢,¢ € M satisfy ¢ <. Then there exists exactly
one a € M satisfying ©'/? = a)'/? and a[y)] = a.

12 i the minimal projection in M N M’ satisfying P = .
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Proof. If cip/? = 0 with c[)] = ¢, then c¢*c € []M[)] and 9 (c*c) = 0
imply c*c = 0, showing the uniqueness of a. In particular, a satisfies
[pla = a, whence a € [p]M[¢] C [¢]M[y]. Thus, replacing M with
(] M )], we may assume that 1) is faithful for the existence.

The map ¥'/2M > 1%z s oY%z € L*(M) is contractive and it
gives a bounded linear operator a on L?*(M) by the density of /2 M
in L?(M). Clearly a commutes with the right action of M and therefore
it belongs to M. O

Proposition 7.6. Let p = 3" ., ¢, with ¢, € M,". Then

M2 = ZMgolﬂ.

n>1

Moreover M (p; 4 - - -+, )'/? is increasing in n > 1 and their union is
dense in Mp'/2.

Proof. First note that there is a one-to-one correspondence between
closed M-submodules of p;L*(M) and projections in M: Given a pro-
jection e € M, L(M)e is a closed submodule and any closed submodule
is of this form. Consequently, L*(M)(V,c;€:) = Y ;c; L*(M)e;.

Now [p] =/, >, [¢n] shows that

Y M =3 12(M)pn] = LM\ [pal) = LA (M)[ie] = M2,

n>1 n>1 n>1

Finally, by the previous lemma, <pj1-/2 =a;(pr+-- -+ ©n)'/? for some

a; € M (1 <j <n)shows that

]\4(,01/2 CM(¢1+(,02)1/2 - C]Wg&l/2

and
n
ZMsom > Maj(or+- 4 @) C Mgy + -+ a) %,
7=1

which give the density in question. U
Corollary 7.7. Let ¢1,...,p, € M. Then

M(@%h T 901/2) M¢1/2 1 M<p1/2 Mo o),
Proof. We rely on L*-calculation in the first equality: If (<p}/ 244
80711/2)6 =0, 690}/ e+ -+ egorl/ e = 0, which implies e<p]1./26 = 0 for

1 <j<n. Thus 90]1/46 = 0 and hence pje = 0. O
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The projection e associated to M(p)/* + - + i/?) satisfies [©4]

which supports

Lemma 7.8. Let f € M be a projection of the form f = [w] for
some w € MJ. Then each T € End(y,L*(M)f) is realized by the right
multiplication of a uniquely determined element in fM f.

Proof. Let T € B(L*(M)f) commute with the left action of M. Let
@ € M satisty [¢] > f and T, € B([¢|L*(M)[¢]) be defined by
To(§) = [AT(&f) for & € [p]L*(M)]p].

Clearly T,, commutes with the left action of [¢]|M[p] and it is realized
by the right multiplication of a uniquely determined element a, €
[¢]M[p]. Since the range of T, is included in L*(M)f and T,, vanishes
on [ L*(M)([¢] — f), a, belongs to fM f. Now let ¢ € M, be another
functional satisfying [¢)] > f. Since w'/? € fL?*(M)f is separating for
fM f, the equality

1/2

w'?a, = Tw'? = w'?a,

implies a, = a,. Thus, writing a for the common a,,

[p]T[p)¢ = a for & € L*(M)f

and then, by taking the limit ¢ ' 0o, we conclude that T¢ = &a for
Ee L) (M)f. O

Theorem 7.9. The left and right actions of M on L?(M) give the
commutants of each other.

Proof. Let T commute with the left action of M on L*(M). For ¢ €
M}, let [¢] € B(L*(M)) be given by the right multiplication of [p] €
M. Then [p]'T[p]" on L*(M)[yp] is realized by a, € [¢]M][p]:

o] Tp]'¢ = Eay,.

For [¢] > [p] with ¢ € M, we see a, = [p]ay[¢] by the uniqueness,
whence a € M is well-defined by the relation a, = [p|a[p] and we have

T¢ = SDli/rroloﬁasp =¢a
for £ € L*(M). O

Definition 7.10. Let L3 (M) be the closed convex cone generated by
the set {ap'/%a*;a € M, € M}}.

Lemma 7.11. Let ¢, € M and a € M. Then
(@"/?|ay!?a*) > 0.
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Proof.

1/2 1/2
0< <(S0() @D?/z)’ (8 8) <90O ¢?/2) (C?* 8)) = (2] 2a¥).

O
For £,n € L3(M), let £én € M, be defined by

(z,&n) = (n*|z€), =€ M.

Clearly ||€n]] < |I€]| ||7]| and the bilinear map & x  — £n is compatibile
with the *-bimodule sutructure of L*(M): (£b)n = £(bn), (a&)n = a(&n)
and (€n)* = n*E".

Given £ € L?(M), its left (resp. right) support is the minimal pro-
jection e (resp. f) in M satisfying (1 —e)§ = 0 (resp. £(1 — f) = 0).
When &* = £, these projections coincide and are denoted by [£].

Theorem 7.12 (Polar Decomposition). Each £ € L*(M) has exactly
one expression of the form ¢ = v|{|, where |{| € L3 (M) and v € M

satisfies v*v = [|€]]. Moreover the unique || is equal to (£*¢)'/? with
e Mr.

Proof. Let e and f be the left and right supports of £&. Clearly ¢ =
&€& e M and

OV fx, zeM

defines an isometry of fL?(M) onto eL?(M), which commutes with the
right action of M and gives rise to a partial isometry v € M satisfying
v*o = e, vv* = f and £ = vp!/2.

Now assume that § € L (M) and we shall show that v = e = f.

First, from the invariance £* = £, e = f. By replacing M with the
reduced W*-algebra eMe, we may assume that ¢ is faithful and v is a
unitary.

Then the densely defined conjugate-linear map ¢'/2x +— fx* =
v'/?2* has the closure vF = vA/2J with its adjoint given by JAY2v*.
Note here that, by the unitarity of v, both of vAY? and AY2v* are
closed and adjoints of each other. Now, for x € M,

UAI/QJ((,Dlme’) _ U(QOI/QZL‘*) _ s01/21)>kx>1< _ AI/QJ(QOI/QZEU)
= AV2J(Ju* ) (oY %x) = AYV2* J (o 22),
where we used vp!/? = (vp'/2)* = ©'/2v* at the middle of the first line.

Since J('2M) = Mp'/? is a core for vAY/2 and AY/2v*, we see that
vAY? = AY2p* is self-adjoint.
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Finally we take the positivity of £ € L?(M), into account to have
0 < (Elzp'a) = (a0 |p!2a%) = (Jud (*¢'?) ! 227)
= (JuA2 (2" ?)[ @ 20") = (wp! PJo A (2! /?))
for € M. Since Mp'/? is a core for the self-adjoint operator vA'/2,
this implies vAY2 > 0 and we conclude that v = 1 thanks to the

uniqueness of polar decomposition. O
Corollary 7.13 (Jordan Decomposition).
(i) Each £ € L% (M) is of the form ¢'/? with a unique ¢ € M.
(ii) Each & = £* in L*(M) has a unique decomposition & = &, —&_,
where &, € L2 (M) satisfies (£,]¢_) = 0.

Proof. Let £ = v|£| be the polar decomposition. Then & = £* = |€|v* =
v*(v[€|v*) gives another polar decomposition and the uniqueness im-
plies v = v* and v|{[v* = |£]. Let v = p, — p_ be the spectral de-
composition. Since v[¢| = [£|v, v*[¢] = [£|]v* and py are weak™ lim-
its of polynomials of v = v*, we see that p. commute with || and
&+ = p+|€| = |€|p+ give the decomposition.

Let £ =, —n_ be another Jordan decomposition. Then &, —n, =
¢_ —n_ and the uniqueness follows from

€4 — n+H2 = (& —nelée —n-) = = (&iln-) — (n4l€-) <0,
O

Example 7.14. Let 6 be a *-automorphism or a *-antiautomorphism
of a W*-algebra M. Then O¢'/? = (po0#)'/? gives a unitary on L?(M).
Conversely, given a unitary © on L?(M) which preserves L3 (M),

Exercise 43. Let ¢ € M} and v € M satisfy v*v = [p]. Then
(’U(,OU*)l/2 — ’U(,DI/2U*.

Exercise 44. For £, € L2 (M), the following conditions are equiva-
lent. (i) (&|n) = 0. (ii) [£][n] = 0. (iii) £&n = 0. (Hint: the construction
and the uniqueness of the Jordan decomposition of & —7.)

As applications of this basic fact, we record here two further results.
Theorem 7.15 (Powers-Stormer-Araki). For ,¢ € M},
le2 =212 < lo = 9l < [l"? + 92 "2 — ']
Proof. We first remark that
1
o(a)—(a) = 5<(901/2+¢1/2‘a(@lﬂ—7/J1/2))‘|‘(901/2—¢1/2’a(801/2+¢1/2))>a

from which the second inequality follows.
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Let /2 — 2 = ¢ —n (&,n € L2(M), (&]n) = 0) be a Jordan
decomposition. Then, for the choice a = [¢] — [n],
lp = ¢l > @(a) = ¥(a) = Re(p"? = 4'2|a(p!? + ¢'/2))
= Re(¢& — nla('? +¢'7%))
= (E+nle'? + 4%
> (€= nle'?) = (€ = nle'?)
= [l — 2|2,

Theorem 7.16. L3 (M) is a self-dual cone in the sense that
L (M) = {§ € L*(M); (&]n) = 0 Vn € L7 (M)}

Proof. Assume that ¢ € L?*(M) is evaluated with elements in L% (M)
to have positive reals. Then, in terms of the four sum decomposition of

¢ € LX(M), ¢ =& =& +ilng —n-), 0= Im(nz|¢) = £[[n=[|* implies
n+ = 0 and then 0 < (£_]¢) = —||¢_]|* shows that £ = 0. O

7.1. More on reduced subspaces. Let L2 (M, ) be the closure of
{xp22*; 2 € [p]M[p]} in L2(M, p).

Lemma 7.17. Let ¢ € M be faithful. Then we have AV4(M, ¢!/2) =
12(M, ) = AV 5173,

Proof. Let a € M (= the set of entirely analytic elements). Then the

relation A%(aa*'/?) = o,(a)oy(a)*@'/? is analytically continued to

AY4aa*o'?) = o u(a)(oia(a)) o** = o_ija(a) JAY?(0,/4(a)p'?)

= 0_isa(a) J(0_ia(@)p"?) = 0_ija(a)p' %0 ipa(a)”.

Since o_;s(M) = M is o-weakly dense in M, the Kaplansky density
theorem 4.23 shows that each b € M is boundedly approximated
by elements in M in the strong operator topology and we see that
L3 (M, ) C AVAM /2.

Conversely, the Kaplansky’s density theorem is again used to approx-
imate a € M, in the strong operator topology by a sequence a,, = b,b},
with b, € M. Since JAY2(a,9'?) = a,p'/? — ap'/? = JAY?(ap!'/?),

1A ((an = )" ?)|* = ((an — a)"*| A2 (@, — a)p!/?) = 0.

Recall that M2 C D(AY?) € D(AY4). Thus AY*(ap'/?) is approx-
imated by A1/4(bnb: 1/2) = O-—i/4<bn)901/20-—i/4(bn)* S L?&—(Mv @) O
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Lemma 7.18. Let ¢; € M, be faithful for j = 1,2. Then L3 (M, ¢1) =
Li <M7 302) .

My My
Mo Moo
modular automorphism group o, associated to a faithful ¢ = diag(y1, ¢2)
on My(M): If we introduce o-weakly continuous one-parameter groups
{o7*} of isometries on M by

1,1 1,2
o, i a2\ _ Ut2 l(all) 052(012)
ag; Qo o7 (ag1) o0y (a))’
M . is the set of entirely analytic elements of M for a{’k. The modular
operator A is also split into four parts A;; so that

Arp Aip
A = ’ ’
(Am AVEY
where positive self-adjoint operators A;, on L?*(M) are specified by
/2, 1/2 1/2
Al (wp) = 0%z (a € M).
Let a € My(M) with aj, € M,k As in the proof of the previous
lemma, we have the relation AY4(aa*'/?) = o_;4(a)"*0_;/4(a)* and

, 0 =z
then, for the choice a = (0 O)’

Proof. Let ( > be the set of entirely analytic elements of the

14, 4 1/2 1,2 1/2 1,2 x

Al,/l (zx S01/ ) = U_i/4($)802/ a_i/4(x) :

Mip My
Ma1 Map
density theorem 4.23 shows that each y € M is boundedly approx-
imated by elements in 055/4(3\/[1,2) = M, in the *strong topology
/Qy* is in the weak closure of Ai/f(MJrgp}/Q) C

L% (M, ¢1). Since L3 (M, 1) is a convex set, this means that oy 2y €

L?I—(M7901)' U

Since ) is o-weakly dense in My(M), the Kaplansky

and we see that ygpé

Recall that L2 (M, ) is the norm closure of {ap'/%a*;a € [p]M][yp]
in L?(M).
Theorem 7.19.
(i) We have L2 (M,p) = [¢]L2(M)[p] and the unitary A™ on
(] L*(M)[¢] leaves L2 (M, ) invariant globally.
(ii) Let p be the central support of ¢ € M. Then the closed con-
vex hull C of {ap'/?a*;a € M} in L*(M) is equal to pL2 (M) =
L3 (M)p.
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Proof. (i) Let w'/? € [@] L% (M)[p]. Then w + ep with € > 0 is faithful
on [p]M[p] and we see (w + ep)/? € L2 (M,w + ep) = L%(M, ),
whence w2 = lim,_,;o(w + ep) /2 € L2 (M, ).

(ii) Let w € pM}. Since p = \/, o ule]u*, we can find a sequence
{u,} of unitaries in M such that [w] =\, o, un[p|u),. Then [w] = [¢]
with 12 =3 | 27w, 0?0 implies w2 e L% (M,y) CC. O

Corollary 7.20. L% (M, ¢) is a self-dual cone in L*(M, ¢).

Exercise 45. Identify the standard Hilbert space of M = B(H) with
H ® H* and describe its positive cone.

8. UNIVERSAL REPRESENTATIONS

Let A be a C*-algebra and we shall construct a *-bimodule L?(A) of
A in such a way that it generalizes the commutative case discussed in
84.

Consider the Hilbert space direct sum U = €P . . Apl/2 of left

GNS spaces on which A is represented by left multiplication. Thanks
to the Gelfand-Naimark theorem, the representation is faithful and
we regard A as a C*-subalgebra of B(U). Let M = A” be the W*-
algebra on U generated by A. Since A is a weakly dense *-subalgebra
of M, M, is identified with a subspace of A* by restriction. Note that
A% C M by the way of our construction. Since elements in A* are
linear combinations of positive functionals (Theorem 3.15), the equality
M, = A* holds as a linear space.

We claim that M, = A* as a Banach space. This follows from the
Kaplansky density theorem 4.23: Let ¢ € M,, a € M and choose a net
{a,} C A sothat ||a,|| < |||l and @ = lim,_,, a, in the o-weak topology
of M. Then

6(@)] = lim |é(a,)] < limsup [ < ]la]

shows that the norm of ¢ in M, is equal to that in A*. Thus M is
identified with the second dual A** of A.
Now we set L?(A) = L*(M). For an index set I, let

ALY (AP = @ AL*(A) = 4L (A) @ (1),
el
The opposite algebra of End(4L?(A)®') is naturally identified with the
matrix ampliation M;(M) of M, which acts on L?*(A)®! from the right.
Any *-representation 4, of A is unitarily equivalent to 4L?*(A)% e,
where e is a projection in M;(M) and the cardinality of I is specified by
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the existence of an orthogonal decomposition of the form H = @, ., A
(see Theorem 5.9).

Denote the associated *-representation of A by 7, and let ¢’ be the
projection onto the subspace L*(A)*e C L*(A)® with p the cen-
tral support of €. Note that p belongs to the center of M;(M) =
M @ B(*(1)), ie, p € (MNM)® 1= MnNM. By this natural
identification, p is realized by the right multiplication of \/ueUI (M) ueu”

el

as an element in (M N M') ® 1 and by the left multiplication as an
element in M N M.

We claim that 7.(A)” = Meé' is isomorphic to Mp. In fact, for z € M,
ze' =0, ie., L*(A)* e = 0 if and only if 3 1y ) LP(A)* eu = 0,
ie., zp = 0.

Let f € M;(M) be another projection with 7, denoting the associ-
ated *-representation of A. Then 7, and 7; are quasi-equivalent if and
only if e and f have the same central support in M;(M). From

Hom (4 L*(A)* e, A\L*(A)®' f) = fM;(M)e,

7. and 7y are disjoint if and only if the central supports of e and f are
orthogonal.

In other words, if we denote the central support of 43 by [4H]| € A*™,
then 43 and 4K are disjoint (resp. quasi-equivalent) if and only if
[Af}'q [A:K] =0 (resp. [ASJ-C] = [A:K])

Theorem 8.1. Let ¢ and 9 be positive functionals on a C*-algebra
A.
(i) ¢ and ® are disjoint if and only if Ap'/24 and Ay!'/2A are
orthogonal. When Ap!/2 = pl/2A, this is further equivalent to
(#2]017) =0,

(ii) ¢ and ¢ are quasi-equivalent if and only if Apl/2A = Ayl/2A.
1/2

(iii) ¢ is pure if and only if Ap!/2 N pl/2A =Cp

Proof. (ii) and the first statement of (i) follow from [4Ap/2]L?*(A) =
Apl/2A. From the identity (¢'/2[1)1/2) = ||@'/4)¥/4||?, the vanishing of
transition probability is equivalent to ¢'/?1/? = 0, i.e., the orthogo-
nality of Ap'/? and A2, When Apl/2 = p1/2A, this implies

(Ap'PAJAPY2A) C (92 A|AY'2) C (Apt/?|ApY?) = {0}
Let e be the support of ¢ in A**. Then the identity
Apl2 N pl2A = L2(A™)e N el*(A™) = L*(eA™e)

shows that the condition in (iii) is equivalent to eA**e = Ce, i.e., the
purity of . Note that End(4L?*(A)e) = eA**e. O
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Given a *-representation 7 of A on a Hilbert space H, let

AL ={¢om¢em(A)},
which is an A-biinvariant closed subspace of A* and the Hilbert space
L2(A) = Y 0< pens Ap'/2A s naturally isomorphic to L*(m(A)").
Now let A be commutative and choose a family {(; };er of states in A%

so that they have mutually disjoint supports and L2(A) = @,.; Ag 1/2

with Agpl/z 1/2A Then the Radon measure p; on 2 = 04 assomated
with ¢; have mutually disjoint supports €2; and, if we define a measure p
on Q by pla, = ps, then L2(A) = L?(Q, 1) on which 7(A)” is identified
with L>(€Q, ). Note that p is o-finite if and only if I is a countable
set.

Example 8.2. Let A = C(2) be commutative with expressions

o) = [ a@hn(dw), vla) = [ afw)vido).

(i) ¢ and ¢ are disjoint if and only if we can find Borel subsets 2,
and Q, such that Q,NQ, =0 and p(Q\Q,) =0=v(Q\Q,),

In fact, in the expression

1/2 1/2 dv w N dew
g /\/ Ty ) gy @)+ (),

let ©Q, and Q, be the (Borel) supports of du/d(p + v) and
dv/d(p+ v) respectively. If (p/2|p1/2) = 0, Q, and ©, can be
chosen disjoint by adjustment up to (u + v)-negligible sets.

(ii) ¢'/? € Aw1/2 if and only if 4 is absolutely continuous relative
to v. Consequently, ¢ and 1) are quasi-equivalent if and only
if p© and v are equivalent measures.

In fact, if 4 < v, p(dw) = f(w)r(dw) with 0 < f € LY(Q,v)
(Radon-Nykodym theorem), whence ¢'/? = \/f(w)\/v(dw) €
L*(Q,v) = Ay'/2. Conversely, unless p < v, u(2\ 2,) > 0
and, if p'/? € L*(Q,v), i.e., \/u(dw) = g(w)/v(dw) with g €
L*(Q,v), then

o< | ) = / o () =0,

a contradiction.

Exercise 46. There is a one-to-one correspondence between closed
A-subbimodules in L?(A) and closed A-subbimodules in A*.
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Let {7:};,cr be a one-parameter group of *-automorphisms of a C*-
algebra A, which is continuous in the sense that R 5 ¢ — 7(a) is
norm-continuous for any a € A. When A is a W*-algebra, we assume
the weak™® continuity in R 3 ¢ — 7(a).

A state w of a C*-algebra A (or a normal state of a W*-algebra) is
called a 7-KMS state if it satisfies the KMS condition'? with respect
to 7: Given z,y € A, the function R 5 t — w(zm(y)) is analytically
extended to a continuous function on the strip {¢ € C; —1 < Im ¢ < 0}
so that w(zm(y))|i=—i = w(yz).

Proposition 8.3.

(i) A 7-KMS state is 7-invariant.

(ii) Let A be the set of entirely analytic elements in A for 7.
Then a state w on A satisfies the KMS condition if and only if
w(zT_i(y)) = w(yzx) for z,y € A.

(iii) For z,y € A, the analytic extension f(z) of w(xm(y)) in the
KMS condition is estimated by

[f(t—is)] < (lwta|llyw 2> (e y ] lzw'2])°.

Proof. If w is a KMS state, then the KMS condition for x,y € A is
reduced to w(z7_;(y)) = w(yz).

Conversely, assume that w(x7_;(y)) = w(yzx) for z,y € A. Since
w'/? is approximated in norm by zw'/? with = 2* € A, this implies
w(7-i(y)) = w(y) for any y € A and the entire function w(7,(y)) is peri-
odic of period —i. Thus it is bounded with a bound sup{||7_is(y)[|; 0 <
s < 1} and must be a constant function, i.e., w(r(y)) = w(y) for
y € Aand t € R. Since A is dense in A, we see that w is 7-
invariant and one-parameter unitaries v(t) are defined on Ap!'/2 by
v(t)(ap'?) = Ty(a)w'/?.

The three line theorem is now applied to a bounded analytic function
w(zT,(y)) on —1 < Imz < 0 with a bound sup {||z||||7—is(v)||} to get

0<s<1

w(@Ti—is())] < (o2l lyw! 2D (" 2yl 2w 2])?
< w2z | [lyw (| v llw'2yll|lzw?]
for t € R and 0 < s < 1. Notice here that
wzn(y)) = (WPl (yw'?),  wn(y)z) = () (y'w!?)aw!’?).
Thus, if sequences {z,w'/?}, {w'?z,}, {y.w'/?} and {w'/?y,} with

Tn,Yn € A are convergent in L*(A), the sequence of analytic functions

Brecognized by R. Kubo (1957), P.C. Martin and J. Schwinger (1959) as a char-
acterisitc property of thermally equilibrium states and formulated in the operator
algebraic setting by R. Haag, N.M. Hugenholtz and M. Winnink (1967).
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{w(x,7:(yn)) }n is uniformly convergent on the region —1 < Imz <0
to an analytic function f(z). In view of strong™® density of A in A when

these are represented on Aw'/2, we can let sequences {x,} and {y,} in
A converge to arbitrary x and y in A so that the boundary values of
the analytic function f(z) are

F(t) = lim(zw o (t) (gaw'?)) = (w2 u(t) (yw'?)) = wlan(y)),
F(t =) = lm(u(t) (ypw"?)|zaw'?) = (v(t)y"w'?|2w!/?) = w(n(y)o)

with the whole |f(t — is)| estimated by

lim |eo(@n Teis ()| < (o2 Iy () ([l 2yl 2w 2[1)?
< (lw"2lllye 21D (Ol 2y 2w 2]))*.

0

Lemma 8.4. If w satisfies the KMS condition, then Aw!/2 = wl/2A.

Proof. We argue as in BR2 Corollary 5.3.9:

By the invariance of w, a unitary operator v(t) on Aw'/2 is defined by
v(t)(zw'/?) = 7(z)w'/?, which is continuous in ¢ from the continuity
of 7;, and the estimate in the previous proposition ensures that, for
r,y € A*™, the function R 3 ¢ — (z*w'/?|v(t)(yw'/?)) is analytically
continued to the strip {—1 < Im ¢ < 0} so that it satisfies the KMS
condition:

(22 u(O) () =i = (20l 2y) for 2,y € A

Let p be the central support of w in A* and assume that a € pA**
satisfies aw'/? = 0. Then, zaw'? = 0 for + € A** and therefore
(w'?(za)|w'/?y) = 0 for any y € A** by analytic continuation, whence
w'2za = 0. Thus L?(A*)a = L*(A*)pa = Aw'/2Aa = 0 and we have
a=0.

In this way, we have proved that w'/? is separating for pA**, which
finally implies

A2 = A=G1? = LA™, w) = WI2A™ = IR A,
0

Conversely suppose that Aw!/2 = wY2A. Then the support projec-
tion [w] € A™ of w is central and the accompanied modular automor-
phism group {0y} on M = [w]A** satisfies the KMS condition: Let M
be the dense *-subalgebra of entirely analytic elements for {o,}. Then
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for a,b e M
wlao_(b)) = (a"w"/2| Abw/2))
= (JAV2(bwV?)| TAV? (a*w!/?))
= (b*w?|aw'?) = w(ba).
Thus by the previous proposition w is a normal o-KMS state on M.

Let {u(t)} and {v(¢)} be one-parameter groups of unitaries on Aw'/2 =
wl/2 A with the induced automorphism groups of M satisfying the KMS
condition for w.

Let x € M be entirely analytic for o; and y € M be entirely analytic
for 7. Then zw'/? € D(u(—i)), yw'/? € D(v(—1)) and we have

(u(=) (@ ?)yw?) = (@ 2lw!2y) = (e |o(=i) (y/2)).

Since {zw!/?} and {yw!/?} are cores for u(—i) and v(—i) respectively
by Example A.9, we see that u(—i) and v(—i) are adjoints of each
other; u(—i) = v(—1i), whence u(t) = v(t) for t € R.

Theorem 8.5 (Takesaki). If a state w of a C*-algebra A satisfies
Awl/?2 = wl/2A; then the support projection [w] € A** of w is cen-
tral and w meets the KMS condition for the modular automorpshim

group {o;} of [w]A**. Moreover, the modular automorphism group for
w is characterized as the one making w a normal KMS state of [w]A**.

Returning to the case of C*-algebras, given an automorphic action
7, and a T-invariant state w of a C*-algebra A, let u(t) be the associ-

ated one-parameter unitary group on the left GNS space Aw'/2. Then,
for a € A, w(a*ri(a)) = (aw'?|u(t)aw'/?) is a positive definition func-
tion of ¢t € R and we have a positive finite measure p on R satisfying
w(a*r(a)) = g " p(dr). Likewise, w(7;(a)a*) is the Fourier transform
of another positive measure v.

Let w satisfy the KMS-condition. For f € C.(R), its Fourier trans-
form

fity= [ e
is extended to an entirely holomorphic function which decays rapidly
in the real direction with local uniformilty on the imaginary direction.

Then f(t)w(a*m(a)) has an analytic extension to a bounded contin-
uous function on the domain i[—1,0] + R which decays rapidly in the
real direction with uniformity on the imaginary direction. Thanks to

the Cauchy integral theorem, we have

/ h F)wla () dt = / h F(t — i)w(r(a)a®) dt,
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which is further rephrased by equalities

/- ~ftta @)t =2x [ foutan)
/ it — i)o(m(a )a*)dtzQW/Rf(T)eTV(dT)

to get u(dr) = e "v(dr).

Conversely, assume that positve measures associated to correlational
positive definite functions are mutually related in this way. Consider
the expression

F(z) = /R ™ (dr),

which is a well-defined and continuous function of z = t—ir € i[—1,0]+
R in view of [¢"?| =¢"™ <1V e (7 € R) and

/R (1V ) p(dr) = /(_00,0) u(dr) + /[0  Hld) <o

Moreover, it is analytic by

]i F2)ds = /R < 7£~ &7 dz> j(dr) = 0

with the boundary values
F(t) =w(a*n(a)), F(t—1i)=w(r(a)a").
The KMS-condition now frollows from the polarization identity.

Lemma 8.6 (Araki). A 7-invariant state w on A satisfies the KMS-
condition if and only if, for each a € A, the positive measure p on

R defined by w(a*r(a)) = / "™ u(dr) satisfies / e” u(t) < oo and
R R

w(r(a)a®) = | "7 p(dr).
R

9. MODULAR ALGEBRAS

Matrix ampliation technique is simple but very useful as already
witnessed in §7.1 and we record here relations concerning rnodular au-
tomorphisms of a W*-algebra M. Recall that, for ¢, € M, {o7¥} is
a one-parameter group of isometries on [¢]M[p]: 0%¢0)¥ = ¢%% and

o% = (o) for 5,1 € R.

Lemma 9.1. Let ¢, ¢ and ¢ in M. For a € [¢|M|y], b € [@|M][Y]
and t € R, we have the following relations.

(i) 7% (a)" = of*(a").
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(i) of*(a)o?¥(b) = of " (ab).

Proof. Let e, (n = 2,3) be a diagonal matrice in M, (M) of diagonal
entries [¢], [¢] for n = 2 or [@],[¢], [¢] for n = 3, with o; denoting
the modular automorphim group of e, M,, (M )e, associated the faithful
diagonal functional ¢ ® p or ¢ B p G Y.

To get (i) and (ii), just apply o, on ea Mo(M)ey or o, on e3Ms(M )es

to
0 a\"_ [0 0
(0 0) :(a* o>
0 a O 0 00 0 0 ab
0 00 0 0b]=100 0
0 00 0 00 00 O
U
Corollary 9.2. Assume that [¢] < [¢].
(i) Of’(aftw([@])) = a7 ?([¢])-
(ii) 01" ([¢])of () = o} ()0} ?([¢o]). Here x € [¢] M]p].
(iii) o s+t([90]) —0“‘”/’([ Dot (a7 ([))-
Proof. (i): 0¥ (a')0% (a) = 02, (d'a).
(ii): If ax = 2’d’ with x € [p]M[p] and 2’ € [p|M[¢],
PP (a)of P (x) = o ¢ (ax) = o] (2)o](d').
(iii): Cocycle condition follows from
2% ([p]) = o2 ([t ([e]) = o2 ([e))od (o7 ¥ ([])).
O

Although these cocycle relations bear certain algebraic structures
behind, the customary notation is not self-explanatory in its under-
standing. To remedy this fault, we introduce dummy symbols such
as ¢ of which resolve these cocycle relations and make the algebraic
structures apparent.

For the moment, we deal with faithful positive normal functionals
and we imagine the following situation: various ¢®’s together with
elements of M constitute a *-algebra M (iR) in such a way that (i)
M is a *-subalgebra of M(iR), (ii) {¢"} is a one-parameter group
of unitaries in M (iR) and (iii) ¢™’s and a € M satisfy the following
commutation relations

ot = of (a)u"
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Obviously the condition (iii) implies

pla=of(a)p", ¢ =PV ()",

which, in turn, recover the commutation relations in (iii):

pla=of(a)p" = of (a)of (1" = of “(a)of (1) = of " (a)y".

Let M(it) = M ™ = oM. Since ¢~ € M, this does not depend
on the choice of a faithful ¢ and we notice that M(it)* = M(—it),
M(is)M(it) = M(i(s +t)) for s,t € R and M(iR) = >, g M(it).
We claim that M (0) = M and ), g M (it) is an algebraic direct sum.
To see this, choose a reference functional w and consider the algebraic
crossed product of M by {0y}, which is a *-algebra based on a vector
space @,.g M = >_,cr Mw" with the *-algebra operations defined by

(aw™)(bw') = (ac? (D)) (aw™)* = w™a* = 0%, (a*)w ™.
Here the dummy symbol w is introduced to indicate the t-component.
In the crossed product algebra, M is obviously identified with a
subalgebra Mw™ and, to each @™ € M (it), we associate an element in
ST Mw by @ = ¢f“(1)w" so that
(8)" = 0= () = o7 (1 = @
q)isq)it _ U@,w(l)O?(U% (1)) i(s+t) _ Of_,:f:(l)wi(s—i_t) _ q)i(s—i-t)'

Moreover, for a € M and ¥ = g*(1)w, we have

da = o (Nwa = 0¥ (a)w" = 67¥(a)o?* (1) = 0¥ (a) V™.

Thus, we have a homomorphism of M (iR) onto the crossed product
algebra 3, g Mw", which preserves *-operations in view of (ap")* =
o7, (a*)" in M(iR) and

(aq)z‘t)* — zta* — 0 t(a*)q)—it.

Since M(iR) = >,.g M (it) and its image in the crossed product is a
direct sum, the *~homomorphism is in fact a *-isomorphism. Conse-
quently, M(i0) = M and M(iR) = >, g M (it) is a direct sum.

Now the notation ¢ is extended to a not necessarily faithful ¢ €
M Set

i ()

which does not depend on the choice of a faithful w. In fact, for another
faithful functional ¢ in M,

P ([e)o" = o “([pl)or (1)6" = a7 ([¢])w".

We then notice the following properties.
(i) @™ = @'+ and (p)" = =" with % = [g].
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(i) ¢*ay=" = o ([plaly]).
Proof. (i) The equality ¢ = [¢] is trivial, while
(") =w o ([p]) = 02y (07 ([e))w ™ = o7 ([phw™ = 7"

and

is, it w( __p,w ©,w

e = a2 ([p])od (o ([e))w e = a5 ([p])w' e = T,

(ii) The commutation relations follow from
play™" = af“([p])or (ad? ([8]) = of “([e])oy (a)or (a7 ([W1)

= o “([g))oy (a)or™ (W) = of ¥ ([plale).
O

We say that an element a € M is finitely supported if a = [p]a[y]
for some ¢ € M. Let My be the set of finitely supported elements in
M.

Lemma 9.3. M/ is a weak™® dense *-subalgebra of M and closed under
sequential weak* limits in M. Moreover,

My= > M= > [g]M.

peMF peMF

Proof. Clearly M; is closed under the *-operation and M/ is a sub-
algebra in view of [p] V [¢] < [p 4+ ¢]. The *-subalgebra M; is then
weak*-dense in M in view of V c,+[p] = 1. If a = aly], [apa®] is
the left support of a and [p + apa*]a[papa*] = a. Let a be a weak*
limit of {a,}n>1 in My with [p,][an][¢n] = an for n > 1. Then, for
o=, 2 o fon(1) € MY, [plale]. .

Now we relax the existence of faithful functionals in M and set

My(iR) = | [e]M[e](iR),

peMF

where the natural inclusions [p] M[p](iR) C []|M[)](iR) for v, € M}
satisfying [¢] C [¢] are assumed in the union.

Finally we add formal expressions of the form w® = 3., wif for fam-
ilies {w; € M} }jer of mutually orthogonal supports and allow multi-
plications of elements in M to get {M(it)},cr so that Mg(it) C M(it)
and M(0) = M. In what follows, a formal sum w = . w; is re-
ferred as a weight of M. A weight w = ) w; is said to be faithful if
1 = > Jw;] in M. Note that any weight is extended to a faithful one

and {w™} is a one-parameter group of unitaries in M (iR) = @M (it) if
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the weight w is faithful in the sense that 1 =}, [w;] and, for another
faithful weight ¢ = >, ¢ and a € M,

it —it _ it it
P"aw " = E J AW;
j7k
defines a continuous family of elements in M so that it consists of

unitaries when a = 1 and 0% (a) = w'aw™" gives an automorphic action
on M.

Remark 2. Here weights are introduced in a formal and restricted way
but more serious treatments enable us to find that continuous one-
parameter groups of unitaries of the form {u(t) € M(it)} are one-to-
one correspondence with weights of generalized form on M.

At this stage, we can introduce two more classes of modular algebraic
stuffs:

MR +1/2) =) M(it+1/2), M@ER+1)=> M(it+1

teR teR
with
M(it+1/2) = Y M2 = 3" G2y
peM; peM;
and
M(it +1) Z Mttt = Z Piany Vs
peM; peM;t

so that M(1/2) = L*(M) and M(1) = M,. These are iR-graded
*-bimodules of M(iR) and we have a natural module map M (iR +
1/2)®@pry M (iR+1/2) — M (iR+1) which respects the grading in the
sense that M (is+1/2)M (it+1/2) = M (i(s+t)+1) for s,t € R. In par-
ticular, given a weight w on M, we have M (it+s) = M (s)w" = w" M (s)
for s =1/2,1.

The evaluation of ¢ € M, at the unit 1 € M is called the expec-
tation of ¢ and denoted by (). Note that the expectation satisfies
the trace property for various combinations of multiplications such as
(ap) = (pa) and (p"EP~"n) = (P~np"E) for a € M, p,¢ € M and
§n € L*(M).

The scaling ¢ — e % on M gives rise to a *-automorphic action 6,
of s € R (called the scaling automorphism) on these modular stuffs:
Os(zp"TT) = e p "t for x € M and r € {0,1/2,1}.

Remark 3. Since elements in L?(M) and M, are always ‘finitely sup-
ported’, we can decribe M (it + s) (s = 1/2,1) without referring to
weights.
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We here collect basic analytic properties on these modular stuffs.

Lemma 9.4 (Modular Extension). For ¢, € M and a € M, R >
t — gp”awl_” € M, is extended analytically to a norm-continuous
function ¢*a'~% on the strip —1 < Im z < 0 with a bound

" ap™ T < la"lay T (0<r <)
in such a way that
(P at ™) ,mps = @ Titay i, ((pizaqpl—iz”z:t_i/? — it/ 2g) it L2

Proof. By embedding [p]M[¢)] into a corner of e(p,v)My(M)e(p, 1))
and replacing ¢ and ¥ with ¢ @1 on e(p, ) My(M)e(p, 1), we may
assume that ¢ = ¢ is faithful on M. For b € M, we have

($agt =) = (17 2o (a)p2) = (47 2| A (ag ')

Since M'/? C D(AY?), A*(ap'/?) € L*(M) is extended ana-
lytically to a norm-continuous function A’ (ay'/?) on the half strip
—1/2 < Imz < 0 so that

IA"(ap'?) | < [lag 2| + [|AY2(ap!?)||* = p(a*a) + ¢(aa”)

for 0 < r < 1/2, pap'™" is extended to a norm-continuous analytic
function f,(z) € M, on the half strip by

falz) = A (ap'?)@"? with || f(2)]| < Ve(D)g(aa* + a*a).

In view of the relation pZayp = (M Za*p~%)*, f.(2) is further
extended to —1 < Imz < —1/2 by fu(2) = (fa (z - z)) with the same
bound. Moreover, we have for b € M

<b, fa(t — 2/2)> - (b*gpl/2|Ait+1/2(ag01/2)) _ <90it+1/2a<,0_it+1/2b>

and

1—z

<b, fa(t . Z)> — <b, fa* (t)*> — <(pita*(p1—itb*> — <bg01+lt (pfzt>
Finally the three line theorem gives the bound estimate on || f,(2)]|.

Corollary 9.5. Let ¢, € M} and a € [¢]M[)]. Then the function
o?V(a)YV? = pita~tpl/2 of t € R is analytically extended to an
L*(M)-valued continuous function ¢*ayp~**+1/2 of »z € [~1/2,0] + iR
so that (Soizaw—iz+l/2)2:t_i/2 _ 901/290“6“/1_“ _ gol/zaf’¢(a).

Theorem 9.6 (Multiple KMS condition). Let ¢; € M and a; € M for
j=0,1,...,n. Then the multilinear functional ( 1J”toa 0day ... ditray,)
of (agp, .. an) € M"*! which depends contmuously on (tg, e ty) €
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R satisfying ¢ty + --- + t, = 0 is analytically extended to a mul-

tilinear functional (¢pagdi‘a;...¢>"a,) of (ag,...,a,) € M™ for

(20, , 2n) € C"™ satisfying zo + - -+ + 2z, = 1 and Rz; > 0.
Moreover, we have

(@5 aodT a1 ... 7 an)] < Go(1)™ .. 6 (1) lao]| ... [|an]-

Lemma 9.7. Let w € M] be faithful and let @ € M. Then the
following conditions are equivalent.

(i) The inequality a*wa < w holds in M.

(il) We can find a norm-bounded function a(z) € M of zin —1/2 <
Im 2 < 0 such that a(t) = waw™ for t € R, a(2)é € L*(M) is
norm-continuous in z for any ¢ € L?*(M) and ||a(—i/2)| < 1.

(iii) We can find an element b € M satisfying ||b]| < 1 and w'/?a =
bw'/?.

Moreover, if this is the case, under the notation in (ii), £a(z) € L*(M)
is norm-continuous for any £ € L?(M).

Proof. (i) = (ii): By modular extension, the function (zw!™®aw=y)

with z,y € M gives rise to an analytic function (zw®*/2aw=*1/2y)
of z € C in the range —1/2 < Im 2z < 1/2 so that it is estimated on the
real line by

o 22 | = (20 (1) )| < [l % a2
and on the line Imz = —1/2 by
(e aw™"y)| = |(w! 2" |w! %a(t)y)]
< w22l 2a(t)y]| = llw" e[|/ wlaw-tyy wita®)

< w22 | Vwlw=tyy w') = [lw' 22" v y]).
Thus the three line theorem for the region —1/2 < Imz < 0 gives
|<xwiz+1/2aw—iz+1/2y>| < ||a||1+21mz||w1/2x*|| ||W1/2y||
and a bounded operator a(z) on L*(M) is well-defined by the relation
(wl/Qx*|a(z)(wl/2y)) — <xwiz+1/2aw—iz+1/2y>
with the bound ||a(2)| < [|a||"21™*. From the cyclic relation
(w1/2$*‘a(z)(wl/2yb)) _ <xwiz+1/2aw—iz+1/2yb> _ <bxwiz+1/2aw—iz+1/2y>
= (W22 |a(2)(w"y)) = (W!%2" (a(2)(w!/*y))b)

for b € M, a(z) in fact belongs to M. Since a(z) is uniformly bounded
in z and weakly analytic, we need to check the norm-continuity of
a(z)w'? € L*(M) as a function of z. In view of aw'/? € D(AY?),
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A% (aw'/?) is norm-continuous analytic function of z in —1/2 < Im z <
0, which satisfies A%(aw'/?) = a(t)w'/? for t € R and hence a(z)w'/? =
A% (aw'/?) is norm-continuous in z.

(ii) == (iii): The relation A%(aw'/?) = a(t)w'/? is analytically con-
tinued to the relation w'/?a = AY?(aw'/?) = o(—i/2)w'/? and we can
put b = a(—i/2).

(iii) = (i): For a positive element z € M,

w(aza*) = (W aza*w'?) = (b ?2w/?p*)

= (wl/zxwl/Q)(b*b) < (wl/wal/2)(1) = w(x).

Finally, under the notation and conditions in (ii) and (iii), w'/?a(t) =
A" (bw'/?) is analytically extended to a norm-continuous function A% (bw'/?)
of z € i[~1/2,0] + R, while (n|w'/2a(t)) = (W?|a(t)n*) is analytically
extended to (w'?|a(z)n*) = (n|w/?a(z)) for any n € L?>(M). Thus
w'?a(z) = A% (bw'/?) is norm-continuous in z € i[—1/2, 0]4+R. Now the
norm-boundedness of a(z) is used to see that zw'/?a(z) norm-converges
to £a(z) uniformly in z when |Jzw'/? — €| — 0. O

Corollary 9.8. For ¢,1 € M7, the following conditions are equiva-
lent.
(i) The inequality ¢ < ¢ holds in M.
(ii) [¢] < [¢] and the function ¢~ of ¢ € R is analytically
extended to an M-valued function ¢*1)~% of z in the range
—1/2 < Tm 2z < 080 that ¢ ~*¢ € L*(M) is norm-continuous
in z for any ¢ € L2(M) and ||'/2p~ /2| < 1.
(iii) We can find an element ¢ € M satisfying ||c| < 1 and ¢'/? =
cp/?,

Moreover, if this is the case, p*p~* € L?(M) is norm-continuous in
z €14[—1/2,0] + R for any & € L*(M).

Proof. Consider a faithful w = ¢ @ ¥ on eMy(M)e with e = [¢] ® [¢].
For the choice
_ (0 ¢l
()

the condition ¢ < v is equivalent to a*wa < w and

it —it (0O ptyp=4
waw™™ = (O 0

is used to get (i) = (ii) = (iii) by the lemma, whereas (iii) implies
o = P2 epl/? < o in M, O
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We now investigate continuity properties of families {M (it + s)},cr
for s = 0,1/2,1. Let us begin with simple observations on continuity
of modular actions: Let ¢ = ) ¢; and ¢ = > 1, be weights on M.
For £ € L*(M),

gpité-wfit — Z 90?5%;”
7.k

is norm-continuous in ¢ € R as an absolute sum of L?*(M)-valued norm-
continuous functions gO}t&/J,;”. Any ¢ € M has an expression &n with
&,m € L*(M) and we see that

gpit(bwfit — (gpité-wfit) (witnwfit)
(w being an auxiliary faithful weight) is an M,-valued norm-continuous

function of ¢ € R as a product of L?(M)-valued norm-continuous func-
tions.

Lemma 9.9. For a section z = {x(t)} of {M(it)}, the following con-
ditions are equivalent.

(i) There exists a faithful weight w on M such that w="z(t) € M
is weak*-continuous in ¢ € R.
(ii) There exists a faithful weight w on M such that z(t)w™" € M
is weak*-continuous in t € R.
(iii) For any faithful weight w on M, w™"z(t) € M is weak*-
continuous in ¢ € R.
(iv) For any faithful weight w on M, z(t)w™™ € M is weak*-
continuous in ¢ € R.
(v) For any ¢ € M, ¢~"z(t) € M is weak*-continuous in ¢ € R.
(vi) For any ¢ € M, z(t)¢p~" € M is weak*-continuous in ¢ € R.
Moreover, if {x(t)} satisfies these equivalent conditions, ||z(t)| is lo-
cally bounded in ¢t € R.
We say that a section {z(t)} is weak*-continuous if it satisfies any
of these equivalent conditions.

Proof. Assume (i) and let ¢ be another weight. Then, for ¢ € M,,
p(a(t)o™) = (o pw", wx(t))

is continuous in ¢t € R as an evaluation of an M,-valued norm-continuous
function by an M-valued weak*-continuous function. Since ¢ is arbi-
trary, this menas that the four conditions (i) to (iv) are equivalent,
which in turn imply (v) and (vi).

Now we show (vi) = (iv). By Banach-Steinhaus theorem, ||z (t)[¢]]]
is locally bounded in ¢ for any ¢ € M. If ||z(t)]| is not locally bounded,

we can find abounded sequence {¢,} and a sequence {,} of unit vec-
tors in L?(M) such that [z(t,)&.|| > n. Then, for ¢ = 3 s-¢, with
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On = &85, ||x(tn)[@]ll = n, which contradicts with local boundedness
of [|z(t)[¢]]|. Thus [|z(t)|| is locally bounded. Now in the expression

(Elzt)wn) =Y (Elzt)w; ™ n) + (@) ¢ D wa;™n)
JeEF j@F
with £, € L*(M) and F a finite subset of indices, the second term is
estimated by

(2w €Y w'w;™n)

JEr

< Je@IIENTY o™ w; “n)

JEF

= Ja@IEN, [ lwite; ||

J¢F

< llz@UIEN, /> Mewslnll>.
igF

Since ||z(t)]| is locally bounded, this reveals that the convergence

(€l (t)w™"n) = Jiny > (Ela(t)w; M)

jJEF

is locally uniformly in ¢ € R and gives a continuous function of 7,
proving the weak* continuity of z(t)w™" € M on t € R. O

We here introduce the *-operation on sections by
x*(t) = x(—t)" € M(it +s) for a section {z(t) € M(it + s)}.

As a consequence of the above lemma, for a section z(t) € M (it), x*(¢)
as well as az(t)b with a,b € M are weak*-continuous if so is z(t).

Lemma 9.10. Let p = 1 or 2 with notation L'(M) = M, for p = 1.
Then the following conditions on a section £ = {£(¢)} of {M (it+1/p)}
are equivalent.

(i) There exists a faithful weight w on M such that w=%(t) €
LP(M) is norm-continuous in ¢t € R.

(ii) There exists a faithful weight w on M such that £(t)w™™ €
LP(M) is norm-continuous in ¢t € R.

(iii) For any faithful weight w on M, w™"*¢(t) € LP(M) is norm-
continuous in ¢ € R.

(iv) For any faithful weight w on M, £(t)w™ € LP(M) is norm-
continuous in ¢ € R.

(v) For any ¢ € M, ¢~"&(t) € LP(M) is norm-continuous in
teR.
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(vi) For any ¢ € M], £(t)¢p~" € LP(M) is norm-continuous in
t €R.
We say that a section {{(¢)} is norm-continuous if it satisfies any of
these equivalent conditions. Notice here that £*(t) = £(—t)* is norm-
cotinuous if and inly if so is £(t)

Proof. Since w®(-)¢~" gives a strongly continuous one-parameter group
of isometries on LP(M), the condition (i) ensures norm-continuity of
Et)p" = wh(w™ €)™, which implies the equivalence of conditions
(i) to (iv).

Since

J67€(0) — 67€(6) = o™ 6(0) — 6™t )]
< ”¢ it zt( 7zt£( ) _wzsg(s))H + H(¢ it uf ¢ 5 zs) fzsg(s)H
< @ ™€) — w € + (07 0" — ¢~ w™)w™E(s)|
and ¢~"w™ is continuous on ¢ in strong operator topology, (v) follows
from (i).
Assume (v). If w™"&(t) is not norm-continuous at ¢ = t,, we can find
a 0 > 0 and a sequence {t,} which converges to s but [|w™""&(t,,) —

w0 ¢(tg)|| > 6 for n > 1. Choose states ¢, € M so that [¢,]¢(t,) =
§(tn) for n > 0 and set ¢ = > -, ¢n/2" € M. Then, by (v),

() — w0 ()| = T (1) — w0 1)
< (@7 E(tn) = 6™ (to)) | + [[(w™ ™ — w0 (L) |
converges to 0, a contradiction. U

Definition 9.11. A section {z(¢)} of {M(it)},cr is said to be L2-
continuous if z(¢)§ and £x(t) are norm-continuous for any £ € L?(M).
Notice that z*(t) is L?-continuous if and only if so is z(¢) in view of
r*(H)¢ = (&*x(—t))* and £z*(t) = (z(—t)€*)*. Clearly L?-continuous
sections are weak*-continuous.

To control the norm of a weak*-continuous section z = {z(t) €
M (it)}, two norms are introduced by

[2lloc = sup{[lz(®)[l;t € R}, |[zfly = /R (@)l dt

and z(t) is said to be bounded if ||z]|» < oo and integrable if ||z||; <
oo. Note here that ||z(t)|| is locally bounded and lower-semicontinuous
inte€R.

Lemma 9.12. The following conditions on a section {x(t)} of {M(it)}
are equivalent.
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(i) For any & € L*(M), {z(t)¢} is a norm-continuous section of
{M(it +1/2)}.

(ii) For any ¢ € M} and any £ € L*(M), z(t)p "¢ € L*(M) is
norm-continuous in ¢ € R.

(iii) The norm function ||x(t)|| is locally bounded and, for a suffi-
ciently large ¢ € M7, z(t)¢~ /2 € L?(M) is norm-continuous
int €R, i.e., given any ¢ € M, we can find ¢ € M such
that [¢] < [¢] and z(t)¢~"*+Y/2 € L?(M) is norm-continuous in
t € R

Proof. (i) <= (ii): Let p € M. If (i) holds, ¢~ "z(t) € M is
continuous in ¢ € R with respect to the strong operator topology on M
and hence

2(t)p "€ = Af (¢ (1) A%,E

is an L?(M)-valued norm-continuous function of ¢ € R. Likewise, under
the condition (ii), ¢ "z(t)¢ = A?,(z(t)p ")A7¢ € L*(M) is norm-
continuous in ¢ € R.

Assume (i) and (ii). The section z(t) is weak™-continuous by (i) and
the local boundedness of ||z(t)|| follows from Lemma 9.9, whereas the
remaining condition in (iii) is included in (ii).

(iii) = (ii): Given p € M and £ € L?(M), choose ¢ € M so that
(0] < [¢] and ¢ supports € on the left. Then

le(t)o"(¢"a — 90| < [la(t) 6" — "],

together with local boundedness of ||z(t)||, shows that z(t)¢~n is
norm-continuous for any n € ¢/2M as a locally uniform limit of
L*(M)-valued norm-continuous functions of ¢ € R. Now z(t)p "¢ =
(z(t)p~") (9" p~"¢) is norm-continuous in ¢ € R as a product of strongly
continuous operator-valued function z(t)¢~* on ¢'/2M and a norm-
continuous function ¢p ¢ in ¢1/2M. O

Corollary 9.13. A section xz(t) € M(it) is L*-continuous if and only
if ||z(¢)|| is locally bounded and L?(M)-valued functions x(t)¢~"+1/2,
¢~"*1/25(t) are norm-continuous for a sufficiently large ¢ € M.

A family {z(t) € M(it)},cr is said to be finitely supported if we
can find ¢ € M so that z(t) = [¢|x(t)[¢] for every t € R. We say that
{z(t)} is locally bounded (bounded) if so is the function ||z(t)]| of t.
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9.1. Convolution Algebra. Consider a bounded, L?-continuous and
integrable section {f(t) € M(it)} and identify it with a formal expres-
sion like fR t) dt, which is compatible with the *-operation by

(fos) - fora- fsra- fros

Moreover, a formal rewriting

/Rf(s)dS/Rg(t)dt:/R(/Rf(s)g(t—s)ds) @t

suggests defining a product of f and g by

= [t =s)ds= [ (6= 99(s)ds

The real definition, however, needs some procedures. Let ¢ be a
weight on M which supports both f and g. Then

F(8)g(t = s)p™" = f(s)p "0 (gt — s)p ™)
is a strongly continuous M-valued function of (s,t) € R? and
[ 76iate = syoas e v
R

is well-defined as a Bochner integral with respect to the strong operator
topology with a norm estimation

~atase | < [N ot - o)l ds

In view of ||f||1 < 00 and ||g||e < 00, for each & € L?*(M), the Bochner
integral

/R F(8)gt — s)p™it€ ds € LA(M)

converges uniformly when ¢ varies in a finite interval and gives a norm-
continuous function of ¢ € R.

Let ¢ be another weight satisfying [¢] < [¢] (consequently it sup-
ports x and y as well). The equality

([ sate = sy as) wtte = [ fote = s)e-cas

then reveals that

(/f g(t — s)y~ ”ds)zb” (/f g(t —s)p ”ds)



74 YAMAGAMI SHIGERU

and an element [p f(s)g(t — s)ds € M is well-defined by the relation

(/f t—sds)fb“ /f $)6~ ds,

which is satisfied by an arbitrary weight ¢ on M.
When ¢ supports f and g, we have

67" / F(s)g(t = s)¢™" dso™ = / ¢~ f(s)g(t — s) ds,

which means that the convolution product also satisfies the left inden-

tity
o [0 o)gle = 9yds = [ fs)glt - 9)ds
Moreover, for &, € L*(M), the identity
il [ 1(6)ott = )" ds) = [(@g(e— s 7(s) a6y ds

is rephrased into
S PO = [0 (-9 ()ds = (f9)(0) = [ g (t=5)s"(5)ds
and

v [ 1@t =9ds = [ p@ate=9ds = [ 1= s)a(s)ds
Note that n*f(s)g(t —s) € M (it + 1/2) is norm-continuous in s € R
and Bochner-integrable.

We have so far checked (fg)* = ¢g*f* as well as the left-and-right

compatibility in the definition of convolution product. The aasociativ-
ity is now available by

(P 67) = [l F9)(s)o™ "0 it ~ 5)67¢) ds
= [ [rigts = o saehie - syo-c) drds
:// nf(r)gls — Mh(t — 5)6=) drds
— [ [rmgente = v = yo7767) dsdn

_ / (nf () (gh) (¢ — r)6~%€) dr
= ((F(gh) ()6 E).
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In this way, we have obtained a *-algebra of sections of {M (it)},cr.
The scaling automorphism 6 on { M (it)} gives rise to a *-automorphic
action the *-algebra of sections by (0,f)(t) = e~ f(¢).

Here we shall apply formal arguments to illustrate how tracial func-
tionals are associated to this kind of *-algebras.

A formal manipulation is an easy business: Imagine that a section
f(t) has an analytic extension to the region —1 < Imz < 0 somehow
so that f*(z) = f(—2z)* and define a linear functional by

([ r0ae) =i,

Note that f(—¢) in the right hand side belongs to M(1) = M,. We
then have

Wﬁzé%@ﬂ4—wﬁzéwwﬁﬁﬂﬂ—wwk
=AUP&WWﬂﬂ—Um%2Q

where Cauchy’s integral theorem is used in the first line. The trace
property is seen by

wmz/U@¢4—ww=/vuﬂmemﬁ
=/@emv—Mﬁ=/@wﬂ%—Mﬁ=@ﬁ

where Cauchy’s integral theorem is used again in the first line.

Now we return to the sane track. It then turns out to be some
chores to make the whole story rigorous along the above easy-minded
lines. Instead we shall construct a Hilbert algebra as a halfway busi-
ness in what follows, which is enough to take out a tracial functionsl
(Appendix P).

A section {f(t) € M(it)} is said to be L2-analytic if, for a suf-
ficiently large ¢ € M., functions f(t)¢~ and ¢~ f(t) of t € R (¢-
functions of x) are analytically extended to bounded M-valued func-
tions f(2)¢~ and ¢~ f(z) of z € i[—1/2,0] + R so that L*(M)-valued
functions f(z)¢~%*¢ and £p~*f(z) of 2 € i[—1/2,0] + R are norm-
continuous for each £ € L?(M).

Note here that sufficient largeness in the condition has a meaning:
For ¢ € M] majorized by ¢, ¢ ¢~ is analytically extended to a
*strongly continuous function ¢¢ = of 2 € i[—1/2,0] + R (Corol-
lary 9.8) and therefore f(t)p~% has an analytic extension of the form
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(f(2)9™%)(¢* %), which is *strongly continuous as a product of *strongly
continuous locally bounded operator-valued functions.

Note also that the norm-continuity of f(2)¢~%*¢ and £¢p~*f(z) is
equivalent to that of L2-valued functions (f(z)¢~"*)¢/? and ¢'/2(¢= f(2))
respectively (Lemma 9.12). These are analytic extensions of f(t)¢!/2~
and ¢'/27% f(t) are then denoted by f(2)¢'/>7** and ¢'/27% f(z) respec-
tively.

Warning: No separate meaning of f(z) is assigned here.

Let f(t) € M(it) be an L*-analytic section. Then f*(t) = f(—t)* €
M(it) is also L%-analytic: f*(t)¢="¢ = (@™ f(—t))* and o~ f*(t) =
(f(=t)¢*e")" admit (€7(¢"f(—2)))" and ((f(~2)¢")€")" as their an-

alytic extensions respectively, i.e.,
Fr (297" = (6"f(=2))", ¢ “f(2) = (f(=2)¢")".
To get the convolution product in a way applicable of Cauchy’s inte-
gral theorem, we impose the following condition. An L?-analytic sec-

tion f(t) € M(it) is said to be uniformly integrable if it is integrable
and the function |f|, defined by

[flo(t) = sup{llf(t —ir)e™" (| v [lo~" " f(t —ir)[;0 < r < 1/2}

is integrable for a sufficiently large ¢ € M. Note that |f|s(¢) is
bounded by L2-analyticity, lower-semicontinuous as a supremum of
lower-semicontinuous functions and |f*|,(t) = |f|s(—t). In particular,
f is uniformly integrable if and only if so is f*.

We also point out here that, for a uniformly integrable section f(t),
we have the following property: Given any € > 0 and any T" > 0, we
can find t; > T and t_ < —T so that |f|,(t+) < e.

Example 9.14. Let ¢ € M and a € [p]M[p] be entirely analytic for
of. Then f(t) = ayp" is L*-analytic.

In fact, if ¢ € M} majorizes o, f(2)¢™% = a(¢®¢~*) and ¢~ f(z) =
(¢~*p"*)o?,(a) for z € i[—1/2,0] + R are norm-bounded analytic ex-
tensions of f(t)¢~% and ¢~ f(t) respectively. Note that both ¢~
and ¢7,(a) are norm-bounded strongly continuous functions of z €
i[—1/2,0] + R, see Corollary 9.8 and Appendix A.

To get a uniformly integrable section, just put f. 5(t) = e 0 f(t)
with o > 0 and g € C, for example.

Lemma 9.15. Let {f(t)} be a section of {M(it)}. If f(t) is L*-
analytic, f(¢) is bounded.

Proof. L?-analyticity includes boundedness of || f(t)¢~%| = | f(t)[¢]|]
for any ¢ € M. If || f(¢)]| is not bounded, we can find a sequence t,,
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so that || f(¢,)|| > n and then a sequence of unit vectors &, € L*(M)
satisfying ||f(t,)&n|l > n. For the choice ¢ = > &,£:/2" € M],
If (@)Dl = |If(tn)&nl| = m is therefore not bounded, a contradiction.

O

Now let N be the vector space of L2-analytic and uniformly inte-
grable sections of { M (it)}, which is closed under taking the *-operation
as already noticed. It is immediate to see that the scaling automor-
phisms leave N invariant globally in such a way that (6,f)(z)¢~% =
e—iszf(z)gb—iz'

Let f,g € N. Since L*-analyticity connotes boundedness as well as
L2-continuity, the convolution product fg has a meaning and (fg)(t) is
a bounded L?-continuous section. To have fg € N, we therefore need
to check L?-analyticity and uniform integrability of fg.

Lemma 9.16. Let w be a weight which supports an L?-analytic section
g(t) € M(it). Then, for ¢ € M and € € L*(M),

02 (g(z = 5)0~ g = AL (g(z — ) ALRE € LA(M)
is norm-continuous in s € R and z € i[—1/2,0] 4+ R.

Proof. Operator product is continuous on norm-bounded sets with re-
spect to strong operator topology. U

We first describe the analytic extension of (fg)(t)¢~* (similarly for
&~ (fg)(t) by left-and-right symmetry). Choose an auxiliary weight w
supporting both f and g. Let £ € L*(M).

/f —is w Z . S)éfi(zfs))wis(bfisg ds
is well-defined as a Bochner integral and

/ F(s)w 0% (9= — s)6~C-Nwi g% ds| < |le] / 1£(5)]] 19l (Re—s) ds

shows that (fg)(2)¢~"* € M is well-defined by

()06 = [ Fls)aalalz =)o )uo ¢ ds

with its norm estimated by

I(F9)(2)6*] < /]R 1£(5)]| 1glo(Rz — 5) ds

To see the continuity of (fg¢)(z)¢~%¢ on z € i[—1/2,0] + R, consider

(fg)( )(b AR /f —is Zs(g(z_S)¢*i(2*8)¢1/2)¢7is ds.
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In view of the norm estimate

1F ()™ w™(g(z = 5)¢~" 9! 2) 67| < $(1)*[[lglslloo 1 ()]

of the integrand and the integrability of ||f(s)||, the above Bochner
integral is norm-continuous in z as a uniform limit of L?*(M)-valued
norm-continuous functions of z € i[—1/2,0] 4 R.

From the inequality

1(£9)(2)¢~ " 2a—(f) ()~ **1/%]| < |llglsllocll0™*a—0" 0] /R 1F(s)l ds,

one sees that (fg)(2)¢~*¢'?a norm-converges to (fg)(z)¢p~"*¢ uni-
formly in z when ||¢*/2a—¢|| — 0 and the norm-continuity of (fg)(z)p~¢
follows.

Finally the uniform integrability of fg follows from

Falolt) < /]R 1S lglo(t—s)ds o [Fglo(t) < /]R Flolt—5)]19(s)]] ds.

So far N is checked to be a *-algebra and the scaling automorphisms
gives a *-automorphic action of R on N. We next furnish N with an
inner product so that it makes N into a Hilbert algebra.

Lemma 9.17. The following identity holds for ¢, ¢ € M and f € N.

[90] (f(t . i/2)¢7it71/2)¢it+1/2 _ gOitJrl/Q (907”71/2]0(25 _ Z/Q)) [¢]

(the left hand side is therefore independent of a choice of ¢ while the
right hand side independent of a choice of ¢ and the common element
in M (it 4+ 1/2) is reasonably denoted by [¢]f(t —i/2)[¢]).

Proof. For a € M, the identity
()68 20t (a)p?) = (227" (2))0'%a)
is analytically continued from ¢ to ¢ —i/2 to get
t—i/2)p " 0% (a)) = TR — )2 a

((f(t—1/2)p~" 1)1 201207 (a)) = ("2 (0™ V2 f (t — 0/2))¢" %a)

(use KMS-condition at 0¥ (a)¢'/?) and, after a simple rewriting,

<(f(t_z-/z)¢7it71/2)¢it+1/2¢1/2agpfit> _ <gpit+1/2(Sofitfl/2f(t_i/z))¢l/2ago7it>.
O

In the identity [] f(t —i/2)[¢] = [](f(t —i/2)p~"~1/2) " 1/2] take
a limit [p] — 1 to get

Ft—i/2)[¢] = (F(t —i/2) "1 /2) g2,
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which belongs to M (it+1/2)[¢]. Likewise [¢]f(t—i/2) € [p]M (it+1/2)
is well-defined by

[P]f(t —i/2) = "2 (o™ 2 f(t —if2)).

Choose a faithful weight w = >, w; with w; € M pairwise or-
thogonal and consider a family {&; = f(t — ¢/2)[w;]} in M (it +1/2).
We claim that {j;||§;|| > 1/m} is a finite set for any m > 1. If
not, we can choose an injective sequence j, so that ||§;,|| > 1/m and
the choice ¢ = > . w;, /2"w;, (1) € M shows that f(t —i/2)[¢] =
2ns1 f(t —i/2)[w;,] has a norm [ f(t —i/2)[¢]]* = 32, 1, ]1* = oo, a
contradiction. Consequently, J = {j;||&;|| > 0} is a countable set and
there exists ¢ € M such that [p] = >, ;[w;] and

F(t=i/2) = lim f(t—i/2)l6] = F(t —i/2)l¢]

In this way, we have obtained a section {f(t —i/2) € M(it + 1/2)}
so that, for each t € R, f(t —i/2) = f(t — i/2)[¢] for some ¢ € M.
Now choose ¢, to each r € Q and set ¢ = ng@ €,¢, with €. > 0 for
r € Q satisfying > ¢, < co. Then, if t € Q, f(t —i/2) = f(t —i/2)[¢]
and therefore, [¢|f(t —i/2) = [¢]f(t —i/2)[¢] for any ¢ € M. Since
(0] f(t—1/2) is continuous in ¢ € R, this implies [¢]f(t—1i/2) = [p]f(t—
i/2)[¢] for any ¢t € R and hence, by taking a limit [¢] — 1, we finally
get f(t—i/2) = f(t—i/2)[¢] for all t € R; the whole section {f(t—i/2)}
is right-supported by a single ¢ € M. In particular, {f(t —i/2)} is a
norm-continuous bounded integrable section of {M (it +1/2)}.

Remark 4. By an analytic continuation, one sees that any L*-analytic
section {f(t)} of {M(it)} is finitely supported in the sense that there
exists ¢ € M such that f(t) = [¢]f(t)[¢] for every t € R.

Example 9.18. Let ¢ € M and a,b € [¢]|M[p] be entirely analytic
for of. Then f(t) = e ““*+Plaph belongs to N and its boundary
section is f(t — i/2) = e~ (=i/2*+B(1=i/2) g it+1/2

The inner product is now introduced by

(flg)=A(f(t—i/Q)lg(t—i/Q))dt2/1R<f(t—i/2)*9(t—i/2)>dt-

Clearly this is a positive sesquilinear form. To check the non-degeneracy,
let (f|f) = 0. We then have f(t —i/2) = 0 by the continuity of
(f(t—14/2)|f(t —1i/2)) for t € R and consequently f(t)¢~" = 0 for any
¢ € M by an analytic continuation; f(t) = 0.
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Since it contains a dense set, the completed Hilbert space JH is iden-
tified with the direct integral

5 = ]%M@H 1/2) dt

Since the family {M (it + 1/2)} is trivialized by obvious isomorphisms
LA(M)w® =2 L*(M) = w"L*(M) in terms of a faithful weight w on M,
we have identifications 3 = L?(M) ® L*(R) in two ways. The Hilbert
space H is made into a *-bimodule of M (iR) by

awis]gRﬁ(t) dt = fkawisf(t —s)dt
(foos) - o

in such a way that actions of M (it) on H are normal.

Note that the scaling automorpshism 6, satisfies (05f)(t — i/2) =
e~®t=3/2f(t — i/2) and scales the inner product: (6,f|0.9) = e~*(f|g)
for f,g € N.

and

Lemma 9.19. For a faithful weight w, the multiplication of w on
H gives a continuous one-parameter group of unitaries. Moreover, if
{&(t)} € H is supported by ¢ € M in the sense that [¢|(t) = £(¢) for
almost all ¢ € R, then ¢ ¢ £(t) dt € H is norm-continuous in s € R.

Let f € N be supported by ¢ € M. Then, for h € N, hf is
right-supported by ¢ and we have

()t~ i/2) = ((R)(t — i/2)67" /%) 41"
= /dé’ (h(s)w™™)a (f(t — s — i/2)p~ 771D yispis it /2
= /ds h(s)(f(t—s— i/Q)(b*i(t*S)*l/?)¢i(tfs)+1/2
= /dsh(s)f(t —s—1i/2).

In other words,

f(hf)(t—i/Q)dt:/h(s)dsj{f(t—@'m)dt

MHMSWNg/M@m@-

Thus the left multiplication of A is bounded with respect to the inner
product in such a way that (hf|g) = (f|h*g) for f,g € N.

with
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Moreover, with the choice h(t) = \/a/me™" ¢ lima_ oo [|hf—f]l3c —
0 shows the density of NN in J.
Finally (f*f*) = (f|f) follows from f*(t —i/2) = (f(—t —1i/2))".

Exercise 47. Check (hf|g) = (f|h*g) and f*(t—i/2) = (f(—t—i/2))".

Theorem 9.20. Given a W*-algebra M, the associated N is a Hilbert
algebra.

The associated von Neumann algebra is denoted by N = M xR and
referred to as the Takesaki dual of M. The scale automorphisms 6,
of N induce a *-automorphic action (also denoted by 6;) of R on N by
0s(1(f)) = (05 f), which is referred to as the dual action.

Let 7 be the associated trace on N, which is scaled by the dual action
so that 7(05(x)) = e *7(x) for z € N,. In fact,

T(0:(1(f)"U(g)) = T(L(0:f)"1(0s9)) = (0:£10s9) = e>(flg) = e~>7(I(f)"1(9)).

Here we slightly change the notation in Hilbert algebras: N is re-
garded as a *-subalgebra of N and we write N7/2 = 71/2N to indicate

the corresponding subspace in H = jI{ M(it + 1/2)dt. Thus h € N
R
is identified with an operator on H satisfying h(f7'/2) = (hf)7'/2, for
f e N, with fri/2 = 71/2f = 7{ f(t —i/2)dt. The scaling property
R

(0,f)(t—i/2) = et/ f(t—i/2) is then compatible with this notation:
6, € Aut(N) induces a unitary on L*(N) as seen from

0.(F72) = (0.f)(r 0 0_)V2 = 5/2(9, f)rV/2 — ij e~ p(t — i/2) dt.

Let B O N be a dense *-ideal of N so that Br/2 = 7/2B is the set
of bounded vectors in H.

To &,m € JH, a sesquilinear element £*n € N, is associated by
(&*n,x) = (€]an) and a*br = Ta*b € N, is defined to be (ar'/2)*(br'/?
for a,b € B.

As a square root of this correspondence, we have a unitary map H —
L?(N) in such a way that |a|7'/? — (a*a7)'/? for a € B. Therefore, if
we set B, = BNN,, the closure of B 72 = 71/2B_ in H corresponds
to the positive cone L*(N),.

With this notation, the trace of f*g € N? (f,g € N) is expressed by

T(f*g) = (fr'?gr'/?) = /R(f(t —i/2)|g(t —i/2)) dt.

Question: Is there any complex analytic characterization of B?
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Let w be a faithful weight on M. From the convolution form realiza-
tion of N on H, one sees that N contains M as well as w® as operators
by left multiplication and these in turn generates N. Likewise right
multiplications of M and w® generates the right action of N on .

Theorem 9.21 (Takesaki). The fixed-point algebra NY of N under
the dual action 6 is identified with M; M = N?.

Proof. Through H = L[?(M) @ L*(R) adapted to the trivialization
M(it + 1/2)w™™ = L*(M) of M(it + 1/2), the right action of w®
is realized on L?(R) by translations whereas 6, by multiplication of
e " on L*(R). Since these generate B(L*(R)) (Stone-von Neumann),
N? is identified with (B(L?*(M)) ® 1) N End(Hy;). Let a € M and
f,g9 € L*(R). For &,np € L*(M),

(191 o) = (aléos) with o5, = [ G0 € M

shows that T € B(L*(M)) belongs to NY if and only if it is in the
commutant of the right action of {¢%(a); h € L'(R)} on L*(M). Since
{0%(a); h € L*(R)} generates M, this shows NY C M. O

Corollary 9.22. For t € R, M(it) = {y € N;0,(y) = e "'y, Vs € R}.

9.2. Haagerup’s trace formula. Haagerup’s trace formula in non-
commutative integration theory is analysed in the framework of mod-
ular algebras. To avoid tautological faults, prior to this, we describe
modular algebras as well as standard Hilbert spaces in terms of basic
ingredients of Tomita-Takesaki theory. The semifiniteness of Takesaki’s
duals is then established by constructing relevant Hilbert algebras as a
collaboration of modular algebras and complex analysis. Note that the
known proof of the existence of trace is indirect in the sense that it is
deduced from the innerness of modular automorphism groups together
with Pedersen-Takesaki’s Radon-Nykodym theorem.
Let § > 0, pn € (0,00) 4+ iR and s € R. Consider a Fourier integral

1 1., .
f(N) _/_oouﬂ't exp (—Edt —zst~|—7)\t) dt.

From

1
(eM f(A / exp (_5&2 —ist + i)\t) dt

\/7 *”exp( (A ;53)2)
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and lim e f()\) =0, we obtain an expression

A——00
o 2m A b (t —s)?
JA) =4/ 5 € /_ooe exp 55 dt.
1j 27t _(t=9)” — 2mehs§(t — s)
JimpTertow (=g ) = 2wt

f(X) approaches 1(; o)(A)2me ") as § — +0 and we have

R {6_“@_8) fAzs
2m J_o 1t

Since

0 otherwise.

Consequently the relation §(A—a)e ™ G(A—b)e™™ = O(A—aVb)e A r+V)
is converted into
/oo e(u—is)a e(u—i(t—s))b e(u—i—u—it)(a\/b)

: : ds = 21—,
oo s vt —9) W+ v+ it

Let w be a weight on M. The left multiplication of w® on H has a
kernel (1 — [w])H and its restriction to the supporting subspace [w]|H
is identified with the one-parameter group of translations on L*(R) ®
[w|L?(M) under the unitary map

LA(R)®[W|LA (M) > fRE /Rf(t)w“g € [w]H = /R[w]M(it~l—1/2) dt.

In terms of a spectral decomposition w” = / e"E(dr) in N,
R

1 1
2m Jr p 4t

wdt = / e M E(d\)
[0,00)

for 1 € (0,00) 4 iR gives a bounded multiplicative family of elements
in N, which is also denoted by (1V w)™*. Note that there is no need
for worrying about integral boundaries because F(-) has no point spec-
trum.

Clearly ((1Vw)™)" = (1Vw)™" and, when y > 0, positive (1Vw)™*
is decreasing in p and converges to the support projection [1 V w| of
(1 V w)™* in strong operator topology.

Theorem 9.23 (Haagerup’s trace formula). The trace of a positive
operator (1Vw)™* with yu > —1, which belongs to N, for 4 > 0 and is
affiliated to N for —1 < p < 0, is given by

</ 1 witdt> _ ('U(l)
R M+ it p+1
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Notice that the right hand side is obtained by first taking a formal
analytic continuation of the integrand to t = —i and then by evaluating
the result (which belongs to M, ) at 1 € M.

Moreover, when w € M, the closed normal operator (1V w)™* is in
the trace class of N and the above trace formula remains valid for any
p € (—1,00) +iR.

Proof. For f € N C H, we observe that

(V) PO = 5 [ s fle = s =if2)ds

27 W+ s
1 1 .
- is+1/2 t— ds = ¢
| e = 9 ds = (€
where
b= / S —CSC A Ry
Pooom Jpp it +1)/2 ’

belongs to K if and only if w € M. Note that, when w € M, £, — &
in norm topology. The trace of (1Vw)™" ™% = (1Vw)™/2(1Vw) /2
is now calculated by

(5r/2|§is+r/2) — w(l) /_ 1 1

er ) D —i rxD2riiss
w(1) 1 1
-~ (2m)? ]t{—s+z‘(r+1)/2 (r+1)/2—it (r+1)/2+i(t+s) o
w(1)

2m(r+is+1)
U

Example 9.24. Let M = B(H) with the standard trace denoted by tr.
For a trace class operator p (resp. a Hilbert-Schmidt class operator z)
on H, the associated element in M, (resp. in L?(M)) is then denoted
by ptr = trp (resp. ztr'/? = tr'/2z). The trace tr is regarded as a
weight with respect to any resolution of the identity 1= 3", ;e; (e;H
being separable for any j € J) and the associated one-parameter group
of unitaries (tr)* is independent of the choice of resolutions.

A section {f(t)} of {M(it)} is then L2-analytic if it is of the form
f(t) = z(t)p™(tr)", where p > 0 is a trace class operator and both
z(t) and p~"x(t)p" are analytically extended to bistrongly continuous
bounded M-valued functions x(z) and p~%z(2)p”* of z € i[-1/2,0] + R
respectively. It is then uniformly integrable if

sup{[|z(t —ir)[| V [lp™"x(t —ir)p"|;0 <~ < 1/2}

is an integrable function of ¢ € R, which is assumed in the following.
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The vector fr'/2 € L?(N) then takes the form 7{ £(t) dt with
R

E(t) = f(t —i)2) = a(t — i/2)p" V22 € M (it +1/2)
and the trace of f*f € N? C N is calculated by
[cwlewna= [ ot — ij2yat - i/20) i
R —0

Now set w = ptr € M, and consider w = p*(tr)"* € M(is) C N,
which acts on L?*(N) by (w®&)(t) = p™&(t — s)tr®. To get the spectral
decomposition, we introduce the relevant Fourier transform L*(N) 3
¢ £ e LR, L2(M)) = L2(R) ® L*(M) by

Er) = /]R (1) (1) dt.

Then
WiE(T) = T pE(T),  0.8(7) = E(7 — 5)
and the spectral decomposition of w® is reduced to that of p: Let
p=>_; pjej be aspectral expression of p with p; > 0 and {e;} mutually
orthogonal finite-rank projections in M = B(H).
Thus w' is realized as a diagonalizable operator on L?(R, L?(M)) by

R>T+— Z e’”p;sej

and one sees that
(1Vw) “—74&-21[ log p;.00) (T)e T pj e

Since w® for various p and s € R generates N, N = L*(R) ® M on
L*(R) ® L*(M). The trace on N is now identified with e~ 7dr ® tr:

/ AT €71 1og py,00) (T)E T p; M t1(e5) = / dre e " p; M tr(e;)
—00 —log p;
,U I 1pjtr(ej)

which is summed up for j to coincide with tr(p)/(n+1) = ((1Vw)™H).
Since (1 V w)™* for various p and pu > —1 also genetes N, the identifi-
cation is justified.

The effect of 6 on N = L*(R) ® M is just the translational shift
(0s2)(T) = (7 — s) and the identity O5((1 V w)™) = (1V e *w) * is
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checked explicitly by

jI{RdT Z L= 1og p;,00) (T — s)e_”’(T_s)pj_“ej
J

= e“s%&dr Z Lis—log p;,00) (T)e””p;“ej.
J

Haagerup’s ingeneous observation is that the whole LP(M)’s are re-
alized as measurable operators on H.

Let h > 0 be an N-measurable operator satisfying 6(h) = e~*h for
s € R. and e = [1 V h] be the support projection of 1V h. By the
relative invariance of h, 6,(e) is then the support projection of e* V h
and we have a Stieltjes integral representation of h:

h= —/Z e* db,(e) = /Z e5df_,(e).

Thus we have a one-to-one correspondence between densely defined
positive self-adjoint operator h and a projection e € N satisfying
s(e) < e for s > 0.

The multiplicative family {(1Vh)™*},>—_1 of Ty-measurable normal
operators is in the trace class of N and, for #u > —1/2; we have

(1Vh)#7!/? = QL/ 1 _t1+ 1/2h“+1/2 dt = (1 h)"#=12p!/2,
T JR T

To see this, we need some KMS-property for h®.
Let x € M and compute

(ha(1V h)™) = (z(1V h)"h) = (z(1V h)'7#)
= —/0 113 d(x0,(e)) = —/0 U1 d(e=%) (ze)
= (xe) /000 e Mds = %(me).

This result for Ru > 0 is compatible with

1 1 ,
Os(x(1V h)™#)ds = — 0,(h™) dsdt
/]R (37( ) ) ’ 27 RxRﬂ+it$ ( ) ’
1 1 o
= — —e "ty h™ dsdt
21 Jryr p+ it
1 1
= —xh"§(t) dt = —x[h]
R p A+t 1%

We claim that o(z) = h'zh~" satisfies the KMS-condition for ¢(z) =
(xe). First notice that o.(x) € M by the f-invariance and [h] = [¢].
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In fact, from the definition of ¢ and the faithfulness of the standard
trace, (1 — [p])e = 0, which means that e < [p] and then [h] =
lim,,_0s(e) < 5([¢]) = [¢]. Conversely, from (1 — [h])e = 0,
1 —[h] <1 —[¢] gives the reverse inequality.

Let x € M and consider

o(z*o(x)) = (z*h'zh~"e).

The Stieltjes integral expression for & is used in zh~"e = — / e ' df,(ze)
0
to get

—p(x*o(z)) = /000 e Std{x*h"0,(xe))

= / e S0, (x*0_o(h")we)) = / e Std(e e (z*h" we)
0 0
= (it — 1){x*h"ze)

and then

(e hitpe) = / " (a0, (e)ze) + / " et (0, (e)e)

—00 0

with

/OO et d{z*0,(e)re) = /OO etd(e™*(z et _y(e)))

0 0

:/ eiSte_Sd(:v*e:EH_s(e))—i—/ ete s (z*exl_,(e)) ds
0 0

reveals that —(z*hxe) is anlaytically extended to a bounded continu-
ous function

—(z*h"*we) = /00 e"d(z*0,(e)re) = /_OO e d(e *(x*exl_,(e)))

—00 [e.9]

:/ eiszesd(x*exﬁs(e»—/ e (r*exl_,(e)) ds.
of z =t —1ir € R+1i—1,0. Note that (z*exf_s(e)) ((z*0s(e)xe))
is positive, increasing (decreasing) and continuous in s € R, whence
d{x*exf_,(e)) and —d(x*0s(e)xe) give positive finite measures on R.
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With helpf of integration-by-parts, we get
(e e}

o(xop_ip(x)) = (it + 7 — 1)/ TS exf_(e))

—0o0

—(it+r—1) / eUHT=Us (¥ ex_ (e)) ds

o0

= (it + r)/ WD d( % exf_y(e))

(e}
o0

B |:6(it+r*1)3<x*ex9,s(€)>:|

—00
For 0 <r < 1, we see

lim e@+=D3(2*ez0_,(e)) = 0,
S§—00

lim Vs (g exh_ (e)) = lim e (z*,(e)z(e)) = 0
§——00 $——00

at the boundary values and therefore

[e.e]

o(x*oy_iy(x)) = (it + 7“)/ eUHr=Usq(x*exf_(e)).
Since both sides are continuous in r € [0, 1], the equality holds at the
boundaries as well. We compare this expression with

o(oy(x)r*) = (eh™zh™"z*) = — /Ooo et d{f,(e)xh " x*)

= - /OO e {0 (exf_s(h™")a"))

0

— _ / eistd(e—s—z‘st) <€l‘h_itl‘*>
0

= (exh ™ "z*) (it + 1)

= —(it+1) /_00 e~ d{ext(e)z”)

e}

= (it + 1)/ et d{exd_,(e)x*)
to conclude that p(z*o,_;(x)) = ¢(oy(x)x*) for t € R.

So far we have checked that h'zh™" = @'z~ for z € [p]M][yp)].
Then u(t) = h''¢~" is a central unitary in [p]|M[p]. Since ¢ commute
with the reduced center, u(t) is a one-parameter group of unitaries in
the reduced algebra. Let u(t) = [p€"” E(dr) be the spectral decom-

position in [p]|M[p]. Then a, = f[ e™/? E(dr) is an increasing se-

—n,n]
quence of positive elemnts in the reduced center and ¢,, = a,pa, € MF
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satisfies o = h'[a,] = [a,]h" for t € R. Set h,, = hla,] = [a,]h, which
is also N-measurable and satisfies 6;(h,,) = e *h,. From the equalities

Pl a1V ") = (e(1vh,) ) = (ala(1vh) ) = EE0D
Il Il

for x € M, one sees that ¢, = pla,] = [a,)¢ and then ¢if = ¢¥[a,] for
t € R. Finally we get

R = lim R = lim ¢"[a,].

n—oo n—oo

We next check the additivity of the correspondence h, <+ ¢. For
this, we first establish the averaging relation: Let f(t) = 1/(u + it)
with p > 0. Usefulness of these functions is in their simple behavior
under taking convolution products. Recall that [p f(t)w™ dt belongs
to B, with

R M+t T o R M +it+1/2

Fory:fRf r*w'zdt € B with x € M and w € M, we have

(2l = 2 fO)p(ao), [ 6.(5)ds = 2 (O)as

The first equality is checked as follows:
(hy) = = lim [ e*d(0.(e)y)

n—oo [_

= tin ([ o) ds = 0ule) + 0ol

n—oo

:/ ds e’ /dtf (e)z*w'x) — (ef_,(y))
:/ ds/dte“tf( Yex*wz) — /dtei"tf( Yex*w'z).
-n R
Note here that (ex*w”z) = (v&|wxéy) with

1 1
o 1/2 dt it+1/2
fo=er it =or f[ it+1/27

and

—is zt+1/2

A 1 1
wxéy = —f dt ———————— Wz "y
2r Jg it —s)+1/2
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We have the following expression for

(ex"w'z) = dt — ‘
(2m)? Jp = —it+1/24(t —s)
1 1 1
=~ (92 dt *, 18
(27T)2/R —z’t+1/2@‘(t_s)+1/280($ wxrp” )
— 1 1 ( * 18 )
T onl s YT

which shows that the function f(t){ez*w®z) is integrable and we have

it+1/2 is, it+1/2

Wz )

(zp

lim [ dte™ f(t){ex*w"z) = 0.

n—o0 R

To deal with the first term, we use the form f = g¢* % g (g9(t) =
1/(it 4 11/2)) to see

/ eistf(t)wit dt = / dt/ e—ist’mw—it’/ dt 6istg(t)wit
R R R

and then
/R dt ™" f(t)(z&|w"z&o)
= ( / dt’ €™ g(t )w' w| / dt e g(t)w" v0)
_Z / / wt wzt xgoyé‘ 5 |/ dtezstg )w”af)

—Z/dte“t “ % F) Z|F

where Fj(t) = g(t)(0;]w"z&) and F = [g€"'F;(t)dt belong to
L?(R). Thus the Fourier transform of f ( ){ex*w™x) is integrable and
we get the first equality

= [ s [ e (o enrita) = 2m0) wtalot) = 22 0) )

Similarly and more easily, the second equality follows from

Lo = [ as [t reei. e
~ [ as / dt e~ £ () (1|2

= 2mf(0)(|z"2€)
for each & € L*(N).
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Remark 5.
(1V A Yy = — lim [ e0M5d(0,(e)y)
n—oo 0
= lim (1= ) [ 00, ) ds — L e (w) + ()
n—o0 0 n—oo

=(1—p) /000 ds e_“s/ dt f(t)e™ (exw"z*) + (ey)
_lom /Oood / dt e J(0) (W) + (ey)

21 11—t

1- ©
= a / dt —f(t) o(z*whrp™ )/ ds eHs 1 (ey)
27T R 1 — Zt 0

1-— 1
2 Jp 1 —uat p—zt

1 f(@) it
- dt *, 0 i
+ 27T/R = t(p(a: whre™)

1 t
— f( ) QO(Z'*th.fCQD_Zt) dt
2 Jgp p— 1t

More generally, if a € N satisfies 6;(a) < a for t > 0, then 6,(a) is
decreasing in ¢ € R and the sum

— Z eli-1 (Qtj (a) =6, (a))

for a division sy < 51 < --- < s, is increasing in refinement, whence it
converges to a not necessarily densely defined positive operator

—/ e' df;(a) = — lim e’ dy(a).

oo r—=00 | o
Note that the convergence is in the strong operator topology in N for
T

the bounded operator part — / e' df;(a) € N, and the relation

—0o0

(Zef 1 et ) Zeﬂ ' et s —th_1+s(a))

passes into
0 (/ e’ db;(a )) = e_s/ e’ dby(a),
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In view of the associated positive quadratic form on L?*(N), we see
that it is densely defined if and only if the form domain specified by

@[ @) o—- [ aene <o

—00 o0

is dense in L?(N). A densely-defined positive operator of this kind is
then N-measurable if 7([a]) < co.

Theorem 9.25 (Haagerup correspondence). There is a linear isomor-
phism between M, and the linear space of N-measurable operators h
on L*(N) satisfying 0,(h) = e *h and so that ¢ € M corresponds to
the analytic generator hy, of the one-parameter group {¢"} of partial
isometries in V.

Moreover the correspondence preserves N*-bimodule structures as
well as positivity.

Proof. The correspondence is already established for positive parts,
which is semilinear by

27 * * - 27 * *
7¢(93 ) = ((hy + hy)z"(1V w)™z) = 7(90(95 z) + Y(a"x)).
Here ¢,1 € M} and ¢ € M is specified by hy = hy, + hy. O

Here we filled up the key ingredients in non-commutative LP-theory
without referreing to weight theory. Note that the additivity is compa-
rably easy once the surjectivity of the positive part together with the
averaging relation

T(hy) = ¢ (/R 0s(y) dS) fory € N,

is established. All these are handled with the theory of operator-valued
weights and we refer to the Haagerup’s papers for the original method.

9.3. Modular Algebras. The Haagerup’s correspondence is immedi-
ately extended to an embedding of M (1+1:t) into N by hypprvie = xhjb”t,
which is well-defined and compatible with the *-bimodule structures of
M(iR) on M(1+ iR) and N, thanks to the relation hith, " = @y,

We now consider the Hilbert spaces M (it + 1/2). We set N(z) =
{y € N:0,(y) = e **y,¥s € R} for z € [0,00) + iR. Note that, for
¢ € M, b5 e N(z).

Lemma 9.26. If ¢ < ¢ and z € [0,1/2] + iR, hi = (p*P~*)hj, =
hy, (Y =*%).
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9.4. Complex Interpolation. Given a positive Haagerup operator h
on L*(N) and a,b € M, ¢~"ah™ € M and hence ¢'~"ahb € M,
Claim that (¢'~"ah®b) is analytically continued to z € i[—1,0] + R so
that o

(0" "ah™b)| < ¢(1)' "7 (e)"||al|[[0]
for z =t —ar.

6/ aggiian - g5 01

where 21 + - -+ 2, = r + it with Rz; > 0 and » < 1/2.

Consider the vector space of finitely supported one-analytic sections
of M(iR). Introduce a seminorm by

sup [|¢" " (t —ir)|| /o(1)".

peMF
For a partial isometry u € M satisfying u[¢] = u, the identity
(up'"a(t)) = (x(t)ug' ™) = (x(t) (ugu”)'"u)
is analytically continued to
(u' "t —ir)) = (x(t — ir)(uou) " ).
Since ugpu*(1) = ¢(u*u) < ¢(1), this implies
[{ug™™" " a(t —ir))| /o(1)" < [(2(t — ir)(ugu”) ™" "u)|/ (ugu™)(1)"
< ot —ir)(udu”) ="/ (udu™) (1)"
and, by taking supremum first on « and then on ¢,

sup | (t —ir)||/o(1)" < sup ot —ir)ot | /o(1)".
peMt peMf
By symmetry, we have also the reverse inequality and they coincide.
For ¢; € M and a; € M (j =0,1,...,n), let
<¢(Z)Uao¢?a1¢§2 .- '&n71¢2"an> withzp=1—2;—---— 2,

be the analytic continuation of

(0 T agd a6 a0 an)
to the tube domain /™ = {(21,- -+ ,2,) € C"; Rz; > 0,3 Rz; < 1}
Let f(ity,--- ,it,) € M(i(ty+---+1,)) be a norm-bounded function
of (ity,--- ,it,) € iR™ and assume that
(i) o7 f(t1, -+ ,t,) € M and f(ty, - ,t,)9~" € M are weak*-
continuous and A
(11) ¢1—i(t1+~--+tn)f(it1, U JZtTL> S M* and ¢1_Z(t1+m+tn)f<itlv o Jltn) <
M, are analytically extended to bounded norm-continuous func-
tions of z = (21, -+, 2,) € I™.
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Given 0 # (ry,--- , 1) € [0,00)",
™ Tn

F(z) = - - .
(=) f(r1+--~+rnz’ ’r1+~-+rnz>

We now choose and fix a faithful ¢ (with a suffix ¢ being abbreviated
for modular stuffs like o0f = oy) for the time being to do operator
algebraic analysis.

9.5. Miscellanea. Consider the following condition on an M-valued
weak™ continuous function z(t) of t € R:

(i) The function R* 3 (s,t) +— o4(x(t)) € M is extended to a
weak™ continuous analytic function on € x (R — [0, 1]).
(ii) Given any p > 0, we can find € > 0 such that

sup  ||ois(x(t —ir))|| = O(e™).
|s|<p,0<r<1
Recall that weak* continuity implies local boundedness in norm.
For example, z(t) = f(t)a with a an entirely analytic element and
f(t) = ae PP+ (o, € €, B > 0) satisfies the condition.
Let N be the totality of functions fulfilling the condition. Under the
interpretation of z(¢) as representing an expression

/ ()" dt,
R

N is made into a *-algebra by

2(t) = o (2(—))",  (zy)(t) = /]R £()ou(y(t — s)) ds.

The analytic extension of o4(x*(t)) is given by o, (z*(w)) = 0,4 (x(—w)*)
and it satisfies the Gaussian decay condition. The analytic extension
of os((zy)(t)) is given by

0. (zy)(w)) = /R 0.(2(5))0sea(y(w — 5)) ds,

where the exponentially decaying property of relevant functions en-
sures that the right hand side is a well-defined Bochner integral and it
varies norm-continuously in z € C and w € R — [0, 1]. Note that the
exponential decay is uniform for local changes of z and w. Moreover,

lo=((zy)(t = ar))]] S/RHaz(ﬂf(S))HHaz(y(t—S—ir))\lds

< C/ g0 e Pt gs = ¢, [T~ avst"
R a+p

shows that xy inherits the Gaussian decay property.
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Note that the *-algebra N allows elements in My = ¢*M as mul-
tipliers: For a € M and s € R,

0" < / (1) dt> _ / aos(w(t — 5))g™ dt.
( / 2(1) dt) 1 = / (t — $)or_(a)e™ dt.

We now introduce a linear functional (-) : N — C by

( / £(t)p" dt) = (a(—i)).

_ /Rgp(x(s —i/2) (s —i/2)) ds > 0.

Here Cauchy’s integral theorem is used in the second line.

(zy) = /w(m(s)as(y(—i - 5>)) ds = /go(x(t — z‘)atﬂ-(y(—t))) dt
— [ o(atu-tpate— i) de = [ o(u(-t0-ilatt ~ i) de
= /so(y(t)at(w(—t—i))> dt = (yz).

Again Cauchy’s integral theorem is used in the first line.

Now N is completed relative to the inner product (z*y) to get a
Hilbert space L?(N), which is obviously identified with L?(R) @ L*(M)
by the correspondence

/y(t)(pit dt — %Ry(t — i/2)¢1/2 dt — /Ry(t _ Z-/2)<p1/2+it dt.

Here we put the dummy syombol ¢ at the last expression to indicate
that it is realized as a formal analytic continuation.
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Moreover, the left multiplication of [ x(t)¢™ dt transforms the L*(M)-
valued function n(t) = y(t —i/2)¢"/? into a function

R3¢+ / ds z(s)A"n(t — s) € L*(M),
R
which is consequently bounded with a bound / |z(s)|| ds.
R

10. REDUCTION THEORY

The von Neumann'’s disintegration theory on representations. Dixmier,
Pedersen, Reed-Simon §IV.5, Bratteli-Robinson §4.4.1.

10.1. Commutative Ampliations. We shall start with describing
L2(, 1) ® H in terms of H-valued measurable functions.
Each ¢ € L*(Q, 1) ® H has an expression

Nn
T (n) (n)
§=lim > "o
j=1

with f;") € L*(Q, u) and 55»") € H, which shows that the range of par-
tial evaluation {(£) rer2(q )} is included in a separable closed subspace
He of H, ie., & € L*(Q, u) @ He. Let {6} be an orthonormal basis in
He and write § = >, f; ® §; with f; € L2(2, u). Since

612 = DA =3 [ 15 uld) < .

we see that {f;j(w)};>1 € £? for p-a.e. w € Q and ¢ is represented by an
He-valued function of w € ) defined by

) = 3 £,

As an H-valued function on 2, £(€) is weakly p-measurable in the sense
that the function Q > w — (alé(w)) is p-measurable for every a € K.

Conversely, given an H-valued function £(-) on Q which is weakly
p-measurable and satisfies the separability condition on the range of &,

E@)I1P = (€@)16;)(8;1(w))
Jj=1
is a p-measurable function of w € ) and the square-integrability con-
dition
| Il nta) < o0

has a meaning.
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The set of H-valued functions on 2 satisfying the weak p-measurability,
the range separability and the square-integrability is an inner product
space L?(€, u; H) with the inner product given by

(€ln) = / (E@)nw)) pldw).

Proposition 10.1. The inner product space L*(£2, u; H) is complete
and the correspondence f ® a +— & with {(w) = f (w)a is extended to
a unitary map of L2(Q, u) ® H onto L*(Q, p; H).

From various reasons, it is reasonable to impose the separability con-
dition on relevant Hilbert spaces for doing measure theoretical analysis
further. So we shall assume the o-finiteness on measures and the sep-
arability on Hilbert spaces in what follows.

Choose an orthonormal basis {d;};>1 in H and set D =3, (Q +
iQ)J;.

For a, 3 € H, a o-weakly continuous linear map («, 3) : B(L*(Q, p)®
H) — B(L3(2, i) is defined by the relation

(fl{a, aB)g) = (f ® ala(g @ B)).

When a € (L>®(2, 1) ® 1)’, the operator («, af) on L*(Q, 1) commutes
with L>°(€2, 1) and hence it belongs to L>®(Q, u) (Example 4.21). Let
aj be a p-measurable function which represents (d;, ady). Then, for

a, 8 €D,
Za]k Ck|5 5k|6)

represents (o, af3) € LOO(Q,,u) and the inequality ||{(c, aB)|| < ||all |||l |5l
implies that the set

Za]k Oé|(5 6]{7‘6)

Nop = {w e > Jlaff [l Hﬁll}

is p-negligible and so is their countable union N = U, gep Ny 5. Now
the pu-measurable function

)2k aik(w)(ald;)(6k]B) ifw g N,
Go,p(w) =

0 otherwise,

which is a representative of (o, af), depends on «, f in a sesquilinear
fashion and satisfies

|aas(@)] < llall lall 8]l for any w € Q@ and a, 5 € D.
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Now express each a, 3 € H in the form o« = lim, «,, f = lim,, 3,
with «,,, 8, € D. Then

|a’0<m,,8m ((U) - aanyﬁn (w>| S |aam_anyﬁm (CU)| + |af¥nuﬁm_6n (w>|
< llalll|Bmllllotm — |l + lal[ |l Bm — Ball

shows that the sequence of functions {aa, g, (-)} converges uniformly on
2 to a function a, g, which represents (a, af), satisfies the inequality
laa,s(W)| < |la|l |l ||5]] for o, f € H and w € Q. Moreover, a X 5 —
aqp(w) gives a sesquilinear form at every w € €. By Riesz’ lemma, we
obtain a family of bounded operators {a(w)} by the relation a, g(w) =
(a]a(w)pB) for a, B € H with the obvious bound ||a(w)|| < ||al.

Conversely, given a uniformly bounded B(H)-valued function a(w)
such that (a|a(w)p) is p-measurable for any «, 8 € H, the H-valued
function a(w)é(w) € H is weakly p-measurable for any & € L?(Q, u; H)
in view of the expression

(ala(w)é(w)) = Z(ala(w)5j)(5j|€(w))

for a € H, and the inequality

/ la(w)€(w) | ul(dw) < [lal? / €)1 o)

shows that it is square-integrable. Here the function

la(w)]| = sup{[(afa(w)B);a, B € D, [|of| < 1, | 8]} < 1}

is p-measurable and ||a| is equal to its essential supremum.

Thus the totality L>(, u; B(H)) of such functions a(w) (two B(FH)-
valued functions a(w) and b(w) satisfying ||a — b|| = 0 being identified)
is identified with the commutant of L>(€Q, ) ® 1gc on L*(Q, pu) @ H =
L2(Q, p; 7).

Remark 6. As already appeared in the above discussion, the following
measure-theoretical fact will be repeatedly used without explicit qual-
ification: Let P;j(w) be a sequence of propositions on w € Q. If, for
each j > 1, P;(w) holds at almost every w € Q, then A;>1P;(w) holds
at almost every w € ().

Definition 10.2. Given a W*-algebra M on a separable Hilbert space
H, let L>=(2, u; M) be a *-subalgebra of L>(£2, u; B(H)) consisting of
M-valued p-measurable functions.

Proposition 10.3. The commutant of L>°(§, u; M) on L*(Q, p; H) is
equal to L>®(€, p; M').



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 99

Proof. Let M be generated by a sequence {u,} of unitaries (cf. Exam-
ple 4.24 and Example 2.24). Then each o' € L>®(Q, u; M)’ belongs to
L (Q, u; B(H)) and satisfies u,a’'u’ = o’ for n > 1. Then we can find
a representative a'(w) so that wu,a’ (w)u? = a'(w) for any w and any
n > 1. Thus d’ is in L>®(Q, u; M"), showing

L(Q, s M) C L*(2, p; M7).
Since the reverse inclusion is obvious, we have the equality. O
Corollary 10.4.
(L, 1) @ M) = L>(Q, pu; M) = L>(Q, ) @ M.

Proof. Since the W*-algebra L>°(Q, u) ® M is generated by L™ ® 1
and 1 ® M and since M is generated by {u,}, the above proof shows
that (L>*° ® M)" C L*(Q, u; M') and then the equality (L™ @ M) =
L>(€, u; M") because the reverse inclusion is trivial. O

Remark 7. The equality (L®(Q,p) ® M) = L>(Q,n) @ M’ is also a
special case of the Tomita’s commutant theorem.

10.2. Measurable Fields. Assume that a commutative W*-algebra
L>(€, ) is faithfully represented in a separable Hilbert space H. The
representation is then unitarily equivalent to a subrepresentation of
L>(Q, 1) on L*(Q, ) @ £? by Theorem 5.9. The projection e realizing
this subrepresentation is in L>(Q, u; B(£?)) and 3 is unitarily isomor-
phic to e(L*(Q2) ® £?). Thanks to a function realization e(w) of e, we
obtain a family of separable Hilbert spaces {H,, = e(w)f?}, which is
p-measurable in the sense that there is a sequence of sections {&, }n>1
satisfying the following conditions.

(i) {&(w)}n>1 is total in H,, at almost every w € €.
(ii) functions w — (& (w)|&n(w)) (m,n > 1) are u-measurable.

We call a section {{(w) € H, }weq measurable with respect to the
family {&,}n>1 if w — (&, (w)]€(w)) is measurable for every n > 1.
Each ¢ € e(L?(, p; £?)) is then characterised as a measurable section
satisfying

/Q €)1 p(d) < 0.

More generally, given a family {3, } of separable Hilbert spaces, a
sequence of sections {&,} is called a measurability sequence if it satis-
fies the conditions stated above. Given a measurability sequence, the
measurability of a section is defined exactly in the same way.



100 YAMAGAMI SHIGERU

Let {n,}n>1 be another measurability sequence. We say that {¢,}
and {n,} are equivalent if they give rise to the same classes of measur-
able sections. It is immediate to see that {&,} and {n,} are equivalent
if and only if functions w — (&, (w)|n.(w)) (M, n > 1) are measurable.

A family {H,} of separable Hilbert spaces is called a measurable
field if it is equipped with an equivalence class of measurability se-
quences. The direct integral of {JH,} with respect to a measure p
is now an obvious analogue of the Hilbert space of square-intergrable
functions: If square-integrable measurable sections are identified with
respect to the positive sesquilinear form

(€ln) = / (E@)nw)) pldw),

we obtain the direct integral Hilbert space

Lé®ﬁ@uww)

with a square-integrable measurable section & denoted by

[ et

when it is regarded as an element in the direct integral space.

Clearly L*™(, p) is represented in fga H,, p(dw) by multiplication
and an operator in this class is said to be diagonal.

Let {H,} and {K,} be measurable fields of Hilbert spaces over
a common measure space (2, ). A family of bounded linear maps
{T, : H, — K,} is called measurable if (n(w)|T,, {(w)) is measurable
whenever ¢ and 7 are measurable sections. A measurable family {7}
is defined to be essentially bounded if the essential supremum ||7||o of
the function ||7,,| is finite. If this is the case, a bounded linear map
T: féB H, p(dw) — féB K., p(dw) is defined by

r(f Cew) ) = [ T () ()

with the operator norm ||7']| equal to ||T||.. We call a bounded linear
map of this type decomposable and denoted by

- /j T, uldw).

Measurable fields {H,, } and {K, } are then said to be unitarily equiv-
alent if we can find a decomposable unitary map between féa Hp(dw)

and [ Kpu(dw).



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 101

Here are obvious algebraic relations between measurable operator
families and integrated decomposable operators.

Proposition 10.5. Let {5, : K, — £} be another measurable family
of bounded linear maps. Then {S,7,,} and {7} are measurable and,
if ||S]|oo < 00, the following holds.

(i)
<lf&Mw0<lﬁmMm0:lf&%MW)
(i)
<lﬁﬂw@@>izégmuu@,

Theorem 10.6 (multiplicity decomposition). Two measurable fields
{H,} and {K,} are unitarily equivalent if and only if their dimension
functions dim H, and dim K, coincide for p-a.e. w.

Proof. 1f one applies the Gram-Schmidt orthogonalization to a measur-
ability sequence {¢,}, then we obtain a sequence {J,} of measurable
sections satisfying

(i) D251 C =5, Co; forn > 1,
(ii) (semi-orthonormality) (0,(w)|dx(w)) = 0 for j # k and ||6,(w)]| €
{0,1} for n > 1.
Let Q, = {w € Q;d,(w) # 0} and rearrange ¢, by cutting and
pasting in the following way: Set

((51(6{]) if w € Qh

(52(0}) lfWEQQ\Ql,
Mw)=1<...
5n(CU) if we Qn\(QlLJQn_l)

\ -

and

0 otherwise

5m”:{@@)ﬁweguwmu”n%g

for n > 2. Then we have the equality of algebraic sums ) ., Cd,(w) =
Y n>1 Cop(w) for any w € Q and {4, },>1 is semi-orthonormal.

Repeat the rearrangement to the semi-orthonormal system {0/, |o }n>2
(2 = Un>10) to get {0 }ns2, Q7 = U, 5, €2, € €' and so on. Now the
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diagonal choice

) = { ) e,
0 if we )\ m

satisfies ) o, Cop(w) = >, o, Cey(w) at each w € Q and we observe
that, if w € QMW\QCFD for n > 0 or w € Q) for n = oo, {€;(w)}i<j<n
is an orthonormal basis for H(w) with €;(w) = 0 for j > n. Note here
that

QM = {we QdimH, >n}

with 0 = © and Q) = ()., Q). O
Corollary 10.7. Let Q, = {w € Q;dim3, = n} and ¢*(n) be the
standard Hilbert space of dimension n for n = 1,2,---,00. Then

{H, }weq, is unitarily equivalent to the constant field {£*(n)}uecq, -

Theorem 10.8. A bounded linear map T between direct integral
Hilbert spaces [ 3, u(dw) and [T K, pu(dw) is decomposable if and
only if T intertwines the diagonal representations of L(€2, u).

Proof. This follows from the multiplicity decomposition of measurable
fields of Hilbert spaces and results on tensor products. O

Lemma 10.9. Assume that a uniformly bounded sequence {a,, },>1 of
decomposable operators converges to a in the strong operator topology.
Then we can find a subsequence {ny}r>1 so that

lim a, () = aw)
in the strong operator topology of B(H,) at almost every w € 2.

Proof. By replacing a,, with a,, —a, we may assume that a = 0. For each
£ = f@f(w) p(dw), choose a subsequence {n'},>1 so that ||a+1y&§ —
an&|| < 1/2™ for n > 1. By the subadditivity of L?-norm, we have

1/2

/Q <Z a1y (W)§(w) — a;«(w)&(w)”) 1u(dw)

<Y llagyé —awé] <1
k=1

and then, by taking the limit n — oo,

/Q <Z g1y (W) (w) — ak'(W)ﬁ(w)|\> pldr) < 1.
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Thus
> llagy @) — ap@)E@)] < 00 for prae. w.
and hence_
Jim an (@)E(w) = av(@)E(w) + fj (agery (W)€(w) = ap (@)Ew))

is norm-convergent at almost every w € ).

In view of ||a,(w)(w)|| < sup{||a.||}||£(w)]| at almost every w and
J €W )* p(dw) = |I€]]* < oo, the dominated convergence theorem is
here apphed to get

. 2 1 2 _
[ T o @I (o) = Tim flaé]* =

e, lim, o ||ay (w)é(w)| = 0 at almost every w € €.

Let {¢;};>1 be a measurability sequence. If one applies a Can-
tor’s diagonal argument to choosing subsequences for the convergence
lim,, o0 [|an(w)é;(w)]| = 0, we can find a subsequence {ny},>1 so that

lim [z, (@)&()]| = 0

at almost every w € Q for j > 1. By the totality of {¢;(w)};>1 in H,
and the uniform boundedness sup{||a,||;n > 1} < oo, this implies

lim a,, (w) =0
k—o00
in the strong operator topology at almost every w € €. O

Let {H,} be a measurable field of separable Hilbert spaces and
{M,, C B(H,)}weq be a family of W*-algebras on {IH, }. A measurable
operator family {a(w)} is said to be adapted to {M,} if a(w) € M,
at almost every w € ). Thanks to the previous lemma, we see that the
set of decomposable operators associated to adapted operator families
is a W*-algebra on fée H,, pu(dw) and is denoted by

/Q "ML uldw),

Definition 10.10. A family of W*-algebras {M,},ecq on {H,} is
called measurable if we can find a sequence of adapted families {a,,(w)}
(n=1,2,---)such that M, is generated by {a,(w)},>1 at p-a.e. w € Q.
Such a sequence {a,(w)} is referred to as a generating sequence of mea-
surability.
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Example 10.11. Let C C M be a central W*-subalgebra of a W*-
algebra M in a seprable Hilbert space H and realize C' as C' = L*>(, u)
with H = fée H, p(dw) the associated direct integral decomposition.
The W*-algebra M C C’ then consists of decomposable operators.

Since M, is separable, we can find a sequence {a,(w)},>1 of measur-
able families of operators such that the integrated decomposable oper-
ators {a,}n,>1 are dense in M with repsect to the o-strong™ topology
and, if M, denotes the W*-algebra on H,, generated by {a,(w);n > 1},
the family {M,,} of W*-algebras is measurable.

Proposition 10.12. Let {M,,} be a measurable family of W*-algebras
and e (resp. €') be a decomposable projection satisfying e(w) € M,
(resp. €'(w) € M,) at almost every w € €. Then the reduced family
{e(w)Mye(w)} (resp. the induced family {e’(w)M,}) is measurable.

Theorem 10.13. Let {M,} be a measurable family of W*-algebras.
Then féB M, p(dw) is equal to the W*-algebra M generated by any gen-

erating sequence {a,},>1 of measurability together with the diagonal
algebra L>(, u).

Proof. Since M" = {a,,a’;n > 1}'NL>(Q, 1)’ is realized on a separable
Hilbert space, it is generated by a sequence {a, },>1 of decomposable
operators. From ajaj, = aja; for j,k > 1, we see that a;(w)aj(w) =
a(w)a;(w) at almost every w € €2. Thus, aj(w) € M/, for all k£ > 1 at
almost every w € Q2. O

Example 10.14. The W*-algebra M in Example 10.11 is recovered
from the measurable family {M,} as the integrated W*-algebra.

Moreover, the family {M,} does not depend on the choice of count-
able generators up to p-negligible sets of €.

In fact, let {b,} be another sequence of generators of M and set
N, = {b,(w)}". From b, € [T M, u(dw), by(w) € M,, at almost all w,
which implies N, C M, at almost all w. By symmetry, we also have
M, C N, at almost all w. Thus M, = N, at almost all w € Q.

Theorem 10.15. Let {M,,} be a measurable family of W*-algebras on
a measurable field {3, } of Hilbert spaces. Then the family {M/} of

commutants is measurable and the integrated W*-algebra fgg M p(dw)
is the commutant of [ M/, u(dw) on [ H,, pu(dw).

w

Proof. Although the measurability of { M/} seems to be very reasonable
in appearance, its proof is not so obvious as can be witnessed in Dixmier
6I1.3.3, Pedersen §4.11.7 or Takesaki §IV.8. We shall see this with the
help of standard spaces below.
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Once the measurability of commutants is established, the commu-
tant relation between integrated W*-algebras is immediate: Let {a],(w}
be a generating sequence for { M/} and assume that a decomposable
operator a = féB (w) p(dw) is in the commutant of fga M! p(dw).

Since [\ al,(w) pu(dw) belongs to [ M/, u(dw), we have a(w)al,(w) =
/

TL w n

al (w)a(w ) for n > 1 at almost every w € Q, whence a(w) € M/ at

almost every w € €. O

Given a measurable family of W*-algebras {M,,} on {3, }, denote by
M the *-algebra of adapted operator families. A family {¢, : M, —
C} of normal functionals is said to be measurable if ¢,(a(w)) is a
measurable function of w for every {a(w)} € M.

Example 10.16. There are plenty of measurable families of normal
functionals: Let {£{(w)} and {n(w)} be measurable sections of {J,}.
Then {¢,(-) = ({(w)|(-)n(w))} is a mesurable families of normal func-
tionals of {M,,}.

Moreover, if {&,},>1 is a sequence of measurability of {3, }, then

S Glw)
w0 =2 e i) © M

defines a measurable family of faithful normal states on {M,,}.

Proof. Given measurable families {¢, }, {¢,} of positive normal func-
tionals, we have two measurable families of positive sesquilinear forms

{(¢)r} and {(¢w)r} on {M.} by
(@w)L(av b) = ng(a*b), (¢w)R(av b) = ¢w(ba*)

for a,b € M, and then a measurable family of sesquilinear forms as
their geometric means. Thus functions of w € Q

(a(w)ey?|4y*b(w)) = V(0u) (W) rlaw), bw)),

for {a(w)}, {b(w)} € M are measurable, which makes {L?(M,,)} into a
measurable field of separable Hilbert spaces.

Let J, : L*(M,) — L*(M,,) be the canonical conjugation. Then the
family {J,} is measurable'* as the phase part of the polar decomposi-
tion of the measurable family {S,, : a(w)gpi,/ > a(w)* o *Y of closable
operators, where {¢,} is a measurable family of faithful normal states
on {M,}.

Thus {M/ = J,M,J,} is a measurable family on {L?(M,,)} because
it is generated by the sequence {J,a,(w)J,} of measurable operator

1Gee Appendix 1.1 for the measurable version of polar decomposition.
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families if {a,(w)} is a generating sequence of {M,,}. Now the mea-
surable version of Dixmier’s theorem on normal homomorphisms in
Appendix N.3 shows the measurabilty of commutants in the general
situation. U

We shall now identify the standard space L2(M) for M = [ M, pu(dw)

with [ L2(M,,) p(dw). Given a measurable family {,,} of normal pos-
itive functlonals on {M,,} satisfying

LR utae) = [ uvyniaw) < oc

we define a positive normal functional ¢ on M by

o) = ([ eutan)| ([ atwuta) [ otuta)
- / pola(w)) p(dw)

Since the sesquilinear forms ¢y, is realized in the form of integration as

o(a"h) = / o (a(w)"b(w)) p(dw)

and similarly for g with {¢,} another measurable family satisfying
(1) < oo, we have

(@ 0720) = Vortata,) = [ Vi)Oan ()
- / (a(w) P2 11/2b(w)) (o)

for a = fQ ) p(dw) and b = fQ ) i(dw) in M. Thus the cor-
respondence gol/ 2 f gpw p(dw) is extended to a unitary map from

L*(M) onto [ L*(M,) pu(dw) so that it intertwines the bimodule ac-
tions of M.
Moreover, as the antiunitary part in the polar decomposition of

S = /j Sop(dw)

with respect to a faithful normal state ¢ = fée Yupt(dw), we see that

the canonical conjugation in L*(M) is identified with [} J, pu(dw).
Conversely, given ¢ € M, let

o= [ " o2(0) ()
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be the decomposition in [ L?(M,) pt(dw). Then vector functionals
0u(-) = (92(W)|(")¢"?(w)) constitute a measurable family of posi-
tive normal functionals on {M,} and ¢'/? is realized by the vector

ffezB o p(dw). Thus ¢/?(w) = o/? at almost every w € €.

Theorem 10.17. Given a measurable family {M,} of W*-algebras,
the standard space L?(M) of the integrated W*-algebra M = fga M, p(dw)
is naturally identified with [ L2(M,,) pu(dw) as *-bimodules of M in
such a way that £ = [ €(w) u(dw) € L3(M) belongs to L*(M), if and
only if £(w) € L*(M,), at almost every w € ().

Theorem 10.18. Let (€2, 4) be a o-finite measure space and sup-
pose that, for each n > 1, we are given a measurable family {M,,,w}
of W*-algebras on a measurable field {JH,} of Hilbert spaces. Then
{Vis1 M, o}, {Np>1 M, } are measurable families and

V [ Mantte) = [ Mt

n>1 n>1

® ®
m / M, p(dw) = / ﬂ My, p(dw).
n>1v Q >1

Proof. Let {a,x(w)}r>1 be a generating sequence for {M,, ,}. Then
{Vu>1 M, ,} is generated by {a,x(w)}nr>1. Now Theorem 9.13 is ap-
plied to get

[S5)
\/ My = {anso £ f € L),k > 1} = /Q \/ My ()

n>1 n>1

The relation for intersections is then obtained by taking commutants.
O

11. GROUP SYMMETRY

Bratteli-Robinson, §2.5.3 and chapter 2.7.

Takesaki 2,

Perdersen, §7.4.

Symmetries on operator algebras are most straightforwardly studied
through their automorphisms. Recall here that the relevant topology of
an operator algebra (i.e., a C*-algebra or a W*-algebra) is determnined
by its order structure and therefore *-automorphisms are automatically
continuous. Let Aut(A) be the group of *-automorphisms of an oper-
ator algebra A. An automorphic action of a group G on A is, by
definition, a group homomorphism 6 : G — Aut(A).
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Here groups are typically of the form of vectorial translations, linear
transformations associated with space-time geometry, permutations of
physical elements and compact groups which govern conserved quan-
tities called charges. Among these most fundamental is the group of
time development and has been investigated much. Although all of
these are (not necessarily connected) Lie groups, general features of
automorphic actions can be capturted under the existence of invariant
measures; we shall work with locally compact second countable groups.
Note that the existence of invariant measures is equivalent to requiring
local compactness by Weil’s converse theorem.

To take their topological nature into account, we impose continuity
on the actions somehow.

For an automorphic action on a C*-algebra, we have several candi-
dates as continuity:

(i) For each a € A, G 3 g — 6,(a) € A is norm-continuous.
(ii) For each a € A and ¢ € A*, G 3 g — ¢(6,4(a)) is continuous.
(ili) For each ¢ € A*, G 3 g+ ¢ 00, € A* is norm-continuous.

As seen in Appendix, (i) and (ii) are equivalent and adopted as a
definition of continuity, whereas (iii) is stronger than these.

Example 11.1. Let € be a locally compact space. Then an auto-
morphic action of G on the commutative C*-algebra A = Cy(Q) is
continuous if and only if G x Q —  is continuous.

The dualized action of G on A* is however not necessarily norm-
continuous. In fact, if G moves the support S of a probability measure ¢
on ( transversally, two states ¢ and g¢ are disjoint, whence ||g¢— || =
2 for g # e.

Related to the continuity (iii), the following notion is important.

Definition 11.2. Given an automorphic action 6 : G — Aut(A), a co-
variant representation of  is a *-representation m of A together with
a continuous unitary representation u of G on a common Hilbert space

*

JH which satisfies the covariance relation 7(0,(a)) = u(g)m(a)u(g)*.
Given a covariant representation, any vector state satisfies the norm
continuity: Let ¢(a) = ({|n(a)€) = trace(m(a)€*). Then ¢(0,(a)) =
trace(m(a)u(g)*{€ u(g)) and
1605 — | < llall[lu(g)*€€ ulg) — €711
< [lallllu(g)*¢€ ulg) — && ulg)llx + llalll|€€ ulg) — £&7[1
< 2[lal[lIENlulg)s = <lI-
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Let A, ={p € A*;G > g— ¢ob, € A" is norm-continuous}, which
is a norm-closed G-invariant subspace of A*. Let M be a universal W*-
algebra which is generated by A and G with the relation gz = ,(x)g
and the condition: Any covariant representation (m,u) of (A,G) on a
Hilbert space H is extended to a normal representation of M on H.

Theorem 11.3. The Banach space Af, should be identified with the
predual of M.

Definition 11.4. Let a locally compact group (G act on a Banach space
X by isometries. We say that an element x € X is G-continuous if
G > g — gz is norm-continuous. Note that the condition is equivalent
to the norm-continuity at g = e.

Theorem 11.5. Let # be an automorphic action of a locally compact
group G on a W*-algebra A. Then the following conditions are equiv-
alent.

(i) G 2 g — ¢(b,4(a)) is continuous for any a € A and any ¢ € A,.
(i) G g+ ¢pob, € A, is norm-continuous for any ¢ € A,.
(iii) The unitary representation of G on L?(A) is continuous.
Moreover, under these equivalent conditions, the set of G-continuous
elements in A is a weak*-dense C*-subalgebra of A.

Proof. (ii) == (i) is obvious. The equivalence (ii) <= (iii) is a
consequence of Powers-Stormer-Araki inequality, whereas (i) = (ii)
is a special case of Theorem K.3.

We can apply a similar (and easier) argument to the action G x A —
A to get the remaining assertion. O

Definition 11.6. We say that an automorphic action 6 of a locally
compact group G on a W*-algebra A is continuous if it satisfies the
equivalent conditions in the above theorem.

Given a *-representation m of A which makes # weakly measurable
in the sense that G 3 g — (§|7(6,(a))n) is measurable for every a € A
and &,n € H, we can introduce a covariant representaion as follows.

Let L*(G) ® H be identified with H-valued square-integrable func-
tions on G. It is mnemonic to write

7{; £(g) dg = /G 6é(9) dg.

which suggests

B /G g€ (g) dg = /G gé(h1g) dg = 740 £(h1g) dg
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and
‘ /G g€ (g) dg = /G gr(g~ag)é(g) dg = 7{; 7(6,-10)€(g) dg.

Clearly a € A is represented on L?(G) @ H as a decomposable operator
{m(0,-1(a))}gec and it, together with a unitary representation A\, ®
1, constitutes a covariant representation, which is referred to as an
induced covariant representation.

When A is a W*-algebra (with continuity of G x A, — A,) and
7 is normal, so is the induced representation. In fact, for the choice

£(g) = f(g)n with f € C.(G) and n € K,
(€lag) = / F(9)(9)(€|m(8,-10)€) dg.

which is an evaluation of [, |f(g)[*¢ 0 0,-1dg € A, at a € A. Here
¢ € A, is set to be ¢(a) = (n|m(a)n).

Returning to the C*-case, assume that 6, is implemented on 7(A)
by a unitary u, in B(H), i.e., ugm(a)u; = n(0,(a)), so that it depends
on g measurably. Then another mnemonic of commutation relations
gn = ugn for g € G and n € H gives rise to a unitary map

(6% [ atlo)dgr [ wtalgds € 3o 14G)

or a unitary operator U on L*(G,H) by (U¢)(g) = u,&(g), which pro-
vides us another expression for the induced covariant representation:

(Uag)(g) = ugm(6y-1a)€(g) = m(a)(UE)(g), (Uh€)(g) = ugt(h™"g).

Example 11.7. Let G act on a W*-algebra M continuously and repre-
sent M on L*(M) by left multiplication. Then 6, on M has a canonical
implementation on L?(M), which depends on ¢ continuously. The in-
duced covarianct representation is realized on both of L*(G) ® L*(M)
and L*(M)® L*(G), which is referred to as a regular covariant rep-
resentation of M ~ G.

Definition 11.8 (Crossed products). Let f € C.(G, A) be identified
with a formal expression
/ f(9)gdg



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 111

and make C.(G, A) into a *-algebra by

/f1 gdg/fz Yhdh = //ﬁ h))gh dhdg

/ (g )b dhdg

(s wo)on
(/ f(g)gdg)* = /g‘lf(g)*dg = /gf(g‘l)*dz—; dg

= [ gty

The universal C*-algebra generated by C.(G, A) is then denoted by
A X9 G or simply A x G and called the C*-crossed product of A by
G with respect to 6.

For an action on a W*-algebra M, the W*-crossed product M xG
is defined to be the von Neumann algebra on L?(M)® L*(G) generated
by the regular covariant representation of M ~ G.

and

Given a covariant representation (m,u) of A~ G on K,

/f gdgH/ 9)dg € B(H)

defines a *-repsentation of A x G. Conversely, given a *-representation
7 of A~ G on H, a covariant representation (7, u) is recovered by

m(a)(7(f)€) = 7(af)E  ulg)(®(f)E) = 7(9f)E,
where (af)(¢") = af(¢') and (g9f)(¢") = f(g7'¢) for ¢’ € G.

Thus there is one-to-one correspondence between covariant represen-
tations and representations of the crossed algebra so that both generate
the same von Neumann algebra.

(r(A)Uu(@)" =7(AxG)".
Exercise 48. Show the generating property.

The following identification is fundamental but its proof is not easy.

Theorem 11.9. L*(M x G) = L*(M) @ L*(G).
Proof. Use the theory of left Hilbert algebra. 0
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Proposition 11.10. Let G continuously act on a W*-algebra M.
Given a normal representation of M on H, the induced covariant rep-
resentation gives rise to a normal representation of M x GG. Moreover,
the normal representation of M x G on L*(G) ® H is faithful if so is
M on J.

Proof. By Theorem 5.9, we may assume that p,H = 5, L*(M)® e with
e a projection in M;(M). Then the induced representation is realized
on

(L*(G) ® L*(M))® e = L*(M x G)®'e

by left muntiplication. Since e € M (M) C M (M x G), this is a
normal representation of M x G.

The representation of M on H is then faithful if and only if the
central support of e in M;(M) is the identity. (The center of M;(M)
is naturally indentified with that of M.) In view of 1 = Vycymaryueu”,
the central support of e in M;(M x G) is also identity and the induced
representation is faithful. O

Consider an action G on a W*-algebra M which admits a unitary
implementation in M: we can find a continuous unitary homomorphism
v : G — M such that 0,(z) = v(g)zv(g)* for x € M and g € G. Let
(m,u) be a covariant representation on a Hilbert space H. Then the
unitary p(g) = u(g)m(v(g)*) is in the commutant of w(M). Moreover,

p(gh) = u(gh)m(v(gh)*) = u(g)p(h)m(v(g)")
= u(g)m(v(g)")u(h)m(v(h)*) = p(g)p(h)
shows that G 5 g — p(g) € (M)’ is a unitary representation of G and
the von Neumann algebra (m(M)Uu(G))” on H is generated by w(M)
and p(G) C 7(M)'".
For the regular covariant representation
(m(a)6)(9) = a&lg), (u(h)&)(g) = v(R)E(h™ g)u(h)*

on L*(M) @ L*(G), we observe (p(h)¢)(g) = &(h~tg)v(h)* and p is
further transformed into 1® \ by a unitary operator £(g) + £(g)v(g)™*
on L*(M) ® L*(G), where \ denotes the left regular representation of
G. The crossed product M x G is therefore isomorphic to M @ A\(G)".

APPENDIX A. ANALYTIC ELEMENTS

Let X be a dual Banach space with a predual X,. An X-valued
function f on a topological space 2 is said to be weak*-continuous if
¢ o f is continuous for each ¢ € X,.
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Exercise 49. An X-valued function f is weak*-continuous if and only
if f:Q — X is continuous when X is furnished with the weak™ topol-

ogy.

Let Q) be locally compact and i be a complex Radon measure on (2.
If the function f is norm-bounded, i.e.,

[flloe = sup{[[f(w)];w € 2} < o0,

then we can define an element

/ f(w) pldw) € X
Q

by the relation

</Qf <“>“<dw>v¢> - [ )0 n(a)

in view of the estimate

/Q (F(w), &) ()

Note that, when € is compact, the weak*-continuity of f is enough
to have the norm-boundedness || f||.c < oo thanks to the principle of
uniform boundedness.

< [l fllee ll¢ll-

Proposition A.1. Let €2 be an open subset of C and f : Q@ — X
be a weak*-continuous function. Then the following conditions are
equivalent.

(i) The function || f(w)]|| of w € Q2 is locally bounded and (f(w), ¢)
is holomorphic function of w € € for ¢ in a dense subset of X,.
(ii) For each ¢ € X,, (f(w), ¢) is a holomorphic function of w € €.
(iii) If z € Q and r > 0 satisfies {w € C; |w — z| < r} C €, then we

can find a sequence {f,},>0 in X such that

flw) =) (w—=2)"f,
n=0

holds in an absolutely norm-convergent manner for |w—z| < r.
If f satisfies these equivalent conditions, we say that f is holomorphic

on €.

Proof. (iii) = (ii) is trivial, whereas (ii) == (i) is remarked already.
(i) = (iii): By Cauchy’s integral formula,

§ 08y
I<

—z|=r—c¢ (C - Z)nJrl
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with ¢ € X, is independent of the choice of 0 < ¢ < r and we can
define f,, € X by

1 £(0)
F 7{( Ce

2mi —z|=r—e¢ (C - Z)n+1

Then the Cauchy’s estimate || f,|| < ||f]|co/(7—€)™ shows that the series
in question is absolutely norm-convergent if |w — z| < r. U

Definition A.2. An X-valued weak*-continuous function f defined
on a subset D of C is said to be analytic if it is holomorphic when
restricted to the inner part D \ 0D.

Let I; : X — X be a one-parameter group of isometries on X and
suppose that

(i) Rt Li(x) € X is weak*-continuous for each x € X.
(ii) For ¢ € X, and t € R, the functional (I;(-), ) belongs to X,.

Remark 8. The above assumption is equivalent to requiring the norm-
continuity of R 3 t — ¢ o I; € X, for every ¢ € X,, see Theorem K.3.

Definition A.3. An element z € X is said to be analytic for {/,}
if we can find » > 0 and an analytic function on the strip domain
f:R+i(—r,r) = X such that f(t) = (I,(z), ) for ¢ € X, and t € R.

An analytic element x € X is said to be entirely analytic if we
can find an analytic function f : C — X such that f(t) = (I;(z), ¢) for
¢ € X,and t €R.

We have plenty of entirely analytic elements: Let

Ty = \/ﬁ/ e ™ I,(x) dt.
TJR

Since \/n/me™™ gives an approsimate delta function, z,, — Io(z) = =
as n — oo in the weak*-topology. Moreover z, is entirely analytic
because

I(z,) = \/g /R e L) ds = \/g /R e " () ds.

indicates to set
f(z) = \/E / e 0 () ds
T JR

for z € C, which is analytic.

Proposition A.4. Let A be a positive self-adjoint operator on a
Hilbert space H with a trivial kernel. Then, for » € R, the follow-
ing conditions on £ € H are equivalent.
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(i) € € D(AY). |
(i) The continuous function A“¢ of t € R is analytically continued
to the strip region R — ir[0, 1].

Proof. We may assume that r > 0. Let A = [ AE(dA) be the spectral
decomposition.
(i) = (ii): For 0 < s <,

acel = [ xetelmane < |

0 (0,1)

< (€l§) + (A¢JATE) < o0

(E|E@dNE) + / A (| E(dA)E)

[1,00)

shows that £ € D(A") and then the dominated convergence theorem
ensures that the function

Aie = /O T B

is norm-continuous on R — 4r[0, 1] and analytic in R — ir(0, 1).

(i) = (i): Assume that the function A”¢ is analytically continued
to f(z) (z € R —ir[0,1]). If n € D(A"), then (n]A“E) = (A~"p¢)
is analytically continued to the relation (n|f(z)) = (A~*%n|¢). Thus
(n|f(—=ir)) = (A™|§) for n € D(A"), which means £ € D((A")*) =
D(A") and A" = f(—ir). O

Example A.5. Let A be the set of entirely analytic elements for o, =
Ad(A™) on B(H). Then, for £ € D(A") (r € R) and a € A, the relation
A%(af) = o4(a)A"¢ is analytically continued to A™(a€) = o_;.(a)ATE
with a& € D(A”).

Definition A.6. Let h be a densely defined hermitian operator on a
Hilbert space H. An element ¢ € H is called an analytic vector for
hif ¢ € D(h") forn=1,2,--- and

o0

1
Z —'||h"§|| r" < oo for some r > 0.
n!

n=0

Example A.7. Let h be a self-adjoint operator and £ € D(e™) N
D(e™") for some r > 0. Then £ is an analytic vector for h:

oo
zn
e — E :_'hng for any z € C satisfying |z| < 7.
n!
n=0
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+2rh 5)

In fact, by the assumption (£|e < 00, we have

> O g = 5= O [ peceimane)

n=0
< (€le*™e) + (Ele™™E) < o0

. . ) @)\ (!
Il < el < ¢ ( = ) (%),

Thus ), |2|"||h™]||/n! < oo for |z| < r. The Taylor expansion identity
follows from the dominated convergence theorem in view of inequalities

and hence

ezhs—z%hkg‘ = |72 5| @
</ (Z '”') (€[ E(@NE)
k>n

< / W (E|B(ANE) < e + fle e
R
for |z] <r.

A linear combination of analytic vectors is again analytic by taking
the common domain of convergence and, if ¢ is an analytic vector for
h, h"¢ (n = 1,2,---) is analytic with the same radius of convergence
by the Cauchy-Hadamard formula.

Theorem A.8 (E. Nelson). If a densely defined hermitian operator h
has a total set of analytic vectors, then it is essentially self-adjoint, i.e.,
h* = h.

Proof. By the previous observation, we may assume that the domain
D of h consists of anaytic vectors and satisfies hD C D. By the von
Neumann’s criterion of self-adjointness, it suffices to prove the density
of (h+£4)D in H. To see this, we shall show that n € H orthogonal to
(h —14)D or (h+ i)D satisfies (n|D) = 0.

For ¢ € D with a radius r > 0 of convergence, let p be the projection
to C[h]é C H and let he = h|cpe be a restriction of h. Then the
conjugation I' in pH defined by

r (i )\kh’“§> = En:A_khkg
k=0 k=0
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commutes with he. Consequently, I'(ker(hf + 1)) = ker(h; — i) and h¢
has a self-adjoint extension H. Let H = [p AE(d)) be the spectral
decomposition. Then, for 0 < s <r/2 and m =0,1,2,...

e el = [ el mane) < Z =F [ e
=3 Bl earg) < Z e e
n=0 n=
-y & —||5|| Janel] < oo

n=0
shows that ¢ € D(e*) for 2 € [—7“/277“/2] + iR and

zH: )\zEd)\
eHg /R (aNE

is an H-valued analytic function of z € [—r/2,7/2]+iR with the Taylor
expansion at z = 0 given by

z = Zn n
e =2 —h"e, |z| <
n=0
because of
1 1 1 et
L dr L oeme = L ( ]{ dz) B(d))¢
21 |z|]=r/2 szrl 21 R |z|=r/2 ZnJrl ( )
1 1 1
= —/ ANE(dN)E = —H" = —h"¢.
n! Jr n! n!

Now assume that (n|(h —i)D) = 0. Then 7 satisfies (n|h""1¢) =
i(nlh"€) for n =0,1,---, whence (n|h"¢) =i"(n|¢). Thus,

z = 2" n iz
(nle*&) = D —(nlh"€) = (nl&)e
n=0
first for |z| < r/2 and then for z € [—r/2,r/2] 4+ iR by analytic con-
tinuation. Since the left hand side is bounded for z € 1R, we conclude

that (n|¢) = 0. O

Example A.9. Let {A”} be a one-parameter group of unitaries on a
Hilbert space H, M be a W*-algebra on H such that AYMA~% = M
for t € R, and M be the set of entirely analytic elements of M with
respect to {o(-) = A®(-)A™"}. Let € € H be cyclic for M and satisfy
A%¢ = ¢ for t € R. Then M€ is a core of the positive self-adjoint A"
for any r € R.
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In fact, for f € C2(R), its inverse Fourier transform f is an entirely
analytic integrable function and

o7{a) = /R F(t)ou(a) dt

belongs to M for any a € M. Since A" operates on

ri(a)é = [ Foattayde=2r [ FOVB(@N(ag)

boundedly, this is an entirely analytic vector for A" and, if we denote
by M, the set of all such vectors, A7|y,¢ is self-adjoint by the Nelson’s
theorem. As a self-adjoint extension of A7|y¢, A" coincides with this
and m is equal to A" as an intermediate extension.

For the use in the text, we record here facts on entire analyticity
for automorphic actions on operator algebras. Let o; be a weak™*-
continuous one-parameter group of *-automorphisms of a W*-algebra
M with M the set of entirely analytic elements in M. Then M is
weak*-dense *-subalgebra of M. For a € M, 0,(a) € M and C x M >
(z,a) — o0,(a) € M gives an automorphic action of the additive group
C on M so that o,(a)* = oz(a*).

For an automorphic action on a C*-algebra A, it is common to as-
sume the norm-continuity of oy(a). In that case, a norm-continuous
function f : £ — A on an open subset {2 of C is said to be holomorphic
if it satisfies the following equivalent conditions:

(i) For each ¢ € A*, (f(w), ¢) is a holomorphic function of w € .
(ii) If z € Q and r > 0 satisfies {w € C;|w — z| < r} C Q, then we
can find a sequence {f,},>0 in X such that

[e.9]

flw) = (w=2)"f

n=0
holds in an absolutely norm-convergent manner for |w—z| < r.

An element a € A is said to be entirely analyticif R 5t — o.(a) € A
is extended to a holomorphic function on C. The set A of entirely
analytic elements is then a norm-dense *-subalgebra of A and, if we
denote by o(a) the holomorphic extension of o;(a), then o, gives an
automorphic action of C on A so that o,(a)* = o5(a*) for a € A and
z € C. Note that the Gaussian regularization in the proof of density
takes the form of Bochner integral and the associated holomorphic
extension is norm-continuous.
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APPENDIX B. HAAR MEASURE

V.S. Varadarajan, Geometry of Quantum Theory.

APPENDIX C. PONTRYAGIN DUALITY
For a locally compact abelian group G, the set
G = {x : G — T; x is continuous and satisfies x(ab) = x(a)x(b)}
is a subgroup of the product group [] gec T and, if we furnish it with
the topology of uniform convergence on compact subsets of G, G is a

locally compact group, called the Pontryagin dual of G.

Theorem C.1 (Pontryagin). The second dual G is naturally identified
with G as a locally compact abelian group.

Given Haar measures dg on G and a function f in L'(G),

- / £(9)x(9) dg

defines a function in Cy(G), which belong to L2(G ) for f € LY(G) N
L*(G). The correspondence L'(G)NL*(G) 3 f — f e L*(G) gives rise
to a unitary map between L2(G) and L%(G) when the Haar measure of
G is appropriately normalized relative to dg.

APPENDIX D. GROUP REPRESENTATIONS

By a unitary representation of a locally compact group GG on a Hilbert
space, we shall mean a group homomorphism G' 3 g — U, € U(H) such
that G 3 g — Uy§ € H is continuous for any £ € H. Here the weak
continuity is enough to have the norm-continuity of U,{ in view of

1Ug€ — €117 = 2(£|€) — (€]U5€) — (UgklE)-
Let dg be a left Haar measure. The inequality

/ @) €U dg < ] ] / £(9)| dg
G G

for f € L'(G) implies the existence of a bounded operator U, satisfying

(ElUm) = /G F(9)(ElU,m) do

The Banach space L'(G) is then made into a Banach *-algebra so
that f — Uy is a *~homomorpshim:

(fif2)(g /fl ) fa( h g)d f(9) = dgg flg™h).
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Conversely, given a *-representation m of L'(G) on a Hilbert space
J, a unitary representation U, is recovered by

Ug(m()€) = m(gf)E,

where (gf)(h) = f(g7'h) (9,h € G). Thus there exits a one-to-
one correspondence between unitary representations of G on H and
*_represenations of L'(G) on H. By the way of construction, the one-
to-one correspondence is valid for a dense *-subalgebra A of L'(G)
satisfying ga € A for ¢ € G and a € H. Example: A = C.(G) or
A = C*(G) for a Lie group G.

The universal C*-algebra C*(G) of L'(G) (or any smaller A which
is dense in L'(G)) is referred to as the group C*-algebra. In this way,
we have established a canonical correspondence between unitary rep-
resentations of G and *-representations of C*(G).

Note here that the correspondence between group representations
and algebra representations is also valid if we weaken the continuity
condition on group representations to the measurability one with re-
spect to the Haar measure class:

Theorem D.1 (von Neumann). If a measurable family {7}, } of unitary
operators on a Hilbert space H satisfies 1,7}, = T, for almost all
(g,h) € G x G, then we can find a unitary representation U, on G such
that T, = U, for almost all g € G.

The correspondence of representations also enables us to embed G
into C*(G)*™ in such a way that

/(;f(g)g dg € C*(G)™

belongs to C*(G) C C*(G)** for f € L'(G). In fact, it is equal to the
image of f € LY(G) in C*(G).
A continuous function ¢(g) of g € G is said to be positive definite
if
Z (97 g0 Z2 > 0
1<j,k<n
for any {z;}7_, € C™.

Proposition D.2. There is a one-to-one correspondence between pos-
itive definition functions and positive functionals on C*(G).

Now restrict ourselves to the case of abelian groups. Then a character
X : C*(G) — C is nothing but a *-representation on a one-dimensional
Hilbert space C and it is rephrased as a unitary representation of G on
C, i.e., a continuous group homomorphism G — T. In this way, the
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Gelfand spectrum o« of C*(G) is identified with the dual group G
and the Gelfand transform of f € L'(G) with the function

G3xms /G £(9)x(9) dg,

which is nothing but the Fourier transform of f.

Example D.3 (unitary spectral decomposition). Any unitary repre-
sentation of the additive group Z on H corresponds to a single unitary
U on H and we can find a projection-valued measure £ on Z = T so

that
U:/zE(dz).
T

For the vector group R", its dual group is identified with R" itself by
(s,t) = et

Example D.4 (Stone). Given a unitary representation U of the vector
group R", we can find a projection-valued measure E so that

Ut:/ et E(ds).

Example D.5 (Bochner). Given a continuous positive definite func-
tion ¢ of a locally compact abelian group G, we can find a finite Radon
measure y on the dual group G so that

©(g) = /éx(g) p(dx).

APPENDIX E. PROJECTIVE REPRESENTATIONS

A.A. Kirillov, Elements of the Theory of Representations, Springer,
1976.

A. Kleppner, Multipliers on Abelian Groups, Math. Annalen 158(1965),
11-34.

Baggett-Kleppner, Multiplier representations of abelian groups, JFA|
14(1973), 299-324.

Let a locally compact group GG be represented by a measurable family
of unitaries U, (¢ € G) in a projective way:

UgUgy = (9,9 )Usg
with v(g,¢') € T a measurable function. Here the function (g, ¢’)

is referred to as a Schur multiplier or simply a cocyle of G. From
associativity, we see that ~ satisfies the cocycle condition

(9,999, 9") = (¢, ") (g9.9'g") forallg,¢'.¢" € G
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and two cocycles v and 4" belong to the same projective representation
if and only if they are equivalent in the sense that we can find a measur-
able function 8 : G — T so that v'(g,¢') = v(g,9")8(9)8(9")B(gg') "

In a reverse way, given a cocycle v of GG, a y-representation of G is
an assignment of unitaries Uy satisfying U,Uy = v(g, ¢')Uyy -

A cocycle 7 is said to be normalized if v(g,e) = 7y(e,g) = 1 for
g € G. Any cocycle is equivalent to a normalized one: If we put
g’ = e in the cocycle condition, the relation v(g,e) = ~(e,g”) for
g,9" € G implies v(g,e) = v(e,e) = (e, g) for g € G and therefore
is equivalent to v(g,¢’)/v(e,e) (8(g) = v(e,e)™'). Problems related to
Schur multipliers are consequently redeuced to normalized ones.

Given a normalized cocycle v of G, the product set G x T is made
into a group (denoted by G x, T) so that (g,2) — zU, is a unitary
representation for any v-representation U, of G

(9,2)(d",2) = (99',22'v(9,9"))-

Note that (e,1) is a unit element in the group G x, T and (2U,) ! =
U =279, 971 ) (e, €)1 Uy1 implies

(g:2) " =g 2" "9(g, 97 ") 7).

Note also that T is identified with the central subgroup of G x, T by
the embedding T > z +— (e, 2) € G x T.

Let £ € L*(G) be identified with a measurable function £ on G x T
satisfying £(g, z) = 2€(g, 1) for (g,2) € G X T. Then a y-representation
{R}} of G on L*(G) is obtained via the right translation:

(B5)(h,1) = &((h, 1)(g,1)) = &(hg,~(h, g)) = 7(h, g)&(hg, 1).
Exercise 50. Check the relation R)R; = v(a,b)R], for a,b € G.

(RIR)E)(9) = (g, a)y(ga, b)E(gba) = y(a,b)(R1,E)(9).

In what follows we focus on locally compact second countable abelian
groups G. Given a measurable cocycle v of G, let [y] be another cocycle
defined by [y](a,b) = v(a,b)/v(b,a). By the cocycle condition on ~,
together with the commutativity in G, we see that [y] is a bicharacter
of G, whence it is continuous. Note here that cocycles equivalent to ~
give the same bicharacter [v].

Conversely, if [y] = 1, then ~ is coboundary; we can find a measurable
function 8 : G — T such that v(g,9") = B(9)8(¢")B(gg’)~" for all
(9.9') € G x G. In fact, if [y](g,¢’) = 1, then G X, T is commutative
and, as an irreducible component of a measurable representation of
G x4 T, we can find a measurable homomorphism o : G X, T — T
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satisfying a(1,z) = z.
alg, Da(g', 1) = a((g,1)(g', 1)) = al(gg’, 1)(1,¢(g,9") = algg’, 1)e(g, ¢').-

Exercise 51. By using the averaging method, show that any separately
continuous bicharacter (g, ¢’) is jointly continuous in (g,¢') € G x G.

The point is the continuity at (e, e); (an, b,) — 1 if (an,b,) — (e, e€).
Since (a, b) is separately continuous, the integrals in

/(amg)f(b;lg) dg = (an, bn) /(amg>f(g) dg

converge as n — oo, which implies (a,, b,) — 1.

Theorem E.1. The map v — [y] induces a group-isomorphism from
the second cohomology group of GG into the group of alternating bichar-
acters of G.

Let H = {h € G;v(9,h) = v(h,9)Vg € G} be the kernel of [7],
which is a closed subgroup of GG. Since « is symmetric when restricted
to H, we can find a measurable function o : H — T so that vy(h,h') =
a(h)a(h)a(hh')™ for h,h' € H. By choosing a measurable extension
B : G — T of a and replacing v with v(g, ¢")d5(g, ¢’'), we may assume
that y(h,h') =1 for h,h' € H from the outset.

Given a 7-representstion U, of G on a separable Hilbert space X,
consider U, ® Ry (R, = R} for v = 1). Define a unitary operator S on
L*(G) ® H by (S€)(g) = Uyé(g)- Then

(S(Ry @ Ug)E)(h) = UpUg&(hg) = y(h, 9)Ung€(hg) = v(h, 9)(S&)(hg)
shows that S(R, ® U,)S* = R} ® 1 for g € G.

If one applies the Fourier transform on the L?(G) part, the represen-
tation {R, ® U,} takes the form {7} with

~ -~

(T€)(x) = x(9)Ug&(x)

If the bicharacter [y] gives an isomorphism G — G of abelian groups,
the unitary operator ® defined by

(@)(g) = /G (g, WE(R) dh

satisfies
V(R 9)Ug(R€)(h) = UpU, Uy (9€)(h) = S(1 ® Uy)S*(PE) (h),

whence { R, ® Uy} is unitarily equivalent to {1® Uy}. Thus, 112y @ U
is unitarily equivalent to R? ® 14¢ for any 7-representation U on J.
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Theorem E.2 (Stone-von Neumann). Under the condition that G' = G
via [v], all the y-representations are quasi-equivalent. In particular, G
has a unique (up to unitary equivalence) irreducible y-representation.

Example E.3. Let G = H X H with H a locally compact abelian
group and v((a, x), (@', x’")) = x(a’). Then the bicharacter

(@, x), (@, X)) = x(d')

satisfies the condition G = @ .

Let G be as above and define a +-representation of G on L?*(H) by

(Uta§)(b) = x(ba)~'¢(ba).

Then it is irreducible. In fact, Uq,) generates L™(H) on L*(H),
whence the commutant {U,}’ is in the fixed point algebra of L>(H)" =
L>°(H) under the adjoint action of {U,}.

ApPPENDIX F. TENSOR PRODUCTS

Given Hilbert spaces H and X, their tensor product is a Hilbert space
H ® K together with a bilinear map H x KX 2 ({,n) —» {@n e HRXK
satisfying the following properties.
(i) For £,¢' € Hand n,n' € K, (@0’ @7') = (£I€') ().
(ii) Linear combinations of elements of the form & ® n are dense in
HeX.

If {& }ier and {n;} ;e are orthonormal bases in H and X respectively,
then {& ® n;} @ j)erxs is an orthonormal basis in H @ X.

Proposition F.1. Tensor product exists and is unique.

Clearly, given £ € H, the linear map X 5 n — £ ®n € H® K
is a scalar multiplication of an isometry and its adjoint, denoted by
()ew1, is specified by & @ n +— (£]¢')n € K and referred to as a partial
evaluation by & € H.

*-representations B(H) 2 a— a®1 € B(H®X) and B(X) 3 b—e
B(H @ K) are defined by

(a@1)({@n) =a®@n, (1Db)(E®n) =, b,

and set a®@b=(a®1)(1®b) =(1®b)(a®1).

Given W*-algebras M on H and N on X, their tensor product M @ N
is a W*-algebra on H ® X obtained as the o-weak closure of the *-
subalgebra generated by a ® b (a € M, b € N). Note that M ® Clyx =
{a ® 1;a € M} and similarly for Cls ® N.
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APPENDIX G. INFINITE TENSOR PRODUCTS

J. von Neumann, On infinite direct products, Composi. Math., 6(1939),
1-77.

A. Guichardet, Produits tensoriels infinis et représentations des re-
lations d’anticommutation, Annales scientifiques de 'E.N.S., 83(1966),
1-52.

An algebraically sophisticated way to introduce finite tensor prod-
ucts @ V; is to define them as subspaces of multilinear functionals on
[TVi*: Given a finite family {v; };es of vectors, let ®;c;v; be a multilin-
ear functional defined by

®iervi : (v7) = H(Ui,vzw-
iel
Then ),.; Vi is the linear span of {®;c;v;}. From the associativity of

direct products, the associativity for tensor products follows: If [ =
|l;cs Ij, there is a natural isomorphism

R (®v]=@n.

jed \i€l; iel

In particular, given a decomposition I = I'lUI" and a family {vy }irepn,

®Vz‘/ > ®Ua > ®Ui € ®Vi with {v;} = {vs} U{v}

el ier iel iel
is extended to a linear map.

When the index set is linearly ordered, it is customary to notationally
reflect it in a geometric position. For example, if I = {1,2,...,n}, we
shall write ®;crv; =11 ® -+ ® v,,.

Now consider a general family {A;} of unital *-algebras. Then the
family of unital *-algebras {@),.pAi}, where F' runs through finite
subsets of I, is directed for inclusions of F' by the map

Q= Qi

S 1€F’

, {ai if i€ F,

where

1, otherwise.

The inductive limit }«’lmf &), Ai is denoted by @),.;A; and called the
—

algebraic tensor product of {A;},c;. Note that &) A; is generated by
®a; (a; =1 except for finitely many indices) and ) A; is unitary if so
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is each A;. Given a family {p;} of states, a state p = ®¢p; of Q A, is
defined by ¢(®a;) = [ ¢i(a;). The positivity of ¢ is a consequence of

ZZ_;‘ZMO(@)ieICLZjGi,k) = Zz_jzk H@i(a;jai,k) > 0.
Jk gk i
For a family of positive functionals {¢;}, the positive functional ®p;
is defined by [] vi(1) @ (vi/@i(1)) if [T vi(1) < co. Note that @varphi,
is bounded if so is each ¢; under the condition []¢;(1) < oo, which
is therefore identified with a bounded positive functional on the C*-
algebra associated to @) A,;.
The following formula looks quite reasonable but is in the heart of
the celebrated Kakutani dichotomy on infinite product measures.

Theorem G.1. Assume that ¢; and ; are bounded states for each
i € I. The, for z = ®z; and y = ®y; in Q) A;, we have

(w(@p:)2[(@0:)'?y) = | [ (@i [0} 2.

el

Corollary G.2. If HieI\F(QOg/Qh/};/Z) = 0 for any finite subset F of [,
then ®¢p; and ®1); are disjoint.

Given a family {z,}aer of complex numbers, let zp = [[ cp 2o for a
finite subset F' C I. If {2} is a coonvergent net of complex numbers,
its limit is denoted by [],c; za and we see [T c; [2al = |[Taes 2al-

If zo, = 0 for some o € I, then [] ., 2o = 0. If not, {|z¢|} is bounded
for any finite G C I satisfying |z,| > 1 (o € G). In fact, if it is not
bounded, given any finite F' C I, we can choose G C I\ F so that |zg|
is arbitrarily large while |zg| # 0, i.e., |zFuc| can be arbitrarily large,
which contradicts with the convergence of [] ., [2al-

Thus the condition []z, = 0 is equivalent to (i) z, = 0 for some
a € Lor (i) [[, .. 51 12l <ooand I, . <il2l =0.

Now assume that [Jz, # 0. Then ([]Jza)™" = [125" # 0, implies

that
H | 20| < 00, H |2a] >0

o|za|>1 o|za|<1

and [] e is convergent to a complex number of modulus one, where
Zo = |2a]€? with —7 < 0, < 7. From the convergence of [] e, we
see that, given ¢ > 0, we can find a finite F' C I such that |0, < €
for any o € I\ F. Thus the convergence of []e?> is equivalent to
the convergence of > 6,, which is combined with the convergence of
> e, 108 |2a| (I« = {a € I; £log|z,| > 0}) to get the convergence of
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Y log zy, ie., > |zq — 1| < 0o. Conversely, this condition implies the
absolute convergence of > log z, and we see that

a€el

is convergent.
Let {3H;}ier be an infinite family of Hilbert spaces and {¢; € H;} be
a family of unit vectors. Given a finite subset F of I, let

Sn
fHF=:(EBJQM>®9Q@>®'“@WHmm)
¢

be the symmetrized tensor product of {H;}icp, where ¢ : {1,...,n} —
F (n = |F|) runs through bijections and ( )* denotes the fixed-point
subspace under the obvious action of the symmetric group S,,. Thus, for
each ¢, Hp can be identified with the Hilbert space Hyq) ®- - - @ Hy(p)-
Define an embedding of Hg into Hz for ' C F' by
Eo(1) @+ @ Eon) > Ep(1) @+ B Eo(n) B Lar(nr1) @+ @ Lyy (),

where n' = |F'| and ¢ : {1,...,n'} — F’ is any extension of ¢.
The inductive limit Hilbert space limp ~;y Hp is called the infinite
tensor product of {HH;};e; with respect to the reference vector {s;} and

denoted by &),.; ;. The image of {p € Hp in &), H; is denoted by

Lemma G.3. Given a family of vectors {0 # & € H;}ier, let &g € Hp
be defined by {41) ® - - @ {g(n)- Then the limit

®&; Z}DimffF@? ® L
4 iEI\F
exists in @),.; H; and ®¢; # 0 if and only if
D og(&lé) < oo and Y 1= (u])] < oc.
iel iel
Moreover, given another such family {7;}, we have
(@&lom) = [ [(&lm),
where the infinite product converges absolutely:;

ST (&) < .

el
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APPENDIX H. TENSOR PrODUCTS OF CLOSED OPERATORS

Let A and B be closable operators in Hilbert spaces H and X with
their adjoints A* and B* densely defined. The algebraic tensor product
A ® B is then an operator with its domain D(A ® B) equal to the
algebraic tensor product D(A) ® D(B) C H ® K. Then A ® B is
closable in view of (A ® B)* D A* ® B*.

Definition H.1. For closed operators A and B with A* and B* densely
defined, we write A ® B = (A ® B)**.

Proposition H.2. We have (A ® B)™ = (A* ©® B*)*.

Proof. Since the graph of A** (B**) is approximated by that of A (B),
we see A® B C A* ® B* C (A® B)*™, i.e., the closure of A** ©® B**
is (A ® B)*. Thus the problem is reduce to the case A = A** and
B = B**, which is assumed in what follows.

Let A = u]A| and B = v|B]| be the polar decompositions. Then as a
closure of A® B = (u® v)(|A| ® |B|), we have

(A0 B)"™ = (uav)(AlO[B])™,
whereas A* ® B* = (|A| © |B|)(u* ® v*) with |A| ® |B| supported by a
partial isometry v* ® v* implies

(A0 BY)" = (uev)(|A]© |B])".

In this way, the problem is further reduced to showing (|A| ® |B|)** =
(|A] ®|B|)*, i.e., the essential self-adjointness of |A| ® | B|. To see this,
consider spectral decompositions

A= [actda), |BI= [ 5(ap)

and let H,,, K, be spectrally bounded subspaces. Then vectors in
Hoo®K o are entirely analytic with respect to |A|®|B|, whence |A|®|B|
is essentially self-adjoint by Nelson’s analytic vector theorem. 0

Corollary H.3. For closed operators A, B with A = u|A|, B = v|B)|
their polar decompositions, |A| ® |B| is positively self-adjoint and (u®
v)(|A| ® |B|) gives the polar decomposition of A ® B.

Proof. Since the partial isometry u®uw clearly supports |A|®|B]|, we just
need to chek the positivity of |A| ® |B|. We first remark the positivity
of |A| ®|B| in the sense that, for . &; ®n; € D(|A]) © D(|B|) with
& € D(|A]) and n; € D(|BJ),

> (& @nllAlge @ [Bln) = (&A1) (]| Blnk) > 0

Jik gk
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because (&;||A|&) and (n;||A|nk) together with their complex conju-
gates are positive matrices and the last expression is the form of the
trace of the product of two positive matrices.

The positivity of |A|® |B| follows from this: Given ¢ € D(|A|®|B|),
we can find a sequence ¢, € D(|A| ® |B|) so that ¢, & (|A| ® |B|)¢, —
(@ (JA| ® |B|)¢, whence

(Al @[B[)¢) = lim(Ga[([A] © [B[)¢n) = 0.

APPENDIX I. POLARITY IN BANACH SPACES

Let X, Y be complex vector spaces and suppose that they are cou-
pled by a non-degenerate bilinear form (x,y). If they are furnished
with weak topologies, then continuous linear functionals are given by
the coupling becuase the continuity of a linear functional f : X — C
relative to the seminorm |(x, y1)| + - -+ + |{z, y,)| implies that f passes
through the linear map X > = — ((z,w1),...,(z,y,)) € C". For a
subspece E of X or Y, let E+ be the polar of E with respect to the
coupling ( , ). Clearly E C F implies F* C E+ and E C E++, which
are combined to see that E+++ = E+. E+t is the weak closure of F by
Hahn-Banach theorem. There is a one-to-one correspondence between
weakly closed subspaces of X and weakly closed subspaces of Y by
taking polars.

Now let X be a Banach space and Y = X* the dual Banach space
of X.

Again, by Hahn-Banach theorem, norm closure and weak closure
coincide for convex subsets of X. The weak topology on X* via the
natural coupling (x, f) = f(z) (x € X, f € X*) is referred to as
the weak™ topology to avoid confusion with the weak topology of the
obvious coupling between X* and X**.

Proposition I.1. Let F' C X* be a subspace. Then the weak™ closure
F+L of F is naturally identified with the dual (X/F*)* of the quotient
Banach space X/F+ and we have

sup{[(z, f)|: f € P+ || < 1} = inf{[|lz + e];e € 1}
Proof. For e € F* and f € f™+ with ||f]] <1, we see
[z, /)l =Kz +e )l <z +ef
and then, by taking inf for e and sup for f,
sup{|(z, )l; f € F~ |If] <1} < inf{[la +ellie € T}
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By Hahn-Banach theorem, we can find ¢ : X/F+ — C such that
loll =1 and p(x + F1) = ||z + F*||. Let f € F+* be the composition
f(z) =@(z+ F*). Then |[f|| < 1 and [(z, f)| = [lz + F]|. [

APPENDIX J. RADON MEASURES

Riesz-Radon-Banach-Markov-Kakutani theorem.

Given a commutative C*-algebra A = Cp(Q2) with Q a locally com-
pact space, there is a one-to-one correspondence between elements of
A* and regular complex Borel measures on 2 by the relation

ola) = / 0(w) pldw)

so that [|¢]| = |u|(€2). Under this correspondence, ¢ is positive if and
only if u is positive.
The essence in this correspondence can be summarized as follows:

Theorem J.1. Let B(Q) be the *-algebra of bounded Baire functions.
Then the natural embedding Cy(2) — Cp(Q2)*™* is extended to a *-
isomorphism of B(Q2) onto Cy(€2)** in such a way that, if a uniformly
bounded sequence f,, € B(£2) converges to f € B(2) point-wise, then

(fus0) = (f, @) for any o € Cp(2)*.

Now it is immediate to get the spectral decomposition theorem. Let
7 Co(2) — B(H) be a *-representation on a Hilbert space 3. Since
7 is extended to a normal *-homomorphism 7 : B(Q) = Cy()** —
m(Co(£2))", if we define a projection-valued Baire measure E by E(S) =
m™*(1g), then

™ (f) = /Qf(w) E(dw) for f € B(Q).

Note that the class of Borel functions coincides with that of Baire
functions when € is second countable. To avoid measure-theoretical
complexities, we assume this condition from here on.

A group G is said to be locally compact if it is furnished with a locally
compact topology so that the group operations, G x G > (a,b) +— ab €
G and G > g — g~! € G are continuous.

A positive Radon measure p on a locally compact group G is called a
left (resp. right) Haar measure if it is invariant under the left (resp. right)
translations.

Theorem J.2. A left Haar measure exists and it is unique up to scalar
multiplications.
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APPENDIX K. VECTOR-VALUED INTEGRATION

Let X be a Banach space, p be a finite (positive) measure on a
measure space {2, and f be a uniformly bounded X-valued function on
Q2 such that ¢o f is u-integrable for every ¢ € X*. Then the integration

/mwmmw>

gives a linear functional [ f(w) p(dw) on X* with an obvious estimate

'Vﬂ@MM>

where ||¢]|s = sup{|(z, ¢)|;x € S} for a subset S of X and C denotes
the weak closure of the absolute convex hull of f(€2). Thus, if C is
weakly compact, [ f du is weak*-continuous by Mackey-Arens theorem
and therefore realized by an element in X. This is especially the case
when g is a Radon measure on a compact space 2 and f is weakly
continuous: The image f(£2) is weakly compact and, by Krein-Smulian
theorem, the weak closure of its convex hull is also weakly compact.

Note that we need somewhat longer arguments for the whole path of
its proof. We shall here give a direct proof of [ fdu € X (in fact this is
a preliminary argument in the proof of Krein-Smulian theorem) under
the extra assumption of separability of X and uniform boundedness of
f£(2): By uniform boundedness, we first know that there is an a € X**
satisfying

< w1l s < n@ll¢lle,

@@zémmmmm>

for ¢ € X* and the problem is to show that a in fact belongs to
X C X,

If not, |ja + X|| > 0 and Hahn-Banach theorem enables us to find a
functional ¢ : X** — C of norm one satisfying ¢(X) = 0 and p(a) =
la+ X]).

Take a countable set {a;;7 > 1} which is norm-dense in X; and
consider weak™* neighborhoods of ¢ € X** described by

1

|o(a) — ¢'(a)] < % [p(a;) = ¢(a5)] < ~ (1< j < n).

Since the unit ball X is weak*-dense in X;** (Goldstine’s theorem),
we can then find a sequence {¢,} in X7 so that

1 .
lo(a) = (on, a)| < . and [p(aj) = (@n,a;)| < = for 1 <j<n.

S|
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From the former |(¢,, a)| > ||a+ X || —1/n, whereas the latter inequali-
ties |(¢n, ;)| < 1/n (1 < j <n) mean that ¢, — 0 in X with respect
to the weak™ topology.

Now, by dominated convergence theorem, li_>m {(pn,a) = 0, which

contradicts with |(pn,a)| > |la + X| — 1/n > 0.
Theorem K.1 (Helly). Let X be a Banach space. Given a finite

G1, 0 € X, 2 € X7 and r > 1, we can find z € X, so that
¢j(z) = 2™ (¢;) for 1 < j <n. Here X, = {z € X;|z|| <r}.

Proof. We may assume that {¢1,- - , ¢, } is linearly independent. Then
O X >z (P1(x), -+, Pn(x)) € C" is surjective and, given any z** €
X7, there exists an a € X such that ®(a) = (z™(¢1), -+, 2™ (¢n))-
We need to show that (a + ker @) N X, # ) for every r > 1.

If not, [ja + ker®|| > r and, by Hahn-Banach, there is ¢ € Xj
satisfying ¢(ker ®) = 0 and |¢(a)| = ||a+ker @||. In view of (ker @)+ =
Cp1 + - -+ + Co,, we have an expression p = A\ + - -+ + A\, ¢, with

Aj € Cand p(a) = 3° N;¢5(a) = 3- Aja™(¢;) = 2™ (p). Now
r < |p(a)] = |z ()] < |z lell <1,
a contradiction. O

Corollary K.2 (Goldstine). X is weak*-dense in X7*.

Theorem K.3. Let a locally compact group G act on a Banach space
X by isometries and assume that G > g — ¢(gx) is continuous for
every x € X and ¢ € X*. Then G 3 g — gz € X is norm-continuous.

Proof. Since the vector-valued function gz of ¢ € G is weakly con-
tinuous, the integration fx = / f(g)gxrdg € X is well-defined for
el

f € C.(G) so that

" ( / f(g)g:cdg> - [ starotgo)dg

which gives an estimate

/ f(g)gxdgH <ol [ 170 dg = ) 11
G G
Note that fi(fex) = (f1 % fo)z for f; € C.(G).
Since g(f1) — (gf) with (¢£)(¢') — f(g-'g'), we see that
lg(f2) — fall < llelllgf — flls =0

as g — e; G2 g g(fx) € X is norm-continuous. Thus, if we set

Y ={y € X; gy € X is norm-continuous in g € G},
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it includes C.(G)X. We claim that Y is norm-dense in X. By Hahn-
Banach theorem, this is equivalent to the weak density of Y. So, let
¢ € X* vanish on Y and we shall check that ¢ = 0.

0= o(fz) = /G f(9)é(gz) dg

for any f € C.(G) and, by choosing approximate delta functions as an

f, we have ¢(x) =0 for any = € X. O
Remark 9.

(i) If 6, € C.(G) is an approximate unit in the convolution algebra

LY(@G), then |6,z — x| — 0 (n — c0) by a three-epsilon argument.

(ii) The dualized action of G on X* is not necessarily norm-continuous.

APPENDIX L. SESQUILINEAR FORMS

A sesquilinear form 6 on a complex vector space D is said to be
hermitian (resp. positive) if 6(z,z) € R (resp. 0(x,z) > 0) for x € D.
By the polarization identity, a hermitian form satisfies 6(y, z) = 6(z.y).

A positive form 6 defined on a dense linear subspace D of a Hilbert
space H is said to be closed if D is complete with respect to the inner

product (£]n)g = (&]n) +6(&, ).

Example L.1. Let © be a densely defined positive operator in .
Then 6(&,n) = (£|On) is a positive form on D(O).

Example L.2. A positive form associated to a positive operator © is
closable in the following sense:

Let D be the completion of D(©) relative to the inner product ( | )s.
Since the embedding D(0) C H is norm-decreasing, it gives rise to a
contractive linear map ¢ : D — I, which turns out to be injective:
Suppose that £ € D and ¢(§) = 0. Then we can find a sequence
&, € D(©) such that [|&, — &|lg — 0 and ||&,]] — 0.

Il = im (&l = lim lm ((6nlé0) + (010&)) = 0.

Clearly D(©) C ¢(D) and (¢~'¢|¢~'n)s — (£]n) is a closed positive
form which extends 6.

Given a closed positive form ¢ on D C H, we want to get a positive
self-adjoint operator © such that 6(¢,n7) = (£|©n). To see this, let
¢ : D — JH denote the embedding, which is norm-decreasing, i.e.,
lo(&)]] < €]l for & € D, and set R = ¢¢* : H — H, which is a

positive contraction and satisfies the relation

(E|Rn)o = (&lo™n)o = (E|m), & m e H.
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Since D is dense in H, ¢* is injective and so is R. Thus R~! with
D(R™') = RH = ¢*H C D is a positive self-adjoint operator satisfying
R~' > 1. We notice here that ¢*H is dense in D. In fact, if n € D is
orthogonal to ¢*H, 0 = (n|¢*€)e = (n|§) for any & € H implies n = 0.

Let © = R7! — 1 with D(H) = D(R™') = ¢*H be a positive self-
adjoint operator. Then

(¢°€10¢™) = (9¢"¢[R™ d¢™n) — (¢7€l9™n) = (99" [n) — (67E|d"n)
= (¢"¢l¢"n)e — (¢7¢l0™n) = 0(¢°¢, ¢™n).

Finally observe that D = D(©'/2) in view of the density of D(©) in D
and 6 coincides with the closure of the positive form (£|6©7n) on D(O).

We shall review basics on the Pusz-Woronowicz theory of functional
calculus on sesquilinear forms. Let «, 8 be positive (sesquilinear) forms
on a complex vector space H. By a representation of the unordered
pair {«, 5}, we shall mean a linear map i : H — K of H into a Hilbert
space K together with positive (self-adjoint) operators A, B in K such
that A commutes with B in the spectral sense, i(H) is a core for the
self-adjoint operator A + B and

a(z,y) = (i(x)|Ai(y)),  B(z,y) = (i(x)|Bi(y))

for x,y € H. Note that i(H) is included in the domains of A =
5 7(A+B+1)and B = %= (A+ B+1). When A and B are
bounded, we say that the representation is bounded. Note that, the
core condition is reduced to the density of i(H) in K for a bounded
representation.

If A and B are commuting self-adjoint operators with spectral mea-
sures e4(ds), eg(dt) respectively and f(s,t) be a complex-valued Borel
function on o(A) x o(B) C R? then the normal operator f(A, B) is

defined by
(A, B)¢ = / F(s, Deal(ds)en(dt)e.
o(A)xo(B)

Lemma L.3. Any pair of positive forms «, f on H admits a bounded
representation.

Proof. Let K be the Hilbert space associated to the positive form a+
and ¢ : H — K be the natural map. By the Riesz lemma, we have
bounded operators A and B on K representing o and 3 respectively,

which commute becuase of A + B = 1. O
Lemma L.4 (cf. Reed-Simon §VIIL.6).
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(i) Let D be a core of a positive self-adjoint operator C' on a
Hilbert space 3. Then D is a core for C'/2. In particular, we
have the domain inclusion D(C) ¢ D(C'/?).

(ii)) Let A and B be commuting positive (self-adjoint) operators
on a Hilbert space H with A + B denoting the closure of
Alpynps) + Blpnps)- Let D C H be a core for the posi-
tive operator A 4+ B, then D is a core for A and B as well.

Proof. (i) By a spectral representation of C, we may assume that
H = [y H(t) p(dt) with C' given by multiplication of ¢. Then any
vector in D(C'2) is of the form [5 f(t) u(dt) with {f(t) € H(t)}zo
a measurable field satisfying

Lmuwuumuww<+u% LwdﬂﬂU@%Mﬁ)<+w-

Assume that f € H satisfy f(t) = 0 for ¢ > M with M > 1. Then
f € D(C) and, by assumption, we can find a sequence {f,,(t) },>1 in D
such that || f, — f|| = 0 and ||Cf, — Cf|| — 0, i.e.,

t/|mw<mmmw+/ 1012 (dt) — 0
<M t>M
and
[ E - 1o aa + [ Pl o)E i o,
<M t>M
which imply

Wmh—ﬁWW=/

<M

U falt) = FOIIE p(dt) +/ t a1 p(dt)

t>M

MtQan(t)H?u(dt)

t>

SMLWwwwﬁwwwm+/
—>O_

Thus spectrally truncated vectors for C/? are approximated by vec-
tors in D relative to the graph norm, which in turn constitute a core
for C'1/2.

(ii) By the trivial inclusion ﬁ(/l + B+ 1) C A of unbounded
operators, D C D(A+B) C D(A). Let { € D(A+B) = D(A+B+1)
be a vector in the spectral subspace of condition A+ B + I < M with
M a sufficiently large positive real number, then we can find a sequence

{&,} in D such that ||£,—¢|| — 0 and ||(A+B+1)&,— (A+B+I)E|| — 0.
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Then

| Ag,—A€]| = H (A+B+ 1D, <A+B+I>£H 0

A+B+1 CA+B+1

implies that the domain of the closure of A|p contains a dense set of
entirely analytic vectors of A, whence A|p is essentially self-adjoint. [

A complex-valued Borel function f on the closed first quadrant [0, 00)?
is called a form function if it is locally bounded and homogeneous of
degree one; f is bounded when restricted to a compact subset of [0, 00)?
and f(rs,rt) = rf(s,t) for r;s,t > 0. Clearly f(0,0) = 0 and there
is a one-to-one correspondence between form functions and bounded
Borel functions on the unit interval [0, 1] by the restriction f(¢,1 — t)
(0 <t <1). Let F be the the vector space of form functions.

Theorem L.5. For f € J, the sesquilinear form on H defined by

V(@,y) = (@) f(A B)i(y)), =yeH

does not depend on the choice of representations of {«, 5}, which will
be reasonably denoted by v = f(«, ).

Proof. Let &y be the set of functions f € F satisfying the property in
the theorem. Clearly Fy is a linear subspace of F, closed under taking
pointwise limit in a locally uniformly bounded fashion and «, 5 € J.
By the lemma below, if f > 0 and g > 0 belong to Jj, we have
fg/(f +g) € Fy. Thus, for u > 0,

pst (s ut)/2)?
s+ pt’ s+ pt

are functions in Fy and, as a linear combination of these,

(s +t)? s+t

(1—=Ns+t 1—Xs/(s+1)

belongs to Fy for 0 < A\ < 1. Thus, extracting asymptotics as A — +0,
% € Fp (n = 0,1,2,...) and then by Weierstrass approximation
theorem continuous functions in F are included in &F,. Since F; is
closed under taking locally bounded sequential limits, we conclude that

350237. ]

Lemma L.6. Let Fy be the set of functions f € JF satisfying the
property in the theorem and let f, g € Fy take values in [0, 00). Then

fg
i1is belongs to F.
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Proof. Let (i, K, A, B) be a bounded representation. Then the har-

% of positive operators f(A, B) and g(A, B)

is characterized by

(€lC¢) = nf{(&]f(A, B)E)+(nlg(A, B)n); & n € K, &+n=(}, (€ K.

Since i(H) is dense in K, this implies the assertion O

monic mean C' =

For z € C in the strip region 0 < Rez < 1, a*3'7*(x, y) is continuous
and holomorphic in 0 < Rez < 1 for any z,y € H, which is referred
as a Uhlmann’s interpolation between o and S. The boundary part
a7t (0 <t < 1), which is a continuous family of positive forms and
characterized by

\/(&17855)(&1715615) _ alf(Sth)/ZB(ert)/Q

for 0 < s,t < 1.
Lemma L.7.

(i) f a <o and § < 3, then VaB < /d/f.

(i) If o/, ", B, " are positive forms and 0 < s < 1,

VB + (1= s) /"7 < /(s + (L= )" (55 + (1= ).

Theorem L.8 (Uhlmann). Uhlmann’s boundary interpolations satisfy
the following inequalities. Under the same situations as above, we have

O{l_tﬂt < (a’)l_t(ﬁ/)t and
S(Oél)l_t(ﬂl)t—i-(]_—S>(Oé”)1_t<6//)t < (80/+(1—S)O/l)l_t(SB,—i—(]_—S>/8”)t
for 0 <t <1.

Proof. Let I be the set of parameters 0 < ¢ < 1 satisfying the inequal-
ities. Then 0,1 € [ and t,¢' € I implies (¢t +¢')/2 € I. Since I is a
closed subset, this means I = [0, 1]. O

Definition L.9. Let o and [ be positive forms on a vector space
H. A hermitian form v on H is said to be dominated by {«, 5} if
v(z,y)]* < a(z,z) By, y) for z,y € H. Note that the order of o and
[ is irrelevant in the domination.

Theorem L.10 (PuszWoronowicz). Let «, 5 be positive forms on a
complex vector space H. Then, for x € H, we have the following
variational expression.

Vvap(x,x) = sup{y(z,x);7 is a positive form dominated by {a, 8}}.
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Proof. Let (i : H — K, A, B) be a representation of {a, 8}. We first
prove the formula for bounded representations. Assume that a positive
form 7 is dominated by {c, 8}. Then the inequality

(@, )" < alz,2) Bly,y) < IAIIBIH i) i)

enables us to find a positive bounded operator C' on K such that
v(z,y) = (i(x)|Ci(y)). Since i(H) is dense in K, we have

[(EICn)| < (§]AE) (n|Bn) < (EI(A+€)E) (n|(B + e)n)
for any ¢ > 0. Replacing ¢ and 1 with (A 4+ €)7'/2¢ and (B + ¢)~Y/?p
respectively, we have ||(A + €)"Y/2C(B + ¢)~'/2|| < 1 and hence
(A+e)2C(B+e) 'C(A+ )72 < 1.

Multiplying the positive operator

(B+6) V2 (A+ )2 = (A+ e)2(B + &)1/
from the left and right sides, we get

(B+e)2C(B+e)™?) < (A+e)(B+e)!

and then by taking square roots (taking square roots is operator-
monotone)

(B _i_e)fl/ZC(B_i_e)fl/Z < (A—|— 6)1/2(3—%—6)71/2

and therefore C' < (A4 €)Y2(B + ¢)Y/2. Thus C < AV2BY/2,

Now let us deal with the case of unbounded A and B. Since i(H) is
assumed to be a core for A+ B + I, it is a core for (A + B + I)'/? as
well and, if we set j(z) = (A+ B+1)Y?i(x), the linear map j : H — K
has a dense range. By the identity

. A . Al/? . Al/? .

@570 = (g O o e )

= (A"%i(2)|AY%i(2)) = a(z,z)
and a similar expression for 5(z, x), we obtain a bounded representation

S A B
(Js 25557 arper) and then

Varen =6 (rras7) (araer) 96

AL/2 _ B1/2 .
= Grerp W aree e/
= (A"%i(z)|B"?i(x)).
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Corollary L.11. Given positive forms a and $ on H, we can find a
positive form /a3, called the geometric mean of a and [, satisfying

VvV ap(x,x) = sup{y(z,z);7 is a positive form dominated by {a, 8}}
for x € H.

Remark 10. From the proof, we also have

Vapf(x,x) = sup{y(z,z);7 is a hermitian form dominated by {«, 5}}.

APPENDIX M. TRANSITION PROBABILITIES

Let w be a positive functional of a C*-algebra A. According to [Pusz-
Woronowicz|, we introduce two positive forms wy, and wg on A defined
by

wr(r,y) =w(@y),  wslz,y) =w(yr”), w,y€A
Lemma M.1. Let M be a W*-algebra and Let ¢, 1 be positive normal
functionals of a W*-algebra M. Then

Vertvr(z,y) = (@1/2x*¢1/2y> for x,y € M.

Proof. By the positivity (p'/220*1/22) = (2¢'/22*|yp1/2) > 0 and the
Schwarz inequality |(@'/2z*92y)|? < p(x*x)y(yy*), the positive form
(z,y) = (p"2x*9Y?y) is dominated by {pr, 1r}.

Assume for the moment that ¢ and 1 are faithful and consider the
embedding i : M 3 x — xp'/? € L*(M). Then ¢, is represented by
the identity operator, whereas

1/J(JZI*) - ||¢1/2x||2 _ “1/)1/2(:5901/2)80_1/2”2

shows that 1 is represented by the relative modular operator A (A(&) =
YEp~). Note here that Mp'/? is a core for A2, Thus

Vervr(a,y) = (@' 2| A2 (yp! %) = (wp" 2|91 7y) = (o129 ?y).
Now we relax ¢ and 1) to have no-trivial supports. Let e be the
support projection of ¢ + . Then it is the supprot for ¢, = ¢ + %1&
and 9, = %(p + 1 as well. In particular, ¢, and v, are faithful on the
reduced algebra eMe.
Let v be a positive form on M dominated by {(¢,)r, (¢0n)r}. Then
©n(1 —e) =0=1,(1 — e) shows that

Y(@(1—e), (1=e)y)’ < pu((1-e)z"a(1—e))pn((1-e)yy"(1—e)) = 0,
ie., y(z,y) = y(ze,ey) for x,y € M, whence we have

Y(z,y) = v(ve,ey) = v(ey, ze) = v(eye, exe) = y(exe, eye).
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Since the restriction v|eaze is dominated by (¢nlenre)r and (¢¥n|eare)r
with ¢, and v, faithful on eMe, we have

v(x,z) = v(exe, exe) < (@1/2 1/2€£L‘6> (ph 1/2 *¢1/2 ),

Taking the limit n — oo, we obtain v(z,z) < (p"/2x*¢/%z) in view of
the Powers-Stgrmer inequality. O
Remark 11.

(i) The case ¢ = 1) is implicitly considered in [PW].
(i) In the notation of [U,relative entropy|, we have
QF (o1, ¥r)(z,y) = (¢ """ P'y)
for0<t<1landuxz,ye M.

ex*ey

Given a positive functional ¢ of a C*-algebra A, let ¢ be the associ-
ated normal functional on the W*-envelope A** through the canonical
duality pairing.

Lemma M.2. Let ¢ and ¢ be positive functionals on a C*-algebra A
with ¢ and v the corresponding normal functionals on A**. Then

Veorr(z,y) = (@V? *wl/g ) forx,ye AcC A™.
Proof. The positive form A x A 3 (z,y) — (FY2x*/2y) (recall that
*'/%z is in the positive cone to see the positivity) is dominated by
o1, and ¥ because of
(§22 0 Py) P < Bt a)i(yy) = pla*2) e (yy”)-
Consequently,
(§*/? *1/)1/2 ) < Vertr(x,z) for z € A.

To get the reverse inequality, let v be a positive form on A x A
dominated by ¢ and ©¥gr. Then we have the domination inequality

(@, y) | < plata)plyy”) = 22| (|01 2y,
Since A is dense in A** relative to the o*-topology, we see that ~ is
extended to a positive form v on A** x A* so that

Tz, y)|> < lag"?(]? | 2yl]* for x,y € A™,
whence

Y(r,2) =7(z,7) < Y SZL&R(UU,%) (@ 51/ *¢1/2 ) for x € A.

Maximization on v then yields the inequality

Veorvr(z,z) < (@ pl/? *¢1/2 )y forxe A

and we are done. O



OPERATOR ALGEBRAS AND THEIR REPRESENTATIONS 141

Corollary M.3. Given a normal state ¢ of a W*-algebra M, let © be
the associated normal state of the second dual W*-algebra M**. Then

LQ(M) 5 <)01/2 — 61/2 c L2(M**)
defines an isometry of M-M bimodules.

Proof. Combining two lemmas just proved, we have

(P PV ?y) = orbr(z,y) = (Y22 2y)
for z,y € M. 0

In what follows, ¢'/? is identified with $'/? via the above isometry:
Given a positive normal functional ¢ of a W*-algebra M, ¢'/? is used
to stand for a vector commonly contained in the increasing sequence
of Hilbert spaces

In accordance with this convention, the formula in the previous
lemma then takes the form

(22 ?y) = Vorvr(r,y) for z,y € A

Here the left hand side is the inner product in L?*(A**), whereas the
right hand side is the geometric mean of positive forms on the C*-
algebra A. Note that, the formula is compatible with the invariance of
geometric means:

VerYr(,y) = Vrer(y', v7) = VerYL(y®, o).

Remark 12. A W*-algebra M satisfies M, = M* if and only if dim M <
+o00. In fact, if dim M = oo, we can find a sequence of non-zero
projections {py}n>1 in M such that > p, = 1. In other words, M
contains ¢*°(N) as a W*-subalgebra. Let f be a singular state of /*°(N)
and extend it to a state ¢ of M. If M, = M* in addition, ¢ is normal,
which contradicts with

w) =Y elpn) =D fpa) =0
Remark 13. " "

(i) When ¢ and @ are vector states of a full operator algebra
L(J) associated to normalized vectors &, n in H, our transition
amplitude (¢!/2[1)1/?) is reduced to the transition probability

[(E]m) .
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(ii) Let P(p,1) be the transition probability between states in the
sense of Kakutani-Bures-Uhlmann. Then we have P(p,) =
(["/21/2])? (cf. [Ragio]) and

(@' 2112 < Pp, ) < (¢"?|9"?)
for states ¢ and ¢ on a C*-algebra.

In the text, the transition probability described above is utilized to
analyse the universal representations of C*-algebras. We shall here
show that the main construction remains valid under some positivity
assumption on geometric means of positive forms.

Given a finite family {w; }1<;<, of positive functionals of a *-algebra
A, let w be a positive functional of M, (A) defined by

X = () = w(X) = Z%‘(%‘j)-

Lemma M.4. Let Ej; € M,(C) be the matrix unit.

(i) The decomposition M, (A) = >_,, AEj; is orthogonal with

respect to the positive form /wrwg.

(ii) For z,y € A, Jwrwr(zEjk, yEjk) = v/ (wk)L(w))r(2,y).
Proof. (i) is a consequence of the fact that ) AEjj is orthogonal rela-
tive to both of w; and wp.

(ii) If a hermitian form I" on M,,(A) is dominated by {wr,wr}, then
T (@ Ry, yEje)|* < w(Rija™y B )w (y Eji Bije®) = wi (2" y)w; (ya)

shows that the hermitian form ~(z,y) = I'(x R, yE;) on A is domi-
nated by {(wx)L, (wj)r}, whence
Vwrwr(rEj,, vEj,) = sup N(xEjg, e Ej) < A/ (we)(wj)r(z, x)

for z € A.

Conversely, given a hermitian form v dominated by {(wk)r, (w;)r},
the hermitian form I'(X,Y") = v(zx, yjx) on M,(A) is dominated by
{wr, wr}:

DX, Y < wrl@ieme) wi(yinyse) < w(X7X)w(YY7).

Thus,

(@)1 (w;)r(x,2) = sup(a,2) < ErwR(Eje, vEy).
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Definition M.5. A set P of positive functional on a *-algebra A is

said to be positive if w is a positive functional on M,,(A) associated
to a finite family {w;} in P, then

\/wLwR(XX*,YY*) > 0
for any X, Y € M, (A).

Example M.6. The set of positive functionals on a C*-algebra is pos-
itive.
The positivity of
We now imitate the construction of standard Hilber spaces. Let P /®L¥r(a"a,bb)

be a positive set of positive functionals. On the free algebraic sum is  highly  non-
trivial. Any counter
example?

Y AP0 A,

peP

introduce a sesquilinear for by
(ij ®w]1-/2 ® yj Zx%@w;ﬁ@y;)
J k
=> @) lwe) r((@h) @5, i),
jik

which is positive because

> @) nlwn)r(@hrs, yey)) = Verwr(wha; B, yky; Er)
Jk 3.k

= wLwR(X*X, Yy*) Z O,

where
xr T
0 --- 0 y 0 0
0 0 Yo 0 ... 0

The quotient inner product space is denoted by L£2?(A,P) with the

/

quotient vector of ;T ® wjl- ’® y; with respect to this positive form

denoted by
1/2
>
J
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« 1/2_x
szj w;a5|* = Z\/ (@)@ R (k] o)
=Y (@) (wn)ryy}, wi;)
7,k
= Z \/ (Wi L(wk) r(zr25, Yky;)
= Z%w”%llz,
the conjugation is well-defined by

(ijwl/zyj) Zy* 12 ;.

From the formula in the definition of pre-iiner product, we have

(Z(axy)@ ‘@ Zxk@)wm@y;)
j
:<Z%®W§-/Q®% > (a'z) @ 1/2®yk)
j

k
for a € A, whence the left multiplication of a € A on the quotient inner
product space is well-defined. Similarly for the right multiplication.

In this way, we have constructed a *-bimodule £2(A, P) of A.

A linear map ® : A — B between C*-algebras is said to be a
Schwartz map if it satisfies the operator inequality ®(a)*®(a) < ®(a*a)
for a € A.

From

Theorem M.7 (Uhlmann, relative entropy, Proposition 17). Let @ :
A — B be a unital Schwarz map between unital C*-algebras. Then,
for p,v € B,

(@"219172) < (90 @)'2|(¥ 0 @)V%).

Proof. Let v : B x B — C be a positive form dominated by {¢r,¥r}.
Then

(@ (@), W))I* < @(@(2) P(2)(2(y)(y)") < P(P(z"2))U(P(yy"))
shows that the positive form A x A 5 (z,y) — (®(z), P(y)) is domi-
nated by {(p o @), (p o ®)gr}. Thus

Y(1,1) = 7(@(1),2(1)) < V(9o @)r(t 0 @)r(1, 1) = ((po@) /% (o®)'?).
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Maximizing (1, 1) with respect to 7, we obtain the inequality.

Example M.8. Consider an inclusion of matrix algebras 7 : M,,(C)
r—2x®1e M,(C)® My(C). By the isomorphism M, (C) ® Ms(C)

M, (C), m takes the form
z 0
m(x) = (0 I) :

Let a;, b; (j = 1,2) be hermitian matrices in M, (C) and set

(a1 a2 . by by
(o) =(n)
Consider positive linear functionals on My, (C) defined by ¢(y) = trace(a?y)
and ¥ (y) = trace(b?y) for y € My, (C). Then we see
(g om)(x) = 2trace((a? + a3)z), (¢ on)(x) = 2trace((b? + b3)x)

for x € M,(C) and the inequality (¢'/2|¢'/?) < ((p o m)Y2|(¢p o )'/?)
takes the form

trace(|a| [b]) < trace((a% + a%)l/Q(bf + 63)1/2).

Rw 0O

In view of the Jordan decompositions ¢ = ay —a_, b = by — b_ with
la| = ay +a_, |b] = by + b_, we see trace(ab) < trace(|a||b]), which is
combined with above inequality to get trace(aib; + asbs) < trace((a? +
az)' (b3 + 03)'7?).

Now, by an obvious induction on m, we conclude the following:
Given hermitian matrices ay, ..., a, and by, ..., b, in M,(C), we have
the inequality

trace(aby 4 - - - 4 amby) < trace((a? + - - - + a2 ) V202 + -+ D2)V?).

Theorem M.9. Let ¢ and 1 be positive functional on a C*-algebra
A with unit 14. Let {A,},cn be an increasing net of C*-subalgebras
of A containing 1, in common and assume that, given any a € A, we
can find a net {a, € A, },cn in A satisfying

lim a,¢'? = ap?,  lim ¢'%a, = ¢'%a
n—oo n—oo

in the norm topology of L?(A). Set ¢, = ¢l|a,,¥n = ¥|a, € AX. Then
the net {(90111/2|1/)}L/2)}n€/\/ is decreasing and converges to (¢!/2[¢1/?).

Proof. The net {(py/*|n/*)} is decreasing with (p'/2|1)"/2) a lower
bound by the coarse-graining inequality.
Let e, and f, be projections in B(L?*(A)) defined by

enl?(A) = A, 012, f L (A) = 9124,
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By the variational expression of geometric mean, we can find positive
forms v, : A, x A, — C for n € N so that each 7, is dominated by

{(¢n)r, (¥n)r} and satisfies

T(1,1) 2 (032|407 —

where {¢,} is a net of positive reals converging to 0. From the domina-

tion inequality of ~,, we can find a linear map C : ¥/2A, — A,p'/?
satisfying

T(z,y) = (2" 2|CL (Y ?y))  for z,y € A,

and ||C|| < 1. Let C,, = €,C! fn : ¥'/2A — Ap'/2. Since ||C,]| < 1,
we may assume that C,, — (' in weak operator topology by passing to
a subnet if necessary. Now set

v(@,y) = (x'?|C (' ?y)),

which is a sesquilinear form on A satisfying |y(z, y)| < ||z ||'/?y]|.
Moreover, if x € A,, for some m € N,

v(xz,z) = lim (:Egol/2|Cn(¢1/2x)) = lim 7y,(x,z) >0,
n—oo n—oo

which shows that ~ is positive on U A,, and then on A by the approx-

mEN
imation assumption. Thus, v is a positive form dominated by {¢r, ¥r}

and the variational estimate is used again to get
(©2191?%) 2 ~(1,1) = lim (9%|Cp!/?) = Tim 7,(1,1)
n—00
> lim ((¢,2[e/%) =€) = lim (¢ 1/2|¢1/2)
n— n—o00

APPENDIX N. RANDOM OPERATORS

Random linear operators / A.V. Skorohod

A random operator is a family of operators parametrized by elements
in a Borel space in such a way that its dependence is considered to be
measurable in some sense.

When a measure is not specified, the measurability means that for
Borel structures.
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N.1. Polar Decomposition. Let {J{,} be a measurable field of sep-
arable Hilbert spaces and {7}, : D, — H,} be a family of densely
defined closed operators which is measurable in the sense that we can
find a sequence of measurable sections {, },>1 so that > ., C&,(w) is
a core for T}, at almost every w € © and sections {T,,&,(w) }uea (n > 1)
are measurable. Let

He & Hoy ={€ D TLE:§ € D(TL)} +{Tin @ —nin € D(T7)}

be an orthogonal decomposition associated with the graphs of T, and
T*. Let E, € B(H, ® H,) be the projection to the graph of T,,.
By the measurability assumption on {7}, {E,} is a measurable field
of projections and hence so is {15, — E,}. Thus {T*} is measurable
because the second component of {(1 — Eq)({;(w) ® Ce(w)); j, k > 1}
is a core for T, where {(,},>1 is any sequence of measurable sections
such that {¢,(w);n > 1} is dense in H,, at almost every w € €.

Ginve a measurable section ((w) of {HH,,}, the orthogonal decompo-
sition

(W) ®0 = (§(w) & Tog(w) + (TEn(w) & —n(w))

with {(w) and {n(w)} measurable sections of {H,} and belonging to
D(T,) and D(T) respectively. The relation {(w) = (1 + T3T,,) ¢ (w)
reveals that {(1 + T*T,)"'} and then

T, 1

WY -
1+ TxT, 1+ TxT,

are measurable. Since the square roots of a bounded positive operator
is realized as a uniform limit of polynomials,

TxT,
1+ TxT,

is measurable as well. Now replace T, with tTq, (¢ > 0) and then divide
the result by ¢t to get a measurable family of positive operators

1T,

142131,

Thanks to the spectral calculus, we then see that
1T,

o\ 1t e, &)

| Te[&n(w)

is a measurable section for n > 1. Since the partial isometry part V,, in
the polar decomposition of T, is given by |T,|£ — T,¢ (£ € D(T,,) =
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D(|T,])), {V.,} maps measurable sections |T,|¢,(w) into measurable
sections T,,&,(w) for n > 1. Thus {V,,} is measurable.

Now let T" be a densely defined operator in H = fée H,, p(dw) defined
by

76— [ Tuge) ()
for £ = féB £(w) p(dw) satisfying
J 17 ua) < .

Since the graph of T is equal to E(H & H) with the projectio F defined
by

E = /Q69 E, u(dw)

T is a closed operator. Furthermore,

@
7= [ uld)
Q
and
&
V= / Vi iu(dw)
Q
is the partial isometry part in the polar decompositive of T'.

N.2. Sesquilinear Forms. Let {2 be a Borel space with B(2) denot-
ing the complex vector space of Borel functions on Q. Let {H,}ueq
be a family of complex vector spaces parametrized by elements in €2
and let ) be a vector space consisting of sections of { H,,} fulfilling the
conditions:

(i) € ={(w)} € H and [ € B(Q) imply f§ = {f(w){(w)} € H.

(ii) $ is closed under taking point-wise sequential limits.

A family {a,} of sesquilinear forms is said to be measurable if «(§,n) =
{aw(§(w), n(w))} € B(Q) for any ;1 € H.

Let ¢, (s,t) be a family of form functions which is measurable as
a function of (w,s,t) € Q x [0,00)?. Then, for mearurable families
{ay,}, {Bu} of positive sesquilinear forms, the family {¢, (v, o)} of
sesquilinear forms is measurable.

To this this, let H,, be the Hilbert space associated to the positive
sesquilinear form o, + (3, on H, and furnish {H,} with the measurable
field structure induced from $). Then the operator representation a,,
b, of o, B, gives measurable families {a,}, {b,}.

Let @ be the set of measurable functions ¢ on Q x [0, 1] such that
Ty = sup{|d(w, s)|;0 < s < 1} < oo for each w € Q and P, be the
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subset consisting of functions ¢ for which {¢(w,a,)} is a measurable
family of operators on H,. Note that

Do, Bo) (§(w), n(w)) = (i(§(w))[d(w, aw)i(n(w))),
where ¢(w,s) = ¢,(s,1 — s), and the measurability of {¢,(a,.)}
follows from that of the operator family {¢(w, a,)}.
Clearly B,(Q2 x [0,1]) € ® ¥ and each ¢ is pointwise limit of the
sequence ¢, € B,(2 x [0,1]) defined by

¢n(w>5) = {

Thus, to see & = Dy, it suffices to check B, (2 x [0, 1]) C Pg. In fact, Pq
contains B,(€2) ® C[s| and is closed under taking uniformly bounded
pointwise sequential limits. Thus it contains B,(2) ® C[0,1] by the
Weierstrass approximation theorem and then the whole B,(§2 x [0, 1])
and we are done.

p(w,s) ifr, <n,
0 otherwise.

N.3. Normal Homomorphisms. Let {¢, : M, — N,} be a family
of normal *-homomorphisms and suppose that it is measurable: Given
an adapted operator family {a(w) € M,}, the family {¢,(a(w))} is
adapted to { NN, }. Then we can find a measurable family {e,, € B(H,®
(%)} of projections belongin to the commutant of M, on 3, ® ¢* and
a measurable family of isometries {U : K, — e, (H, ® ¢?)} such that

du(a) =Uy(a® 1)U} for w e Q and a € M,,.

APPENDIX O. PERIODIC ENTIRELY HOLOMORPHIC FUNCTIONS

Let f(z) be an entirely holomorphic function satisfying f(z + 27) =
f(z). Apply the Cauchy theorem to a function f(z)e™™* (n € Z) and
arectangle z = x+iy (0 <z <27, 0<y/b<1) with0#b € R to get

2m 2
2 f, = f(z)e ™ dx = f(x +ib)em=+0) qy
0 0

For n # 0 and y satisfying ny < 0, we then have an estimate

27 2
2rlfl < [ | iplde<e [ |f i)l d
0 0

Consequently, the asymptotic condition

27
lim elyl/ f(z+ )| da = 0
0

y—=+o0

implies f,, = 0 for n # 0, i.e., f(2) is a constant function.

15%17 indicates the bounded Borel functions.
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The above equality also shows that the Fourier coefficients of the
function f(z + ib) are of the form

1 27

27 J

f(x 4+ ib)e ™ dw = fre”

and

. Z f einz
- n
nez,
In view of |f,e™™| — 0 as |n| — oo, | f.| = O(e™"I") for any r > 0 and
the summation is absolutely convergent for any z.

APPENDIX P. HILBERT ALGEBRAS

Dixmier, Von Neumann Algebras, North-Holland, 1981.

A *-algebra H is called a Hilbert algebra if it is furnished with
an inner product ( | ) such that (z|y) = (y*|z*) for 2,y € H and
the left multiplication gives a bounded non-degenerate *-representation
of H; (axly) = (z|a*y) for a,z,y € H and H? is dense in H. The
right multiplication is then bounded as well due to (za)* = a*z* and
compatible with the *-operation in view of

(zaly) = (y*la’z") = (ay™|z") = (x]ya®).
Example P.1. A typical example of Hilbert algebra is the algebra of
Hilbert-Schmidt operators on a Hilbert space HH with the inner product
(x|y) = trace(z*y). Another example is provided by a W*-algebra M
with a faithful 7 € M satisfying 7(zy) = 7(yx) for z,y € M: H =M
with the inner product given by (x|y) = 7(z*y). The general Hilbert
algebra then turns out to be a kind of mixture of these.

Let H be the Hilbert space completion of H, which is *-bimodule of
H in an obvious manner. An element £ € H is sadi to be left-bounded
(resp. right-bounded) if H 5 x — &z (resp. * — z&) is bounded.
Denote the associated bounded operators on H by [(§) and 7(&) re-
spectively. Clearly I(§) € End(Hy) and 7(§) € End(g3H). Elements
in H are left and right bounded with [ and r given by left and right

multiplications.
If ¢ is left-bounded,

(&7 zly) = (€ |yz") = (zy7[€) = (zl¢y) = (L&) x[y)

for z,y € H shows that £* is left-bounded and (£*) =
(@€ y) = (&"lz"y) = (y*z[€) = (y"|€x") = (y7[U(E)z")
for z,y € H shows that £* is right-bounded and r(&*) = *I(§)x.

[(€)*, whereas
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Consequently, left and right boundedness on elements in H are equiv-
alent; we simply refer to them as being bounded. Let B D H be the
set of bounded vectors in H. It is immediate to see that HBH C B
and

1(agb) = l(asd) = 1(a)l(£)I(b), r(agb) =r(b)r(S)r(a)
for a,b € H and £ € B.
Lemma P.2.

(i) For £,m € B, [(§) and r(n) commute.
(ii) If L € r(H)" and z,y € H, then 2L(y) € B with (z(Ly))* =
v L*(a*) and Iz L(y)) = 1(2) Ly).

Proof. (i) Let £ and n be bounded. Then, for z,y € H,
UEr(mzly) = (xnl&y) = (y"EIn"z") = (ny™l2"E") = (Exlyn™) = (r(n)1(§)zly)
shows [({)r(n) = r(n)l(§).

(ii) Since L and L* leave the set of left-bounded elements invariant
globally so that I(L&) = LI(§) and [(L*¢) = L*I(€) for a left-bounded
¢ € H, zL(y) belongs to B and the remaining follows from

Wz)Li(y) = l(2(Ly)), (I(x)Li(y))" = Uy (L x") = Uy (L7z7)).
[

Corollary P.3. We have I(H) =r(H)" and I(H)" =r(H)".

Proof. Since I[(H) C I(B) C r(B) C r(H) by (i), it suffices to show
that {(H)” D r(B)" and r(H)" C I[(B)"”. By the symmetry of left and
right, we shall only check the latter.
Let L € r(H) and R € [(B)". We need to show that LR = RL. In
view of xL(y) € B and I(zL(y)) = l(x)Li(y) for z,y € H, we have
Wx)Li(y) R = (zL(y)) R = Rl(xL(y)) = Ri(z)Li(y).

Since the representation is non-degenerate, the identity is approxi-
mated by elements in [(H) and we are done. O

For £,n € B, we claim [(§)n = &r(n). In fact, taking an approximat-
ing sequence y,, € H of n € H, we have for any a € H

(L(&)nla) = lm(Eynla) = lim(Elay,) = (flan®) = (&[r(n*)a) = (r(n)¢|a).
We denote this common element by &7, which belongs to B in view of
1(&) € r(H) and &n = [(&)n. Clearly this extends the multiplication in
H and makes B into a *-algebra in view of
(En)" = (UE)m)" =r(&)n" = "¢,
(Em¢ = r(QUEN = UE)r(C)n = &nC).
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If we denote the von Neumann algebra [(H)” = r(H)" by N and
extend the *-bimodule structure in H up to N by &a = (a*¢*)* (a €
N, ¢ € H), B is invariant under the biaction of N so that [(afb) =
[(a)l(&)I(b) and r(a&b) = r(b)r(§)r(a) for a,b € N and & € B.
Lemma P.4 (Partition of Unity). Let M be a W*-algebra.

(i) If a,b € M satisfy b*b < a*a, then there exists unique ¢ € M
satisfying b = ca and c[a*] = ¢, so that ||c[| < 1.
(ii) Let {a;};er be a family of elements in a W*-algebra M such
that ). ata; is weak*-convergent in M and set a = (3 aja;)"/?.
If ¢; € M is defined by a; = c¢ja and [¢,] < [a], then
Yiercici =lal and a =} ., cja;.
Proof. (i) follows from [|b€]|* < [|a&||* for ¢ € L*(M) and (ii) from
>, acicja = a* = alala by noticing that cjc;’s are supported by [a]. O

Corollary P.5.
(i) I o*b < >°7_, aja; with b € N and a; € I(B), then b € I(B).
(ii) For a positive a € Ny, a € I[(B?) if and only if a'/? € I(B).
Proof. (i) From Lemma (i), a = >_7_, ¢ja; € NI(B) = (NB) = I(B)
and then b = ca € NI(B) = (B) by Lemma (i).
(ii) If a = Y-}y, € 1(B?) with x;,y; € [(B)

1 * * * *
a= Z 5(%%’ +yjz;) < Z(%% +y7Y;)
J J

and hence a'/? € I(B) by part (i). The reverse implication is trivial. [

For a € N, we set

@) = {(515) if @ = 1(£)*1(€) for some ¢ € B,

00 otherwise.

Clearly 7 is faithful in the sense that 7(a) = 0 implies a = 0 and
semi-finite in the sense that {a € N,;7(a) < oo} is weak*-dense in N
(cf. Kaplansky’s density theorem 4.23).

Additivity: 7(a+0b) = 7(a) + 7(b) for a,b € N,. Since the condition
a+ b € [(B?) is equivalent to a,b € I(B?*) by Corollary P.5, the claim
is reduced to the additivity on I(B?) N N,, which follows from the fact
that 7 on [(B?) N N, is extended to a linear functional (also denoted

by 7) on I(B?) by
T(U(&)) = (€In) = lim (£(|n) = lim (C|€™n).

r(¢)—1 r(()—1
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Here ( € B and the limit is taken so that r(() approaches to the identity
operator in weak operator topology. Note that [(B?) is linearly spanned
by [(B%) N N, thanks to the polarization identity.

Trace property: 7(a*a) = 7(aa*) for a € N, 7(ab) = 7(ba) for
a,b €l(B)orfora € N, b€ [>(B?). Since B is invariant under uBu* for
a partial isometry in N, for a € N, a*a € [(B?) <= aa* € |(B?) and,
for b = 1(B), ¢ = Il(y) with 8,7 € B, 7(bc) = (B*[7) = (v*[B) = 7(cb).
Finally, if a € N, ab, ca € [(B) and 7(abc) = 7(cab) = 7(bca).

Normality (continuity): Given an increasing family {a; € N} in-
dexed by a directed set I with a limit a € N, we have sup 7(a;) = 7(a).

Note that 7(a;) is an increasing family in [0, co] from the additivity
of 7. Note also that {ag / 2} is increasing’® as well and converges'” to
a'/?. Tt suffices to show sup 7(a;) > 7(a) and, for this, we suppose that

7(a;) is bounded. Then ail/2 =1(;) € I(B) and, for £, € B,
(la"/n) = lim(g]a;n) = lim(€|¢) = lim(E°[:)-

Since ((;|¢;) = 7(a;) is bounded by assumption, we may assume that
(; converges weakly to some ¢ € H and we get (£[a'/?n) = (En*[¢) =
(€|¢n) for any &,m € B, which means that ¢ € B and [(¢) = a'/?

7(a) = (¢[¢) < sup(GilGi) = sup 7(a;).

We now embed B? and B into N, and L?*(N) respectively in an
algebraically compatible way. For this, we work with [(B) instead of
B. Recall that [(B) is a weak™-dense *-ideal of N and the trace trace
property T(ax) = 7(xa) of T holds if a € I(B?) and x € N. For the
choice a = 1(£)*1(n),

T(ax) = T(I(§)"l(nx)) = (§|nx) = (§x7|n) = 7(U(&x")"1(n)) = 7(za).
The intermediate expression shows the weak™ continuity of the func-
tional 7(a(-)), which is denoted by 7a = ar. The embedding I(B?) >
a — a7 € N, then preserves the N-biaction as well as the *-operation.
It also preserves the positivity, i.e., at > 0 <= a > 0, in view of

(a7, 1(¢CM)) =D (&Inil(C¢)) =D (&lni¢¢) = (¢lgm;¢) = (¢lag)

for a = Y 1(¢)*1(n;) € I(B?) and ¢ € B. At the second equality,
notice that fl(a) = (I(a)*f*)* = («*f*)* = pa for o, € B. Since B
is norm-dense in H, so is I(B*)7 = 71(B?) in N,.

We introduce a symbolical notation such as b7/ to indicate the

element [7'(b) € B for b € I(B), ie., I(B)T'/? = B for B € B.

1/2

. oy
16yge P = Slmﬂ/ — MWl for0O<p<1landt>0.
i 0 )\+t

1"The Taylor expansion of /1 — ¢ converges uniformly on the interval [—1,1].
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Note that a'/?7'/% in 3 represents a left GNS-vector of ¢'/? so that
the correspondence z¢'/? — za'/?7'/? is extended to a unitary map
L3(N, ) — Na'/?27Y/2 = H[a] ([a] being the support projection of a in
N).

To get the whole identification L?(N) = H, we need therefore to
check compatibility with (i) the inclusion Nyp'/? ¢ Ny'/2 for p < 9
and (ii) the *-operation on Np'/2.

Lemma P.6. Let ¢ = a7 and ¢ = br for a,b € I(B*) N N;. Then
[e] = [a], [¢] = [b] and "z~ = a"xb™" for x € [p]N[y].

Proof. By Connes’ trick, the problem is reduced to the case a = b.

We then prove the assertion by showing that the automorphism
group oy(x) = a’xa~" of [a|Nla| satisfies the KMS-condition for ¢.
In fact, let B = B* € B satisfy a'/? = I(3), » € I(B?) and y € [a]N|d]
be entirely analytic for o,. For the choice x = 1(£)*1(&),

plzoi(y)) = (Blroi(y)B) = (EBl¢o(y)B) = (€a'*[€oi(y)a'’?) = (€l€ai(y)a).

Since oy (y)a is analytically continued to o_;(y)a = ay in norm, we have

p(zo_i(y)) = (£l€ay) = (£1€F%y) = (Bx|By) = (y* Blz*B) = ¢(yz).
O

Exercise 52. Formulate matrix ampliations for Hilbert algebras.

We can now check the compatibility. (i) Since the condition ¢ =
atr < 1 = br for a,bl(B?) is equivalent to a < b, we have ¢'/? =
al/Qb—l/le/Q’ whereas l(al/Qb_l/Qﬂ) — a1/26_1/2b1/2 — a1/2 — Z(Oé)
shows that (a'/2b=1/2)(b'/271/2) = a!/271/2,

(ii) Let a = a* € B satisfy a'/? = [(a). Since xp'/? € [ip]N1)'/? for
a sufficiently large ¢ € [(B?)7, we may suppose that x is an entirely
analytic element in []N[p] for of to see that (zp!/?)* = afi/2(m*)gol/2
corresponds to 0¥, ,(z*)avand I(0%, ,(z*)a) = sz./2(x*)a1/2 =a'?r" =
laz*) =1((za)®).

If we set 7'/21(&) = 1(€)71/? for € € B, it is also compatible with the
*_operation: (I(&)7'/2)* = 1(€)*7'/2. In fact, letting [(£) = ua'/? be the
polar decomposition and expressing a'/? = (), (I(£)7'/?)* = (ua)* =
au* = (&) /2.

So far, we have shown that the identification L*(N) = H is compat-
ible with the *-biactions of N so that L?(N), is the closure of B, in H
({(By) = l(B)NN,). Finally we notice that, for £, € B, their product
as elements in L?(N) is given by I(én)T € N,, which is formally equal
to (&n)7/2. In other words, the multiplication &7 in B is obtained from
the natural product in N, with the correcting factor 7712 inserted.
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APPENDIX Q. MEASURABLE OPERATORS

In this part, we present the basics in Segal-Nelson’s according to the
Haagerup’s tyle described in [Terp].

Let us begin with recalling standard facts on unbounded operators.
By an operator a on a Hilbert space 3, we shall mean a linear map
a : D(a) — H with D(a) a linear subspace of H. Associated to an
operator a, we define its graph by G(a) = {£ & a§; & € D(a)}, which
is a linear subspace of H @ H. A linear subspace § of H & H is
the graph of an operator if and only if N (0 & H) = {04 0}. An
operator a is said to be closed if G(a) is closed, closable if the closure
of G(a) is the graph of an operator, and densely defined if D(a) is
dense in H, respectively. For a closable operator a, its closure is an
operator @ specified by §(@) = G(a). For a densely defined operator a,
its adjoint is an operator a* specified by G(a*) = G(a)!, where G(a)T
[1) _01 A densely defined
operator a is closable if and only if a* is densely defined and, if this is
the case, @ = (a*)*. For a closed operator a, its kernel kera = {£ €
D(a);a& = 0} is closed and the support [a] of a is the projection to
(ker a)=.

An operator b is called an extension of an operator a and denoted
by a C bif G(a) C G(b). If a C b with a densely defined, b* C a*.

An operator a is said to be symmetric (self-adjoint) if a is densely
defined and satisfies a C a* (@ = a*). A symmetric operator is self-
adjoint if and only if ker(a*4¢) = 0 (von Neumann). There exists a one-
to-one correspondence between self-adjoint operators and projection-
valued measures on R by the relation of spectral decomposition

a:/R)\E(dA).

Note that kera = E({0})H and [a] = E(R \ {0}).

For operators a,b on I, their sum is an operator a + b defined by
D(a+b) = D(a)ND(b) and (a+b)¢ = af+b¢ for & € D(a+Db), and their
product is an operator ab defined by D(ab) = {{ € D(b);b¢ € D(a)}
and (ab)é = a(bg) for £ € D(ab). In terms of graph, these are described
by G(a + b) = G(a) N G(b) and G(ab) = G(b) x G(a), where

G(b)*G(a) ={(BEDBn e G(b) and n® ¢ € G(a) for some n € H}.

is the orthogonal complement of G(a)

An operator a is said to be positive if (£|a&) > 0 for £ € D(a). For
a positive self-adjoint operator a and a positive real » > 0, the positive
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self-adjoint operator a” is defined by

a" = /R ATE(d)).

For a densely defined closed operator a, obviously positive operator
a*a is self-adjoint and, if we denote (a*a)'/? by |al, there exists a partial
isometry u satisfying v*u = [a*a] and a = ula| (the polar decompo-
sition of a). The polar decomposition is unique in the sense that if
ula| = v|b| with partial isometries u and v satisfying u*u = [a*a] and
v*v = [b*D], then u = v and |a| = |b].

We present E. Nelson’s approach (cf. also Terp’s thesis) to Segal’s
theory of non-commutative integrations. Let N be a von Neumann
algebra on a Hilbert space H with 7 a faithful semifinite trace on N.

Recall that two projections p and ¢ in a W*-algebra M are said to
be equivalent and denoted by p ~ ¢ if we can find a partial isometry «
in M satisfying v*u = p and uu* = q. The following old lemma about
an analogue of set-theoretical relations goes back to Murrey and von
Neumann.

Lemma Q.1. Let p,q be projections in a W*-algebra M. Then we
have (pV ¢) —p~q—(pAq).
Proof. In view of ker(pgt) = ¢H + (p* A ¢1)H, we have

el =a"ApVa)=(mVae) —q
while, in view of ker(¢tp) = ptH + (p A q) X,

@l =pA A =p— (A
These are then combined with [pgt] ~ [(pgt)*] = [ptq] to get the
assertion. U

Corollary Q.2. If pAq = 0, p is equivalent to a subprojection of 1 —q.

Proof.

p=l-p =@A)" —p =@ V¢)—p ~¢ - Ag)<q"
O

An operator a on X is said to be affiliated with NV and denoted by
a € N if v'a = au’ for any unitary v/ in N’ or equivalently the graph
of a is invariant under the diagonal action of u’.

A densely defined closed operator a with a = wu|a| its polar decompo-
sition is affiliated with N if and only if 4 and all the spectral projections
of |a| belong to N.

A densely defined closable operator a €' N is said to be 7-measurable
if for any € > 0 there exists a projection p € N satisfying pH C D(a)
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with ||lap|| < oo and 7(1 — p) < e. The set of T-measurable operators
is denoted by V.

Lemma Q.3. Let a,b be densely defined closable operators affiliated
with N and assume that there exist projections p,q in N such that
pH C D(a), ¢ C D(b). Let e=pAgand f=qgA(1—[(1—p)bg]) be
projections in N. Then we have the following.
(i) e} C D(a+10), [[(a+be|l < [lap| + [lbg] and 7(1 —¢) <
(1 —p)+7(1—gq).
(i) fgf - Z)D(ab), labf]l < [lapll + [lbgl| and 7(1 — f) < 7(1 —p) +
7(1 —q).

Proof. Since f is the projection to
{€ € ¢3G (1 = p)bg = 0} = (¢30) Nker((1 — p)bg),
we have e C D(ab) in view of beH C pH C D(a), ||abe|| = ||apbe|| <
lap]| [|be]l < llapl| [|bq|| and then
T(l—e)=7(1—q)VI1—=pbg]) <7(1—q)+7([(1—pg])
=7(1—¢q)+7(lgb"(1 = p)])
T1—q)+7(1—p)

Corollary Q.4. If a,b € N, then a +b € N and ab € N.

Lemma Q.5. Let a be a densely defined closed operator affiliated with
N. If a projection p € N satisfies pH C D(a) and § = ||lap|| < oo, then
the spectral projection e of |a| associated to the interval [0, d] satisfies
(1 —es5) < 7(1—p).

Proof. Let § = |lap|| < co. The projection e then satisfies (1—e)Ap =0
because [lag]| < S]] if p¢ = & and ag]| > dlj¢]| if 0 # € € (1 — ).
Thus 1—e is equivalent to a subprojection of 1—p and we have 7(1—e) <
7(1 —p). O

Corollary Q.6.

(i) A densely defined closed operator a affiliated with N is 7-
measurable if and only if 7(1 — e5) < oo for some § > 0.

(i) If « € N, then a* € N.

Proof. (i) If a is T-measurable, the existence of 6 > 0 is a consequence
of the lemma. Since esH C D(a) and |laes|| < § for any 6 > 0,
7(1 — e5) < oo for some § > 0 implies

lim 7(1 —e,) =7(1—es5) — lim 7(e, —e5) =7(1 —e5) —7(1 —e5) =0
p—00 p—>00
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and the T-measurablity of a follows.

(ii) Since @ belongs to N as a closure of a € N and since a* = @*, we
may assume that a is closed. Let a = u|a| be the polar decomposmon.
Then |a*| = ulalu* and uesu* gives the spectral projection of |a*| cor-
responding to the interval [0, ]. The 7-measurability of a* now follows
from that of a in view of 7(1 — uesu*) = 7(1 — e;4). O

Theorem Q.7 (Identity). Let a,b € N. If a¢ = b¢ for € € D(a)ND(b),
then @ = b.

Proof. Let e and f be the projections to the closure of G(a) and G(b)
respectively. Since a and b commute with N’, e and f belong to the
commutant My(N) of the diagonal embedding N’ C My (B(H)).

By 7-measurability and Lemma Q.3 (i), given any € > 0, we can find
a projection p € N so that pH C D(a) N D(b), ||lap|| = ||b]| < oo and
7(1—p) <e

Since ap = bp, we have e\ (p®p) = fA(p®p) and then e fA(pdp) =
eN(p@®p). Thus (e—eA f)A(p@p) = 0 and, thanks to Corollary Q.2,
nle—eA f) < npt ®pht) = 27(1 — p) < 2¢ for any given € > 0.
Consequently 75(e —e A f) = 0 and hence e = e A f by the faithfulness
of 75. From the symmetry of arguments, we have f = e A f as well and

conclude that e = f; G(a) = §(b). O

Corollary Q.8. If a,b € N satisfy a C b, then @ = b. For example,
from (ab)* C b*a*, (ab)* = b*a* and, from a C a*, a** = a*.

Let N be the set of closed 7-measurable operators on H. Taking
closure gives a surjection IV - N — N and *—algebralc operations in N are
inherited to N: @+b=a + b, ab = ab and @* = a*

These are well-defined: Let a;,b; € N (j=1,2) satisfy a; = ay and
by = by. Then a; and ay coincide on D(a; Nasy) and, if we define a € N
so that D(a) = D(a1) N D(az) and a = a; on D(a). Likewise we define
beN.

Now a; + b; and a;b; are extensions of a + b and ab respectively,
whence a; + by = a 4+ b = as + by and a1b; = ab = ayby by the identity
theorem. For taking adjoints, a* extends aj for j = 1,2 and again the
identity theorem is used to have a] = a* = aj.

Since the associativity for sum and product holds in N , the same
holds in N. The distributive law which takes a form of inclusion a(b+
¢) D ab+ ac in N gives the form of strict identity in N, whereas the
identity (ab)* = b*a* is always true in N7. Summarizing these, we
conclude that
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Theorem Q.9. We have a *-algebra N of densely defined closed 7-
mearable operators on H. Moreover, for a positive a € N, its positive
powers a” (r > 0) also belong to N .

In what follows, elements in N are 1mphclt1y identified with their
images under the oanomcal map onto N so that N itself is identified
with the *-algebra N . N

Given ¢ > 0 and 6 > 0, consider the condition on @ € N that
there exists a projection p € N satisfying pH C D(a), ||ap|| < ¢ and
7(1 — p) < ¢, which is equivalently described in terms of the spectral
decomposition of |a| by 7(1 — [0 A |a]]) < €

Let N (9, €) be the totality of such elements. Here is a list of properties
of N(J,¢) which can be checked immediately:

(i) N(6,€) is increasing in (0, €) and satisfies

U N@.e=N, [) N@e={0}
6>0,e>0 6>0,e>0
) N(d,€)* = N(d,¢) and N(6,¢) = IN(1,e).
( 11) N((Sl, 61) N N((;Q, 62) D) N(51 A (52, €1 N 62)
( V) N((Sl, 61) + N(ég, 62) C N((Sl + (52, €1+ 62)
(V) N(01,€1)N(2,€2) C N (0162, €1 + €3).
Thus, the family N(d,€) enables us to introduce a vector topology
(the topology of convergence in measure) so that it gives a neighbour-

(ii
i
i

hood basis of 0 and makes N = N_ a topological *-algebra. Now, we
have the following, which as well as its proof is more or less an analogue
of Riesz-Fisher theorem on classical LP-spaces.

Theorem Q.10. The topological *-algebra N is complete and contains
N as a dense *-subalgebra.

Proof. The density of N is immediate. So we focus on the completeness.
Let {a,} be a Cauchy sequence in N; given any (d,€), there eixts a
natural number [ such that a,, — a, € N(J,€) for m,n > 1.

It suffices to show that we can find a subsequence n’ and a € N so
that lim, a,, = a. To see this, by the denseity of N, we may assume
that a, € N from the outset. Choosing a subsequence k' so that
m,n >k = a,, — a, € N(1/2% 1/2%) and replacing a,, with a,,, we
may further assume that a,.; —a, € N(1/2",1/2"). O

Lemma Q.11. Let h € N _be a positive measurable operator. Then,
(0,00) + iR > z — h® € N is analytic with respect to the measure
topology of N.



